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Overview

1. Introduction to Game Theory

2. Regret Matching Learning Algorithms
o Regret Matching Learns Equilibria

3. Machine Learning Applications



Regret Matching Learning Algorithms

1. Regret Variations
o No $-Regret Learning

o External, Internal, and Swap Regret

2. Sufficient Conditions for No ®-Regret Learning
o Blackwell's Approachability Theorem

o Gordon’'s Gradient Descent Theorem
— Potential Function Argument

3. Expected and Observed Regret Matching Algorithms
o Polynomial and Exponential Potential Functions

o External, Internal, and Swap Regret

4. No d-Regret Learning Converges to d-Equilibria
So d-Regret Matching Learns ®d-Equilibria



Regret Variations

P-Regret

1. External Regret
o e.g., Freund and Schapire 97

2. Internal Regret
o Foster and Vohra 99

3. Swap Regret

o Blum and Mansour 04

Greenwald and Jafari 03



Road Map

Regret Vector
o External Regret < Swap Regret

o Internal Regret < Swap Regret

Regret Matrix
o External Regret < (n — 1) Internal Regret

o Swap Regret < n Internal Regret



Single Agent Learning Model

o set of actions N ={1,...,n}

o for all times ¢,
— mixed action vector ¢ € Q ={qeR"|> . ¢i=1 & ¢; > 0O,
— pure action vector a! = e; for some pure action 1

— arbitrary reward vector r' = (r1,...,7n)

A learning algorithm A is a sequence of functions ¢! : History'™!

where a History is a sequence of action-reward pairs (at,r!), (a?



Pure Transformations

{F - N — N}
the set of all pure transformations

Fswap

FexT = {Fj - fsv\/Ap|j - N}, where Fj(k) =3

Fint = {FY € Fswarlij € N}, where F' (k) = { {C gtﬁ



Mixed Transformations

PaL ={¢:Q — Q}
the set of all mixed transformations
the set of all row stochastic matrices

Pswap = {¢ : Q — Q|¢ deterministic} C PaLL

PexT = {¢; € Pswar|j € N}, where ep¢; = ¢;

ej if]{

PinT = {@ij € Pswarlij € N}, where eg¢;; = { e, Othe



Isomorphism

The operation of elements of Fswap On N £
the operation of elements of ®swap ON Q

$ij = OF(i)=;

Example If [IN|=4 and F={1—2,2+— 3,3+— 4,4+

"0 100"
_loo1o
*=10 00 1

1000

€19 = €2, e2¢ = €3, €3¢ = €4, €49 = €1
In general, ex¢ = ep(yy, for all k



External Regret

FexT = {Fj - fsv\/Ap|j - N}, where Fj(k) =3
PexT = {(/5] c CDSWAPU — N}, where ekqﬁj = €j

Example If |[N| =4, then

¢ =

@ NGNGNG)
A
oNoNoN®
oNoNoN®

e10° = en, end? = en, €39° = en, e49° = eo



Internal Regret

Fint = {FY € Fswaplij € N}, where FY(k) = {9

ej Ifk

PinT = {¢Y € Pswarl|ij € N}, where eyt = { e Othe

Example If |[N| =4, then

¢23 —

oNoNeoN®
Or O
_ O O O

oNoNGoN

e19°3 = e1, exp?> = e3, e3¢%° = e3, €492 = eq



Regret Vector p € R®

Observed Regret Vector  pg(r,a) =r-ap—7-a

Expected Regret Vector  py(r,q) = El[pg(r,a) | a ~ q]
= py(r,Ela | a ~ ¢q])
=r-qp—r-q

Observed Regret  R(®,T) = R(D, T, {r}, {a}) = Mmaxseo > 1y p.
Expected Regret  R(®,T) = R(P,T,{r}, {¢}) = Maxges > ,—1 A



Regret Definitions

Observed Expected
External R(CDEXT, T) R(CDEXT, T)
Internal R(CDINT, T) R(CDINT, T)
Swap R(®Pswap,T) R(®swap, T)
All R(®aLL,T) R(®aLL,T)




All Regret
An Upper Bound

Since Pswap € ParL,
swap regret is are bounded above by all regret:

R(®swap, T) < R(PaLL,T)

Lemma R(CDS\/\/AP,T) > R(CDALL,T)
Corollary R(CDS\/\/AP,T) — R(CDALL,T)
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Swap Regret
An Upper Bound

Since ®exT, Pint € Pswar,
external and internal regret are bounded above by sw

R(®PexT,T)
R(®nT, T)

(Pswap,T)

< R
< R(®Pswap,T)



Internal Regret
An Upper Bound

Claim External and swap regret are bounded above
n — 1 and n times internal regret, respectively:

R(®exT,T) < (n—1)R(PwT,T)

R(®swap, T) < nR(PwT,T)



Regret Matrix

Observed Regret Matrix — mj}, = ai(r} — r})
Expected Regret Matrix — mj; = E[aj(r} —r}) | a’ ~ q]
= Elal | a* ~ qt](r§ —rh)

= q;(ri —})

Cumulative Observed Regret Matrix MT =3Y",_, m!,
Cumulative Expected Regret Matrix M7 = 3Y",_, ml,
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External Regret

R(®exT,T)

maxXx
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Internal Regret

R(®NT, T)

max ZMgF(k)
FE}_INT e

§ : o T

max M .

ijEN KE (k)
keEN
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ri?eaz\?( (Mij + Z Mkk)
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Swap Regret

R(®g\wap: T)

max Z MiTF(i)

FEPSWAP =%

max...max(Mszl+...-|—]\7[§Z)
z1EN €N "

L 7
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Summary

R(oiNT, T)

R(®exT,T)

R(®swap,T)



External Regret Bound

If X;; =0, then

Therefore

ZXU’ < (’I’L — 1) maXXija

teN

R(®exT,T)

\Z

maxz M;
JEN
€N
max ( (n — 1) max M,
jEN ieN

— 1) max ML
(n >z'j€N 4

(n — 1)R(®NT, T)



Example

Action Sequence 123...n

Optimal Sequence 111...1

n External Regret Sequences:
{111...1}, {222...2}, ..., {nnn...n}
(Observed) External Regretisn—1—-0=mn—1.

n? Internal Regret Sequences:

{123...n}, {113...n}, {121...n}, ..., {123...n—2,n— 1,1}, ..

{n23...n}, {In3...n}, {12n...n}, ..., {123...n —2,n— 1,n}
(Observed) Internal Regretisn—1—(n—2) = 1.

n"™ Swap Regret Sequences:

(Observed) Swap Regretisn—1—-0=mn—1.



Example

Action Sequence 123...n
Optimal Sequence 111...1

Cumulative (Observed) Regret Matrix

R(®PiNT ) =

R(®PexT,n) =

R(®Pswap,n) =

eNoN®

oNeoN®,

oNeoN®,



Swap Regret Bound

Observe

Therefore

max X;; < nmax.X;;, Vj

ieN EN
ien ’ K
R(®swap,T) = max M,
jEN
iEN
n max ML
ijeN Y

= nR(PnT,T)



Example

Action Sequence 123...n

Optimal Sequence 234 ...1

n External Regret Sequences:
{111...1}, {222...2}, ..., {nnn...n}
(Observed) External Regretisn—(n—1) = 1.

n? Internal Regret Sequences:

{123...n}, {113...n}, {121...n}, ..., {123..n—2,n— 1,1}
{223...n}, {123...n}, {122...n}, ..., {123...n—2,n — 1,2}, ..
(Observed) Internal Regret isn—(n—1) = 1.

n"™ Swap Regret Sequences:

(Observed) Swap Regret is n — 0 = n.



Example

Action Sequence 123...n

Optimal Sequence 234...1

Cumulative (Observed) Regret Matrix

R(®PNT ) =

R(®PexT,n) =

R(®Pswap,n) =

O 1 0
O 0 1
O 0 O
1 0 O
max M;; =
ijEN
max » M =1
JEN 4
teN



Regret Bounds

External Regret < Swap Regret
Internal Regret < Swap Regret

External Regret < (n — 1) Internal Regret
Swap Regret < n Internal Regret

No Swap Regret = No External Regret
No Swap Regret = No Internal Regret

No Internal Regret = NoO External Regret
No Internal Regret = No Swap Regret



No P-Regret Learning

A learning algorithm A = ¢!, ¢2,... exhibits no expected ®-regre
iff
R(®, T
T—o0 T

A learning algorithm A = ¢!, ¢?,... exhibits no observed ®-regre
iff

imeup [F@ T 07 o)
T—o0 T

| {a~q}| <O



No Observed Regret, i.e. :> No Expected
R(®, T {r} {a}) = maxzpw,qt)
_ rQEaCDxZE [p(r, ah)a’ ~ q']
= r;;equ;a;qw ,a%)p(r', )
= max Z ¢’ (a,. T)Zp(rf a)

= maxE [Zp(rt a){a ~ q}

< E [@&X;p(rﬁ a'){a ~ ¢}
= E[R(P,T,{r}, {a}l{a ~ q}]



Summary of Part II

No Expected External Regret

i
No Observed External Regret, i.e.
i
No Observed Swap Regret, i.e. & No Observed Internal Regret
2 2
No Expected Swap Regret < No Expected Internal Regret
2

No Expected External Regret



