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Overview

1. Introduction to Game Theory

2. Regret Matching Learning Algorithms

◦ Regret Matching Learns Equilibria

3. Machine Learning Applications



Regret Matching Learning Algorithms

1. Regret Variations

◦ No Φ-Regret Learning

◦ External, Internal, and Swap Regret

2. Sufficient Conditions for No Φ-Regret Learning

◦ Blackwell’s Approachability Theorem

◦ Gordon’s Gradient Descent Theorem

– Potential Function Argument

3. Expected and Observed Regret Matching Algorithms

◦ Polynomial and Exponential Potential Functions

◦ External, Internal, and Swap Regret

4. No Φ-Regret Learning Converges to Φ-Equilibria

So Φ-Regret Matching Learns Φ-Equilibria



Regret Variations

Φ-Regret

1. External Regret

◦ e.g., Freund and Schapire 97

2. Internal Regret

◦ Foster and Vohra 99

3. Swap Regret

◦ Blum and Mansour 04

Greenwald and Jafari 03



Road Map

Regret Vector

◦ External Regret ≤ Swap Regret

◦ Internal Regret ≤ Swap Regret

Regret Matrix

◦ External Regret ≤ (n − 1) Internal Regret

◦ Swap Regret ≤ n Internal Regret



Single Agent Learning Model

◦ set of actions N = {1, . . . , n}

◦ for all times t,

– mixed action vector qt ∈ Q = {q ∈ Rn|
∑

i qi = 1 & qi ≥ 0,

– pure action vector at = ei for some pure action i

– arbitrary reward vector rt = (r1, . . . , rn)

A learning algorithm A is a sequence of functions qt : Historyt−1

where a History is a sequence of action-reward pairs (a1, r1), (a2,



Pure Transformations

FSWAP = {F : N → N}

= the set of all pure transformations

FEXT = {F j ∈ FSWAP|j ∈ N}, where F j(k) = j

FINT = {F ij ∈ FSWAP|ij ∈ N}, where F ij(k) =

{

j if k

k otherwise



Mixed Transformations

ΦALL = {φ : Q → Q}

= the set of all mixed transformations

= the set of all row stochastic matrices

ΦSWAP = {φ : Q → Q|φ deterministic} ⊂ ΦALL

ΦEXT = {φj ∈ ΦSWAP|j ∈ N}, where ekφj = ej

ΦINT = {φij ∈ ΦSWAP|ij ∈ N}, where ekφij =

{

ej if k =

ek otherwise



Isomorphism

The operation of elements of FSWAP on N ∼=

the operation of elements of ΦSWAP on Q

φij = δF (i)=j

Example If |N | = 4 and F = {1 7→ 2,2 7→ 3,3 7→ 4,4 7→

φ =











0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0











e1φ = e2, e2φ = e3, e3φ = e4, e4φ = e1
In general, ekφ = eF (k), for all k



External Regret

FEXT = {F j ∈ FSWAP|j ∈ N}, where F j(k) = j

ΦEXT = {φj ∈ ΦSWAP|j ∈ N}, where ekφj = ej

Example If |N | = 4, then

φ2 =











0 1 0 0
0 1 0 0
0 1 0 0
0 1 0 0











e1φ2 = e2, e2φ2 = e2, e3φ2 = e2, e4φ2 = e2



Internal Regret

FINT = {F ij ∈ FSWAP|ij ∈ N}, where F ij(k) =

{

j

k

ΦINT = {φij ∈ ΦSWAP|ij ∈ N}, where ekφij =

{

ej if k =

ek otherwise

Example If |N | = 4, then

φ23 =











1 0 0 0
0 0 1 0
0 0 1 0
0 0 0 1











e1φ23 = e1, e2φ23 = e3, e3φ23 = e3, e4φ23 = e4



Regret Vector ρ ∈ RΦ

Observed Regret Vector ρφ(r, a) = r · aφ − r · a

Expected Regret Vector ρ̂φ(r, q) = E[ρφ(r, a) | a ∼ q]

= ρφ(r, E[a | a ∼ q])

= r · qφ − r · q

Observed Regret R(Φ, T) ≡ R(Φ, T, {r}, {a}) = maxφ∈Φ

∑T
t=1 ρφ

Expected Regret R̂(Φ, T) ≡ R̂(Φ, T, {r}, {q}) = maxφ∈Φ

∑T
t=1 ρ̂φ



Regret Definitions

Observed Expected

External R(ΦEXT, T) R̂(ΦEXT, T)
Internal R(ΦINT, T) R̂(ΦINT, T)
Swap R(ΦSWAP, T) R̂(ΦSWAP, T)
All R(ΦALL, T) R̂(ΦALL, T)



All Regret
An Upper Bound

Since ΦSWAP ⊆ ΦALL,

swap regret is are bounded above by all regret:

R̂(ΦSWAP, T) ≤ R̂(ΦALL, T)

Lemma R̂(ΦSWAP, T) ≥ R̂(ΦALL, T)

Corollary R̂(ΦSWAP, T) = R̂(ΦALL, T)



R̂(ΦALL, T ) = max
φ∈ΦALL

T
∑

t=1

ρφ(r
t, qt)

=

T
∑

t=1

ρφ∗(rt, qt)

=

T
∑

t=1

rt · qtφ∗ − rt · qt

=

T
∑

t=1

rt · qt





∑

φ∈ΦSWAP

λφφ



− rt · qt

=
∑

φ∈ΦSWAP

λφ

(

T
∑

t=1

rt · qtφ − rt · qt

)

=
∑

φ∈ΦSWAP

λφ

(

T
∑

t=1

ρφ(r
t, qt)

)

≤ max
φ∈ΦSWAP

T
∑

t=1

ρφ(r
t, qt) = R̂(ΦSWAP, T )



Swap Regret
An Upper Bound

Since ΦEXT,ΦINT ⊆ ΦSWAP,

external and internal regret are bounded above by sw

R̂(ΦEXT, T) ≤ R̂(ΦSWAP, T)

R̂(ΦINT, T) ≤ R̂(ΦSWAP, T)



Internal Regret
An Upper Bound

Claim External and swap regret are bounded above b

n − 1 and n times internal regret, respectively:

R̂(ΦEXT, T) ≤ (n − 1)R̂(ΦINT, T)

R̂(ΦSWAP, T) ≤ nR̂(ΦINT, T)



Regret Matrix

Observed Regret Matrix mt
ij ≡ at

i(r
t
j − rt

i)

Expected Regret Matrix m̂t
ij ≡ E[at

i(r
t
j − rt

i) | at ∼ qt]

= E[at
i | at ∼ qt](rt

j − rt
i)

= qt
i(r

t
j − rt

i)

Cumulative Observed Regret Matrix MT =
∑T

t=1 mt
ij

Cumulative Expected Regret Matrix M̂T =
∑T

t=1 m̂t
ij



R̂(Φ, T ) = max
φ∈Φ

T
∑

t=1

ρ̂φ(r
t, qt)

= max
φ∈Φ

T
∑

t=1

rt · qtφ − rt · qt

= max
φ∈Φ

T
∑

t=1

(

∑

j∈N

rt
j(q

tφ)j −
∑

i∈N

rt
iq

t
i

)

= max
φ∈Φ

T
∑

t=1

(

∑

j∈N

rt
j

∑

i∈N

qt
iφij −

∑

i∈N

rt
iq

t
i

)

= max
F∈F

T
∑

t=1

(

∑

j∈N

rt
j

∑

i∈N

qt
iδF (i)=j −

∑

i∈N

rt
iq

t
i

)

= max
F∈F

T
∑

t=1

(

∑

i∈N

rt
F (i)q

t
i −
∑

i∈N

rt
iq

t
i

)

= max
F∈F

T
∑

t=1

∑

i∈N

qt
i(r

t
F (i) − rt

i)

= max
F∈F

∑

i∈N

M̂T
iF (i)



External Regret

R̂(ΦEXT, T ) = max
F∈FEXT

∑

i∈N

M̂T
iF (i)

= max
j∈N

∑

i∈N

M̂T
iF j(i)

= max
j∈N

∑

i∈N

M̂T
ij



Internal Regret

R̂(ΦINT, T ) = max
F∈FINT

∑

k∈N

M̂T
kF (k)

= max
ij∈N

∑

k∈N

M̂T
kF ij(k)

= max
ij∈N

(

M̂T
ij +

∑

k 6=i

M̂T
kk

)

= max
ij∈N

M̂T
ij



Swap Regret

R̂(ΦSWAP, T ) = max
F∈FSWAP

∑

i∈N

M̂T
iF (i)

= max
z1∈N

. . .max
zn∈N

(

M̂T
1z1

+ . . . + M̂T
nzn

)

= max
z1∈N

M̂T
1z1

+ . . . + max
zn∈N

M̂T
nzn

=
∑

i∈N

max
j∈N

M̂T
ij



Summary

R̂(ΦINT, T) = max
ij∈N

M̂T
ij

R̂(ΦEXT, T) = max
j∈N

∑

i∈N

M̂T
ij

R̂(ΦSWAP, T) =
∑

i∈N

max
j∈N

M̂T
ij



External Regret Bound

If Xii = 0, then
∑

i∈N

Xij ≤ (n − 1)max
i

Xij, ∀j

Therefore

R̂(ΦEXT, T) = max
j∈N

∑

i∈N

M̂T
ij

≤ max
j∈N

(

(n − 1)max
i∈N

M̂T
ij

)

= (n − 1)max
ij∈N

M̂T
ij

= (n − 1)R̂(ΦINT, T)



Example

Action Sequence 123 . . . n

Optimal Sequence 111 . . .1

n External Regret Sequences:

{111 . . .1}, {222 . . .2}, . . ., {nnn . . . n}

(Observed) External Regret is n − 1 − 0 = n − 1.

n2 Internal Regret Sequences:

{123 . . . n}, {113 . . . n}, {121 . . . n}, . . ., {123 . . . n − 2, n − 1,1}, . .

{n23 . . . n}, {1n3 . . . n}, {12n . . . n}, . . ., {123 . . . n − 2, n − 1, n}

(Observed) Internal Regret is n − 1 − (n − 2) = 1.

nn Swap Regret Sequences:

(Observed) Swap Regret is n − 1 − 0 = n − 1.



Example

Action Sequence 123 . . . n

Optimal Sequence 111 . . .1

Cumulative (Observed) Regret Matrix











0 0 0 . . . 0
1 0 0 · · · 0
1 0 0 · · · 0
· · ·
1 0 0 · · · 0











R(ΦINT, n) = max
ij∈N

Mn
ij = 1

R(ΦEXT, n) = max
j∈N

∑

i∈N

Mn
ij = n − 1

R(ΦSWAP, n) =
∑

i∈N

max
j∈N

Mn
ij = n − 1



Swap Regret Bound

Observe
∑

i∈N

max
j∈N

Xij ≤ nmax
ij∈N

Xij, ∀j

Therefore

R̂(ΦSWAP, T) =
∑

i∈N

max
j∈N

M̂T
ij

≤ nmax
ij∈N

M̂T
ij

= nR̂(ΦINT, T)



Example

Action Sequence 123 . . . n

Optimal Sequence 234 . . .1

n External Regret Sequences:

{111 . . .1}, {222 . . .2}, . . ., {nnn . . . n}

(Observed) External Regret is n − (n − 1) = 1.

n2 Internal Regret Sequences:

{123 . . . n}, {113 . . . n}, {121 . . . n}, . . ., {123 . . . n − 2, n − 1,1}

{223 . . . n}, {123 . . . n}, {122 . . . n}, . . ., {123 . . . n − 2, n − 1,2}, . .

(Observed) Internal Regret is n − (n − 1) = 1.

nn Swap Regret Sequences:

(Observed) Swap Regret is n − 0 = n.



Example

Action Sequence 123 . . . n

Optimal Sequence 234 . . .1

Cumulative (Observed) Regret Matrix











0 1 0 . . . 0
0 0 1 · · · 0
· · ·
0 0 0 · · · 1
1 0 0 · · · 0











R(ΦINT, n) = max
ij∈N

Mn
ij = 1

R(ΦEXT, n) = max
j∈N

∑

i∈N

Mn
ij = 1

R(ΦSWAP, n) =
∑

i∈N

max
j∈N

Mn
ij = n



Regret Bounds

External Regret ≤ Swap Regret

Internal Regret ≤ Swap Regret

External Regret ≤ (n − 1) Internal Regret

Swap Regret ≤ n Internal Regret

No Swap Regret ⇒ No External Regret

No Swap Regret ⇒ No Internal Regret

No Internal Regret ⇒ No External Regret

No Internal Regret ⇒ No Swap Regret



No Φ-Regret Learning

A learning algorithm A = q1, q2, . . . exhibits no expected Φ-regret
iff

lim sup
T→∞

R̂(Φ, T, {r}, {q})

T
≤ 0

A learning algorithm A = q1, q2, . . . exhibits no observed Φ-regret,
iff

lim sup
T→∞

E

[

R(Φ, T, {r}, {a})

T
| {a ∼ q}

]

≤ 0



No Observed Regret, i.e. ⇒ No Expected Regret

R̂(Φ, T, {r}, {q}) = max
φ∈Φ

T
∑

t=1

ρ̂(rt, qt)

= max
φ∈Φ

T
∑

t=1

E

[

ρ(rt, at)|at ∼ qt
]

= max
φ∈Φ

T
∑

t=1

∑

a1,...,at

qt(a1, . . . , at)ρ(rt, at)

= max
φ∈Φ

∑

a1,...,aT

qT(a1, . . . , aT)

T
∑

t=1

ρ(rt, at)

= max
φ∈Φ

E

[

T
∑

t=1

ρ(rt, at)|{a ∼ q}

]

≤ E

[

max
φ∈Φ

T
∑

t=1

ρ(rt, at)|{a ∼ q}

]

= E [R(Φ, T, {r}, {a}|{a ∼ q}]



Summary of Part II

No Expected External Regret

⇑

No Observed External Regret, i.e.

⇑

No Observed Swap Regret, i.e. ⇔ No Observed Internal Regret,

⇓ ⇓

No Expected Swap Regret ⇔ No Expected Internal Regret

⇓

No Expected External Regret


