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1 Introduction
In this work, we study the design of a centralised market under uncertainty. Our focus is on
two-stage markets, where a decision in the first stage is made based on an uncertain second stage.
Electricity markets serve as a canonical example of such a two-stage market. These markets, al-
though structurally different in the United States and Europe, operate in two stages: the day-ahead
and the real-time market. What makes the design of this market challenging and consequently
interesting to study is that, unlike other markets, electricity is a commodity that cannot be eco-
nomically stored at scale; it must be delivered over a physical grid network that is governed by
Kirchhoff’s laws. Consequently, supply must equal demand at every node in the electricity grid.
The two-stage electricity market is a direct consequence of these features. In the Day-Ahead (DA)
market, generators and consumers submit bids and offers, and the Independent System Operator
(ISO) clears the market to publish allocations (tentative commitment and dispatch schedule) and
(day-ahead) prices. The bids submitted are based on each individual market agent’s forecast of
load and uncertain generation sources (such as renewable energy sources). Closer to the time of
delivery, the real-time (RT) market clears any imbalances that arise from forecast errors, generator
outages, or contingencies.
Among many considerations which make market design in this environment challenging, the

most central to this thesis is the temporal separation between commitment and delivery. This means
that any DA decision is made under a probability distribution over future states rather than under
perfect information, and the welfare-optimal benchmark itself becomes a stochastic optimization
problem rather than a deterministic one. This raises an important question: how can we generalize
existing market designs to account for the risk preferences of the agents in the market?

These challenges have been amplified by the rapid penetration of variable renewable resources.
Wind and solar generators now supply a substantial and growing share of energy in most major
systems, and their output is intrinsically stochastic, as it is weather-dependent. As a result, the
forecast errors that the RT market must absorb have grown both in magnitude and in tail risk.
Designing a market that performs well in this regime is not merely a refinement of the classical
problem; it requires an explicitly stochastic, multi-stage and importantly risk-aware problem
formulation in which the market’s allocation rule, payment rule, and equilibrium concept are all
defined relative to risk-aware market agents; that is, agents, hedging against uncertainty in the
market.

Main Contributions. This paper develops a competitive-equilibrium theory of two-stage electricity
markets in which agents have heterogeneous risk preferences. We use Conditional-Value-at-Risk
(CVaR) as a risk measure. We work within the framework of risk-averse equilibrium with Ar-
row–Debreu securities developed by Philpott et al.[11] and Gerard et al. [6], and specialise their
results to the institutionally relevant setting of day-ahead and real-time markets with multiple
consumers and producers, mean–CVaR preferences, and individual recourse penalties. Our main
contributions are: (i) we give closed-form expressions for the equilibrium day-ahead price, real-time
price and Arrow–Debreu state-contingent price (ii) establish First and SecondWelfare Theorems for
the risk-aware market (iii) we characterise decentralisation under heterogeneous risk preferences
(iv) we show emperical result on the advantages of risk-aware clearing on data collected from
western intercontinental grid in the United States.

2 Electricity Market Design (US vs EU)
Electricity market design differs considerably between the United States and Europe, particularly
in the degree of centralisation, the treatment of network constraints, and the division of responsi-
bilities between the market operators and the system operators.
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In the United States, Independent System Operators (ISOs) or Regional Transmission Organi-
sations (RTOs) are responsible for both market clearing and system operations. They centrally
run both day-ahead and real-time markets. To do this, they solve two interconnected optimisation
problems. First, they solve a unit commitment problem, referred to as the Security Constrained
Unit Commitment (SCUD), which determines which generators should be online in advance, ac-
counting for nonconvex operational constraints such as ramp-up rates, minimum up and down
times, startup costs, and planned outages. This is solved as a Mixed-Integer Programming problem.
Second, they solve an economic dispatch problem that determines how much each committed
generator should produce to meet demand at minimum cost. This dispatch problem is fundamen-
tally a market-clearing problem. It matches supply and demand, subject to network feasibility.
Generators submit supply offers, typically in the form of stepwise price-quantity bids, and demand
is represented through ISO demand forecasts informed by various Load-Serving Entities (LSEs).
In most US formulations, demand is treated as inelastic, meaning it is not modeled as responding
continuously to market prices. As a result, the day-ahead ISO objective is typically written as cost
minimisation subject to market-clearing and transmission constraints. In the real-time market,
SCED is solved as adjusting to realised system conditions in short intervals, often every 5 to
15 minutes. The US market-clearing model is also distinguished by its use of nodal pricing. A
node is a location in the transmission system, typically a bus or an aggregate injection or with-
drawal point, at which power can be injected by generators, withdrawn by loads, or transferred
through transmission lines. The transmission network is represented explicitly through nodes
and lines, and power balance is ensured at each of these nodes. The market enforces power bal-
ance at individual nodes and computes Locational Marginal Prices (LMPs) that vary across locations.

The Europeanmarket design is organised differently. The day-aheadmarket is a single pan-European
cross-zonal day-ahead electricity clearing problem that allocates cross-border transmission capacity
through a common algorithm that maximises social welfare. The output of this process includes
clearing prices, matched trades, scheduled exchanges, and the net positions of bidding areas. A
bidding area is the largest geographical area within which bids and offers can be matched without
attributing cross-zonal capacity, and the bidding zones in Europe are mostly defined by national
borders. Consequently, European short-term pricing is predominantly zonal rather than nodal. After
the day-ahead auction, market participants may continue to trade in intraday markets, allowing
schedules to adjust as new information arrives before delivery. This trading can continue close
to delivery time and is beneficial because it allows participants to rebalance positions after the
day-ahead market has closed. Physical feasibility and security are then supported by Transmission
System Operators (TSOs) through redispatching and balancing actions.

2.1 Motivation for Market Design
We acknowledge that each of these market designs has its own merits. The U.S. approach yields
strong locational signals and integrates network feasibility directly into market clearing through
nodal balance and transmission constraints. The European approach, by contrast, is naturally
framed as a welfare-maximising exchange and supports broad cross-border participation through a
simpler zonal trading architecture.

In this work, our objective is to combine the strongest elements of each paradigm. We there-
fore study a welfare-maximising electricity market with nodal power-balance constraints. This
retains the welfare-based perspective that is natural in exchange design, while also preserving the
nodal network representation needed to capture congestion and locational scarcity. In this sense,
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our framework can be interpreted as a general benchmark that combines the economic surplus
logic emphasised in European market coupled with the nodal feasibility and pricing discipline
characteristic of U.S. markets.

3 Literature Review
The classical electricity market in the United States is cleared by a deterministic economic dispatch
whose dual variables yield locational marginal prices (LMPs) supporting a competitive equilibrium.
The growing penetration of variable renewables has prompted a sequence of generalisations of this
design that internalise uncertainty within the clearing problem itself. In an early work, Wong and
Fuller [17] proposed a two-stage stochastic linear program for joint energy and reserve dispatch
under contingency uncertainty. Pritchard et al. [12] introduced a stochastic clearing approach
with a single-settlement energy-only market. Zavala et al. [18] extended this work by focusing
on pricing consistency; deterministic clearing can create arbitrary distortions between day-ahead
prices and expected real-time prices, while the stochastic formulation bounds these distortions and
can eliminate them under appropriate penalty structures. Inspired by the aforementioned work,
we formulate market clearing as a two-stage stochastic program with first-stage as day-ahead
commitments and second-stage as real-time recourse. However, we differ by applying Conditional-
Value-at-Risk (CVaR) as a risk measure to the distribution of welfare losses.

Recent pricing work also studies uncertainty in multi-period dispatch. Guo et al. [7] analyse
pricing multi-interval dispatch under uncertainty, focusing on dispatch-following incentives for
generators in settings with intertemporal operational constraints. Werner et al. [16] also study
pricing uncertainty in stochastic multi-stage electricity markets, developing prices for uncertainty
across a multi-stage setting rather than only for deterministic energy quantities. Extending our
framework to multi-stage settings, integrating the explicit price identifications and heterogeneity
results developed here with the multi-stage pricing structures of is a natural direction for future
work.

Another branch of relevant literature studies risk-sensitive dispatch models. Dvorkin et al. [5]
and Meith et al. [10] developed a chance-constrained stochastic market in which uncertainty is
internalised through chance constraints on generator and network limits, with energy and reserve
prices recovered from the dual of the resulting program. They also introduce Arrow–Debreu secu-
rities into a chance-constrained stochastic electricity market to enable risk trading. Madavan et
al. [9] propose a risk-sensitive security-constrained economic dispatch model in which resilience
to line failures is represented using CVaR. The main difference between their setting and ours is
that theirs is security-constrained dispatch with contingency risk, whereas ours is a two-stage
stochastic market-clearing model in which the risk measure is applied to social welfare loss. Tapia et
al. [15] propose market clearing for extreme events using large-deviation-theory chance constraints
and weighted chance constraints. This paper is relevant because it treats extreme events as a
distinct object of market design rather than as ordinary low-probability scenarios. Our approach dif-
fers by using risk measures to implicitly tilt the welfare clearing objective to prioritise the tail events.

The theoretical foundation for risk trading goes back to Arrow’s theory of securities [3] and
optimal risk-bearing. Arrow showed that state-contingent securities can support efficient allocation
of risk under uncertainty, establishing the conceptual basis for completing markets through claims
contingent on realised states. Gerard et al. [6] study risk-averse competitive partial equilibrium
in stochastic electricity markets where agents are endowed with coherent risk measures. They
distinguish risk-neutral equilibrium, risk-averse equilibrium, and risk-trading equilibrium with
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Arrow–Debreu securities. Their main message is directly relevant to our setting: with coherent
risk measures, a complete risk market can support an efficient risk-adjusted social optimum, but
when the risk market is incomplete, risk-averse competitive equilibria need not be unique and
may fail to coincide with the social planner solution. Our work specialises this abstract framework
to a two-stage day-ahead and real-time electricity market with multiple agents and mean–CVaR
preferences, deriving explicit price formulas and a constructive transfer rule. We furrther de-
velop the heterogeneous-risk-preference case in detail, showing that more risk-averse agents are
endogenously fully insured while less risk-averse agents bear all residual aggregate risk.

4 Risk Measures
A risk measure assigns a real number to a random variable representing loss, summarising in a
single value the riskiness of holding that random loss. In our setting, the random loss in question is
the negative of second-stage welfare, which depends on the realised scenario. Different choices of
risk measure correspond to different attitudes toward uncertainty, and the structural properties of
the risk measure determine whether it can be decentralised through prices.

This section reviews the framework of coherent risk measures [4], introduces Conditional Value-
at-Risk (CVaR) as a coherent risk measure, and motivates the convex combination of expectation
and CVaR that we adopt in Section 8.1.

4.1 Coherent Risk Measures
Let Ω be a finite scenario set with probability measure 𝑃 assigning 𝜌𝜔 > 0 to each 𝜔 . Let X denote
the space of real-valued random variables on Ω, interpreted as losses (larger values are worse).

Definition 1 (Coherent Risk Measure, 4). A function 𝜌 : X → R is a coherent risk measure if
it satisfies the following four axioms for all 𝑋,𝑌 ∈ X and 𝑎 ∈ R, 𝛼 ≥ 0:
(M) Monotonicity: if 𝑋 ≤ 𝑌 pointwise, then 𝜌 (𝑋 ) ≤ 𝜌 (𝑌 ).
(T) Translation equivariance: 𝜌 (𝑋 + 𝑎) = 𝜌 (𝑋 ) + 𝑎.
(P) Positive homogeneity: 𝜌 (𝛼𝑋 ) = 𝛼 𝜌 (𝑋 ).
(S) Subadditivity: 𝜌 (𝑋 + 𝑌 ) ≤ 𝜌 (𝑋 ) + 𝜌 (𝑌 ).

Coherent risk measures admit a fundamental dual characterisation.

Lemma 1 (Dual Representation, 4). A function 𝜌 : X → R is a coherent risk measure if and only
if there exists a closed convex set Q of probability measures on Ω, each absolutely continuous with
respect to 𝑃 , such that

𝜌 (𝑋 ) = sup
𝑄∈Q

E
𝑄
[𝑋 ], ∀𝑋 ∈ X. (1)

The set Q is called the risk set of 𝜌 , and any𝑄 ∈ Q attaining the supremum at𝑋 is called aworst-case
measure for 𝑋 .

A useful property is that convex combinations of coherent risk measures are coherent.

Lemma 2 (Convex combinations preserve coherence). Let 𝜌1, 𝜌2 be coherent risk measures
with risk sets Q1,Q2. For any 𝛼 ∈ [0, 1], the function 𝜌 := 𝛼 𝜌1 + (1 − 𝛼) 𝜌2 is a coherent risk measure
with risk set

Q = {𝛼𝑄1 + (1 − 𝛼)𝑄2 : 𝑄1 ∈ Q1, 𝑄2 ∈ Q2}.

Proof. Each axiom (M), (T), (P), (S) is preserved under convex combinations: (M), (T), (P) are
linear in 𝜌 , and (S) is convex (a convex combination of subadditive inequalities is subadditive). The
risk set follows from sup𝑄1,𝑄2

(𝛼 E𝑄1 [𝑋 ] + (1 − 𝛼) E𝑄2 [𝑋 ]) = sup𝑄1,𝑄2
E𝛼𝑄1+(1−𝛼 )𝑄2 [𝑋 ]. □
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4.2 Conditional Value-at-Risk
Let 𝑓 (𝑥,𝑦) be loss associated with 𝑥 ∈ 𝑋 ⊆ R𝑛 , 𝑦 ∈ R𝑚 . For example, 𝑥 is the social welfare, 𝑦 is
the uncertainties involved, for example, the market parameters. Let,

𝑝 (𝑦) = P(𝑌 ≤ 𝑦)
Let’s define the probability of 𝑓 (𝑥,𝑦) not exceeding 𝛼 as,

Ψ(𝑥, 𝛼) =
∫
{ 𝑓 (𝑥,𝑦)≤𝛼 }

𝑝 (𝑦) 𝑑𝑦 = P(𝑓 (𝑥,𝑦) ≤ 𝛼)

Assumption: The probability distribution is such that no jumps occur, i.e., Ψ(𝑥, 𝛼) is everywhere
continuous w.r.t. 𝛼 . Then,

𝛽-VaR is defined as : 𝛼𝛽 (𝑥) =min{𝛼 ∈ R : Ψ(𝑥, 𝛼) ≥ 𝛽}

𝛽-CVaR is defined as : Φ𝛽 (𝑥) =
1

1 − 𝛽

∫
{ 𝑓 (𝑥,𝑦)≥𝛼𝛽 (𝑥 ) }

𝑓 (𝑥,𝑦)𝜌 (𝑦) 𝑑𝑦

The important work by [13] is the characterization of Φ𝛽 (𝑥) and 𝛼𝛽 (𝑥) in terms of a new function,

⇒ 𝐹𝛽 (𝑥, 𝛼) = 𝛼 + 1
1 − 𝛽

∫
R𝑚

[𝑓 (𝑥,𝑦) − 𝛼]+𝜌 (𝑦) 𝑑𝑦

Theorem 01: As a function of 𝛼 , 𝐹𝛽 (𝑥, 𝛼) is convex & continuously differentiable.
𝛽-CVaR of 𝑓 (𝑥,𝑦) is Φ𝛽 (𝑥) =min𝛼∈R 𝐹𝛽 (𝑥, 𝛼), and 𝛽-VaR is 𝛼𝛽 (𝑥) = inf argmin𝛼∈R 𝐹𝛽 (𝑥, 𝛼)

Proof of Theorem 1:

𝐹𝛽 (𝑥, 𝛼) = 𝛼 + 1
1 − 𝛽

∫
R𝑚

[𝑓 (𝑥,𝑦) − 𝛼]+𝜌 (𝑦) 𝑑𝑦

We assume that Ψ(𝑥, 𝛼) is continuous w.r.t. 𝛼 , i.e., regardless of the choice of 𝑥 , the set of 𝑦 with
𝑓 (𝑥,𝑦) = 𝛼 has probability 0, i.e., ∫

{ 𝑓 (𝑥,𝑦)=𝛼 }
𝜌 (𝑦) 𝑑𝑦 = 0

Lemma 01:With fixed 𝑥 , let

𝐺 (𝛼) =
∫
R𝑚

𝑔(𝛼,𝑦)𝜌 (𝑦) 𝑑𝑦 where 𝑔(𝛼,𝑦) = [𝑓 (𝑥,𝑦) − 𝛼]+

Then 𝐺 is a convex, continuously differentiable function, with

𝐺 ′ (𝛼) = Ψ(𝑥, 𝛼) − 1

[14]
Proof of Lemma 01: Consider a function 𝐹 (𝜃 ) that has the form

𝐹 (𝜃 ) = E{𝑓 (𝜃 )} =
∫
Ω
𝑓 (𝜃, 𝜔)𝑃 (𝑑𝜔)

where 𝑓 (𝜃 ) is a measurable random function (whose realization is denoted by 𝑓 (𝜃, 𝜔) as in the
above integral) defined on a probability space (Ω, F , 𝑃). Let the domain of 𝑓 be a convex open set
𝐷 ⊂ R𝑚 and suppose that, for every 𝜃 ∈ 𝐷 , E{|𝑓 (𝜃 ) |} < ∞. We now give sufficient conditions for
directional differentiability of 𝐹 at a point 𝜃0 ∈ 𝐷 .
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Assumption 2.1: There exists a positive-valued random variable 𝐾 = 𝐾 (𝜔) such that E{𝐾} is
finite and

|𝑓 (𝜃1, 𝜔) − 𝑓 (𝜃2, 𝜔) | ≤ 𝐾 (𝜔)∥𝜃1 − 𝜃2∥ (2.2)
for almost all 𝜔 ∈ Ω and for all 𝜃1, 𝜃2 ∈ 𝐷 .

Assumption 2.2:With probability one (w.p.1) the function 𝑓 (𝜃 ) is directionally differentiable at
𝜃0.

Proposition 2.1: Suppose that either i) Assumptions 2.1 and 2.2 hold, or ii) the function 𝑓 (𝜃 ) is
convex with probability 1; Then the expected-value function 𝐹 (𝜃 ) is directionally differentiable at
𝜃0 ∈ 𝐷 and

𝐹 ′ (𝜃0, 𝑑) = E{𝑓 ′ (𝜃0, 𝑑)}. (2.3)
Proof: Under Assumptions 2.1 and 2.2, formula (2.3) follows easily from the Lebesgue Dominated

Convergence Theorem. In the convex case, formula (2.3) is implied by the Monotone Convergence
Theorem. Indeed, consider 𝜃0 ∈ 𝐷 ,𝑑 ∈ R𝑚 , and amonotone-decreasing sequence 𝑡𝑛 → 0+. It follows
then from convexity of 𝑓 (·, 𝜔), that the sequence 𝜓𝑛 = 𝜓𝑛 (𝜔) = 𝑡−1𝑛 [𝑓 (𝜃0 + 𝑡𝑛𝑑,𝜔) − 𝑓 (𝜃0, 𝜔)] is
monotone decreasing for almost every 𝜔 ∈ Ω, and that 𝜓𝑛 → 𝑓 ′ (𝜃0, 𝑑) w.p.1. Therefore by the
Monotone Convergence Theorem

lim
𝑛→∞

E{𝜓𝑛} = E
{
lim
𝑛→∞

𝜓𝑛

}
= E{𝑓 ′ (𝜃0, 𝑑)}.

Since the expected-value function 𝐹 (𝜃 ) = E{𝑓 (𝜃 )} is then convex, we have that the limit lim𝑛→∞ E{𝜓𝑛}
is finite and is equal to 𝐹 ′ (𝜃0, 𝑑). This shows that, in the convex case, if E{|𝑓 (𝜃 ) |} < ∞ for all 𝜃 ∈ 𝐷 ,
then the interchangeability formula (2.3) holds.

Considering,

𝐺 (𝛼) = E{𝑔(𝛼,𝑦)} =⇒ 𝐺 ′ (𝛼) = E{𝑔′ (𝛼,𝑦)} = Ψ(𝑥, 𝛼) − 1

completes the proof of Lemma 01.

Proof of Theorem 1 (Continued): With 𝐹𝛽 (x, 𝛼) as defined above, it is immediate from the
Lemma 01 that 𝐹𝛽 (x, 𝛼) is convex and continuously differentiable with derivative

𝜕

𝜕𝛼
𝐹𝛽 (x, 𝛼) = 1 + (1 − 𝛽)−1 [Ψ(x, 𝛼) − 1] = (1 − 𝛽)−1 [Ψ(x, 𝛼) − 𝛽] .

Therefore, the values of 𝛼 that furnish the minimum of 𝐹𝛽 (x, 𝛼), i.e., the ones comprising the set
𝐴𝛽 (x) = argmin 𝐹𝛽 , are precisely those for which Ψ(x, 𝛼) − 𝛽 = 0. They form a nonempty closed
interval, inasmuch as Ψ(x, 𝛼) is continuous and nondecreasing in 𝛼 with limit 1 as 𝛼 → ∞ and
limit 0 as 𝛼 → −∞. This further yields the validity of the 𝛽-VaR formula. In particular, then, we
have

min
𝛼∈R

𝐹𝛽 (x, 𝛼) = 𝐹𝛽 (x, 𝛼𝛽 (x)) = 𝛼𝛽 (x) + (1 − 𝛽)−1
∫
𝑦∈R𝑚

[𝑓 (x, y) − 𝛼𝛽 (x)]+𝑝 (y) 𝑑y.

But the integral here equals∫
𝑓 (x,y)≥𝛼𝛽 (x)

[𝑓 (x, y) −𝛼𝛽 (x)]𝑝 (y) 𝑑y =

∫
𝑓 (x,y)≥𝛼𝛽 (x)

𝑓 (x, y)𝑝 (y) 𝑑y−𝛼𝛽 (x)
∫
𝑓 (x,y)≥𝛼𝛽 (x)

𝑝 (y) 𝑑y,

where the first integral on the right is by definition (1−𝛽)𝜙𝛽 (x) and the second is 1−Ψ(x, 𝛼𝛽 (x)).
Moreover Ψ(x, 𝛼𝛽 (x)) = 𝛽 . Thus,

min
𝛼∈R

𝐹𝛽 (x, 𝛼) = 𝛼𝛽 (x) + (1 − 𝛽)−1 [(1 − 𝛽)𝜙𝛽 (x) − 𝛼𝛽 (x) (1 − 𝛽)] = 𝜙𝛽 (x).
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This confirms for 𝛽-CVaR formula and finishes the proof of Theorem 1. ♦

Theorem 2. Minimizing the 𝛽-CVaR of the loss associated with x over all x ∈ 𝑋 is equivalent to
minimizing 𝐹𝛽 (x, 𝛼) over all (x, 𝛼) ∈ 𝑋 × R, in the sense that

min
x∈𝑋

𝜙𝛽 (x) = min
(x,𝛼 ) ∈𝑋×R

𝐹𝛽 (x, 𝛼),

where moreover a pair (x∗, 𝛼∗) achieves the second minimum if and only if x∗ achieves the first min-
imum and 𝛼∗ ∈ 𝐴𝛽 (x∗). In particular, therefore, in circumstances where the interval𝐴𝛽 (x∗) reduces
to a single point (as is typical), the minimization of 𝐹𝛽 (x, 𝛼) over (x, 𝛼) ∈ 𝑋 × R produces a pair
(x∗, 𝛼∗), not necessarily unique, such that x∗ minimizes the 𝛽-CVaR and 𝛼∗ gives the corresponding
𝛽-VaR.
Furthermore, 𝐹𝛽 (x, 𝛼) is convex with respect to (x, 𝛼), and 𝜙𝛽 (x) is convex with respect to x,

when 𝑓 (x, y) is convex with respect to x, in which case, if the constraints are such that 𝑋 is a
convex set, the joint minimization is an instance of convex programming.

It should be noted that the integral in the definition of 𝐹𝛽 (x, 𝛼) can be approximated in various
ways. For example, this can be done by sampling the probability distribution of 𝑦 according to its
density 𝑝 (y). If the sampling generates a collection of vectors y1, y2, . . . , y𝑞 , then the corresponding
approximation to 𝐹𝛽 (x, 𝛼) is 𝐹𝛽 (x, 𝛼) = 𝛼 + 1

𝑞 (1−𝛽 )
∑𝑞

𝑘=1 [𝑓 (x, y𝑘 ) − 𝛼]
+ .

The expression 𝐹𝛽 (x, 𝛼) is convex and piecewise linear with respect to 𝛼 . Although it is not
differentiable with respect to 𝛼 , it can readily be minimised, either by line search techniques or by
representation in terms of an elementary linear programming problem.

CVaR is a coherent risk measure for any confidence level 𝛽 ∈ [0, 1). It hence has a dual represen-
tation.

Lemma 3 (Dual representation of CVaR, [2]). For any 𝛽 ∈ [0, 1),

CVaR𝛽 [𝑋 ] = sup
𝑄∈Q𝛽

E
𝑄
[𝑋 ], Q𝛽 =

{
𝑄 ≪ 𝑃 :

𝑑𝑄

𝑑𝑃
(𝜔) ≤ 1

1 − 𝛽 ∀𝜔
}
. (2)

The supremum is attained, and a worst-case measure 𝑄∗ places mass 1
1−𝛽 𝜌𝜔 on each scenario in the

upper 𝛽-tail of 𝑋 .

We will use the fact that 𝛾∗𝜔 , the multiplier on the CVaR shortfall constraint in the epigraph
reformulation (62), identifies the worst-case measure: the optimal multipliers from the planner’s
KKT system encode precisely the probability distortion induced by tail-aversion.

5 Stochastic Day Ahead Clearing
In this section, we formulate the stochastic day-ahead clearing problem as a two-stage programme.
In the first stage, tentative allocations are declared before uncertainty is realised. In the second stage,
recourse actions adjust these allocations once the uncertain parameters have been realised. We
present the social welfaremaximisation problem solved by a central market planner (the optimisation
problem), followed by the individual utility maximisation problems solved independently by each
market participant (the equilibrium problem).

5.1 The Optimisation Problem
Consider a two-stage market with 𝑛 consumers and𝑚 producers, indexed by 𝑖 and 𝑗 respectively,
who wish to commit to trading quantities of a single divisible good in the first stage, for which
their values and costs, and hence their optimal quantities, will be realised in the second stage. The
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uncertainty in this environment is modelled by a discrete random variable with outcome space
Ω (e.g., in the case of solar energy, the degree of cloud cover), whose values 𝜔 ∈ Ω, so-called
scenarios, are drawn from the probability distribution P and realised with probability 𝜌𝜔 . These
scenarios parameterise the consumers’ values and the producers’ costs, so that each consumer 𝑖
(resp. producer 𝑗 ) realises a per-scenario value 𝑣𝑖𝜔 (resp. cost 𝑐 𝑗𝜔 ), along with per-scenario lower
and upper bounds on consumption 𝑥

𝑖𝜔
and 𝑥𝑖𝜔 (resp. production 𝑦

𝑗𝜔
and 𝑦 𝑗𝜔 ).

In the first stage of the market, before any uncertainty is resolved, a pair of tentative allocations
(𝑥𝑥𝑥,𝑦𝑦𝑦) ∈ R𝑛 × R𝑚 for the consumers and producers, respectively, is declared. In the second stage,
after the scenario has been realised, recourse actions are taken via positive and negative deviations
𝑿 = (𝑿+,𝑿−) with 𝑿+,𝑿− ∈ R𝑛×|Ω | and 𝒀 = (𝒀+, 𝒀 −) with 𝒀+, 𝒀 − ∈ R𝑚×|Ω | from the tentative
allocation, that is, agents can increase or decrease their consumption or production relative to
the tentative allocations. Each consumer 𝑖 (resp. producer 𝑗 ) then suffers an exogenous marginal
penalty 𝛼+𝑖 (resp. 𝛼+𝑗 ) for positive deviations and an exogenous marginal penalty 𝛼−

𝑖 (resp. 𝛼−
𝑗 )

for negative deviations, with 𝛼+
𝑘
, 𝛼−

𝑘
≥ 0 for all 𝑘 ∈ {𝑖, 𝑗}. This asymmetry allows the market to

penalise undersupply or overdemand more heavily than the opposite.
We model producers and consumers with quasi-linear utilities, meaning consumers subtract their
expenses (the price of their allocations) from their consumption values, while producers subtract
their production costs from their revenue. Let 𝑝0 ∈ R be the posted price in the first stage, and
let 𝒑 ∈ R |Ω | so that 𝑝𝜔 ∈ R is the posted price in the second stage under scenario 𝜔 . Agent 𝑖’s
(quasi-linear) utility under scenario 𝜔 is:

𝑢𝑖 (𝑥𝑖 ,𝑿𝑖 , 𝑝0,𝒑;𝜔) = (𝑣𝑖𝜔 − 𝑝0)𝑥𝑖 + (𝑣𝑖𝜔 − 𝑝𝜔 ) (𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 )
− (𝛼+𝑖 𝑥+𝑖𝜔 + 𝛼−

𝑖 𝑥
−
𝑖𝜔 ) (3)

Similarly, producer 𝑗 ’s utility is:
𝑢 𝑗 (𝑦 𝑗 , 𝒀𝑗 , 𝑝0,𝒑;𝜔) = (𝑝0 − 𝑐 𝑗𝜔 )𝑦 𝑗 + (𝑝𝜔 − 𝑐 𝑗𝜔 ) (𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 )

− (𝛼+𝑗 𝑦+𝑗𝜔 + 𝛼−
𝑗 𝑦

−
𝑗𝜔 ) (4)

For both producers and consumers, the first term represents day-ahead trades, the second represents
real-time trades, and the third represents penalties for deviation from the tentative allocation.
We have thus defined a two-stage stochastic market M = (𝑚,𝑛,Ω,P) for a single divisible good,
where agents’ values and costs are non-negative real values, and their utilities are quasi-linear.

5.1.1 Second-Stage Welfare Problem. Given such a stochastic market M, together with a tentative
first-stage allocation (𝑥𝑥𝑥,𝑦𝑦𝑦), the welfare maximisation problem W2P(𝑥𝑥𝑥,𝑦𝑦𝑦;𝜔) in the second stage
assuming scenario 𝜔 ∈ Ω is:

W2P(𝑥𝑥𝑥,𝑦𝑦𝑦;𝜔) := argmax
𝑿 ,𝒀

∑︁
𝑖∈[𝑛]

[
𝑣𝑖𝜔 (𝑥𝑖 + 𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ) − (𝛼+𝑖 𝑥+𝑖𝜔 + 𝛼−

𝑖 𝑥
−
𝑖𝜔 )

]
−

∑︁
𝑗∈[𝑚]

[
𝑐 𝑗𝜔 (𝑦 𝑗 + 𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ) + (𝛼+𝑗 𝑦+𝑗𝜔 + 𝛼−

𝑗 𝑦
−
𝑗𝜔 )

]
(5)

subject to ∑︁
𝑖∈[𝑛]

(𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ) =
∑︁
𝑗∈[𝑚]

(𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ) (6)

𝑥𝑖 + 𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ∈ [𝑥
𝑖𝜔
, 𝑥𝑖𝜔 ] ∀ 𝑖 ∈ [𝑛] (7)

𝑦 𝑗 + 𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ∈ [𝑦
𝑗𝜔
, 𝑦 𝑗𝜔 ] ∀ 𝑗 ∈ [𝑚] (8)

𝑿 , 𝒀 ≥ 0 (9)
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Constraint (6) ensures supply–demand balance in the second stage. Constraints (7)–(8) ensure
feasibility of the second-stage allocations. Constraint (9) precludes negative adjustments; decreasing
production, for example, requires a positive 𝑦−𝑗𝜔 rather than a negative 𝑦+𝑗𝜔 .

Remark 1. Our formulation enforces the equality constraint 6. In practice, it may be desirable
to permit over-supply, for instance, to accommodate energy storage via battery systems. This can
be achieved within our framework by introducing auxiliary slack variables representing stored or
curtailed energy, thereby relaxing the balance to an inequality while preserving the dual structure
from which equilibrium prices are derived.

We write W2(𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿𝜔 , 𝒀𝜔 ;𝜔) for the welfare function (the objective evaluated at the given
arguments), and W2(𝑥𝑥𝑥,𝑦𝑦𝑦;𝜔) for the optimal welfare in scenario 𝜔 .

5.1.2 First-Stage Welfare Problem. With the per-scenario second-stage problem thus defined, the
first-stage welfare maximisation problem W1P(P) is to maximise the expected welfare in the
second stage:

W1P(P) := argmax
𝑥𝑥𝑥,𝑦𝑦𝑦

E
𝜔∼P

[
W2(𝑥𝑥𝑥,𝑦𝑦𝑦;𝜔)

]
(10)

subject to
∑︁
𝑖∈[𝑛]

𝑥𝑖 =
∑︁
𝑗∈[𝑚]

𝑦 𝑗 (11)

𝑥𝑥𝑥,𝑦𝑦𝑦 ≥ 0 (12)

Constraint (11) ensures feasibility of the first-stage allocation, while constraint (12) ensures non-
negative allocations. We write W1(𝑥𝑥𝑥,𝑦𝑦𝑦;P) for the objective of W1P(P) evaluated at the given
arguments, and W1(P) for the optimal welfare.

Observation 1. There exists an optimal solution to W1P(P) in which, for any scenario 𝜔 , at most
one of 𝑥+𝑖𝜔 and 𝑥−𝑖𝜔 is nonzero for all consumers 𝑖 , and similarly for producers.

Proof. Suppose for contradiction that 𝑥+𝑖𝜔 > 0 and 𝑥−𝑖𝜔 > 0 for some consumer in some scenario.
Let 𝛿 =min(𝑥+𝑖𝜔 , 𝑥−𝑖𝜔 ). Replacing 𝑥+𝑖𝜔 by 𝑥+𝑖𝜔−𝛿 and 𝑥−𝑖𝜔 by 𝑥−𝑖𝜔−𝛿 preserves feasibility (all constraints
remain satisfied) and improves the objective by 𝜌𝜔 (𝛼+𝑖 + 𝛼−

𝑖 )𝛿 ≥ 0. Thus, any optimal solution can
be weakly improved until at most one deviation is nonzero per agent per scenario. □

5.1.3 Closed-Form Reformulation. Since Ω is finite, E𝜔∼P [W2(𝑥𝑥𝑥,𝑦𝑦𝑦;𝜔)] =
∑

𝜔∈Ω 𝜌𝜔W2(𝑥𝑥𝑥,𝑦𝑦𝑦;𝜔).
Because the second-stage decision variables are independent across scenarios, we can swap the
outer maximisation with the inner sum, yielding the following equivalent closed-form programme:

W1P(P) := arg max
𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿 ,𝒀

∑︁
𝜔∈Ω

𝜌𝜔

[
W2(𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿𝜔 , 𝒀𝜔 ;𝜔)

]
(13)

subject to ∑︁
𝑖∈[𝑛]

𝑥𝑖 =
∑︁
𝑗∈[𝑚]

𝑦 𝑗 (14)∑︁
𝑖∈[𝑛]

(𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ) =
∑︁
𝑗∈[𝑚]

(𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ) ∀𝜔 ∈ Ω (15)

𝑥𝑖 + 𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ∈ [𝑥
𝑖𝜔
, 𝑥𝑖𝜔 ] ∀ 𝑖 ∈ [𝑛], ∀𝜔 ∈ Ω (16)

𝑦 𝑗 + 𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ∈ [𝑦
𝑗𝜔
, 𝑦 𝑗𝜔 ] ∀ 𝑗 ∈ [𝑚], ∀𝜔 ∈ Ω (17)

𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿 , 𝒀 ≥ 0 (18)
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5.1.4 Dual of the First-Stage Welfare Problem. We now take the dual of the closed-form W1P(P).
We assign dual variables 𝑝0 ≥ 0 to constraint (14), 𝑝𝜔 ∈ R to each constraint (15), and𝐴𝐴𝐴𝑖 , 𝐵𝐵𝐵 𝑗 ≥ 0 to
the bound constraints. After scaling each dual variable by its corresponding scenario probability
(i.e., 𝑎+𝑖𝜔 → 𝜌𝜔𝑎

+
𝑖𝜔 , etc.), we obtain the equivalent dual W1D(P):

W1D(P) := arg min
𝑝0,𝒑,𝐴𝐴𝐴,𝐵𝐵𝐵

E
𝜔∼P

[ ∑︁
𝑖∈[𝑛]

(
𝑥𝑖𝜔𝑎

+
𝑖𝜔 − 𝑥

𝑖𝜔
𝑎−𝑖𝜔

)
+

∑︁
𝑗∈[𝑚]

(
𝑦 𝑗𝜔𝑏

+
𝑗𝜔 − 𝑦

𝑗𝜔
𝑏−𝑗𝜔

) ]
(19)

subject to

E
𝜔∼P

[
𝑎+𝑖𝜔 − 𝑎−𝑖𝜔

]
≥ E

𝜔∼P

[
𝑣𝑖𝜔 − (𝑝0 + 𝑝𝜔 )

]
∀ 𝑖 ∈ [𝑛] (20)

E
𝜔∼P

[
𝑏+𝑗𝜔 − 𝑏−𝑗𝜔

]
≥ E

𝜔∼P

[
(𝑝0 + 𝑝𝜔 ) − 𝑐 𝑗𝜔

]
∀ 𝑗 ∈ [𝑚] (21)

𝑎+𝑖𝜔 − 𝑎−𝑖𝜔 ≥ (𝑣𝑖𝜔 − 𝛼+𝑖 ) − 𝑝𝜔 ∀ 𝑖, ∀𝜔 (22)
𝑎−𝑖𝜔 − 𝑎+𝑖𝜔 ≥ 𝑝𝜔 − (𝑣𝑖𝜔 + 𝛼−

𝑖 ) ∀ 𝑖, ∀𝜔 (23)
𝑏+𝑗𝜔 − 𝑏−𝑗𝜔 ≥ 𝑝𝜔 − (𝑐 𝑗𝜔 + 𝛼+𝑗 ) ∀ 𝑗, ∀𝜔 (24)
𝑏−𝑗𝜔 − 𝑏+𝑗𝜔 ≥ (𝑐 𝑗𝜔 − 𝛼−

𝑗 ) − 𝑝𝜔 ∀ 𝑗, ∀𝜔 (25)
𝐴𝐴𝐴,𝐵𝐵𝐵 ≥ 0 (26)

We also write W1D(P; 𝑝0,𝒑) for the programme with the dual prices 𝑝0 and 𝒑 fixed.

Remark 2. The dual variable 𝑝0 corresponds to the first-stage balance constraint and 𝑝𝜔 to each
second-stage balance constraint. As we show in Section 6, equilibrium prices can be read off from these
dual variables.

5.2 The Equilibrium Problem
Assuming that all agents in the market are price-takers and given prices (𝑝0,𝒑) ∈ R×R |Ω | , scenario
𝜔 , and day-ahead allocations (𝑥𝑖 , 𝑦 𝑗 ), we now define the first and second-stage utility maximisation
problems for individual agents.

U2P𝑖 (𝑥𝑖 , 𝑝0,𝒑;𝜔) := argmax
𝑿𝑖

𝑢𝑖 (𝑥𝑖 ,𝑿𝑖 , 𝑝0,𝒑;𝜔) (27)

subject to 𝑥𝑖 + 𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ∈ [𝑥
𝑖𝜔
, 𝑥𝑖𝜔 ]

𝑿𝑖 ≥ 0

U2P𝑗 (𝑦 𝑗 , 𝑝0,𝒑;𝜔) := argmax
𝒀𝑗

𝑢 𝑗 (𝑦 𝑗 , 𝒀𝑗 , 𝑝0,𝒑;𝜔) (28)

subject to 𝑦 𝑗 + 𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ∈ [𝑦
𝑗𝜔
, 𝑦 𝑗𝜔 ]

𝒀𝑗 ≥ 0

We write U2𝑖 (𝑥𝑖 , 𝑝0,𝒑;𝜔) and U2𝑗 (𝑦 𝑗 , 𝑝0,𝒑;𝜔) for the corresponding optimal values.

5.2.1 First-Stage Utility Problems. Given these, we construct the first-stage utility problems, in
which each agent chooses their day-ahead allocation to maximise expected utility, anticipating
optimal adjustment in the second stage:

U1P𝑖 (P, 𝑝0,𝒑) := argmax
𝑥𝑖

E
𝜔∼P

[
U2𝑖 (𝑥𝑖 , 𝑝0,𝒑;𝜔)

]
(29)

subject to 𝑥𝑖 ≥ 0
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U1P𝑗 (P, 𝑝0,𝒑) := argmax
𝑦 𝑗

E
𝜔∼P

[
U2𝑗 (𝑦 𝑗 , 𝑝0,𝒑;𝜔)

]
(30)

subject to 𝑦 𝑗 ≥ 0

We denote the optimal values by U1𝑖 (P, 𝑝0,𝒑) and U1𝑗 (P, 𝑝0,𝒑).

5.2.2 Duals of the First-Stage Utility Problems. By writing the closed-form primal (combining
first and second stages) and scaling dual variables in the same manner as for W1D, we obtain the
following dual programmes:

U1D𝑖 (P, 𝑝0,𝒑) := argmin
𝐴𝐴𝐴𝑖

E
𝜔∼P

[
𝑥𝑖𝜔𝑎

+
𝑖𝜔 − 𝑥

𝑖𝜔
𝑎−𝑖𝜔

]
(31)

subject to

E
𝜔∼P

[
𝑎+𝑖𝜔 − 𝑎−𝑖𝜔

]
≥ E

𝜔∼P

[
𝑣𝑖𝜔 − 𝑝0

]
(32)

𝑎+𝑖𝜔 − 𝑎−𝑖𝜔 ≥ (𝑣𝑖𝜔 − 𝛼+𝑖 ) − 𝑝𝜔 ∀𝜔 ∈ Ω (33)
𝑎−𝑖𝜔 − 𝑎+𝑖𝜔 ≥ 𝑝𝜔 − (𝑣𝑖𝜔 + 𝛼−

𝑖 ) ∀𝜔 ∈ Ω (34)
𝐴𝐴𝐴𝑖 ≥ 0 (35)

U1D𝑗 (P, 𝑝0,𝒑) := argmin
𝐵𝐵𝐵 𝑗

E
𝜔∼P

[
𝑦 𝑗𝜔𝑏

+
𝑗𝜔 − 𝑦

𝑗𝜔
𝑏−𝑗𝜔

]
(36)

subject to

E
𝜔∼P

[
𝑏+𝑗𝜔 − 𝑏−𝑗𝜔

]
≥ E

𝜔∼P

[
𝑝0 − 𝑐 𝑗𝜔

]
(37)

𝑏+𝑗𝜔 − 𝑏−𝑗𝜔 ≥ 𝑝𝜔 − (𝑐 𝑗𝜔 + 𝛼+𝑗 ) ∀𝜔 ∈ Ω (38)
𝑏−𝑗𝜔 − 𝑏+𝑗𝜔 ≥ (𝑐 𝑗𝜔 − 𝛼−

𝑗 ) − 𝑝𝜔 ∀𝜔 ∈ Ω (39)
𝐵𝐵𝐵 𝑗 ≥ 0 (40)

6 Stochastic Competitive Equilibrium
We now formally define the two-stage stochastic market M. In the classical Arrow–Debreu frame-
work, a competitive equilibrium is characterised by three properties: feasibility of allocations, utility
maximisation by each agent at the posted prices, and market clearing (Walras’ law). We generalise
this notion to the stochastic two-stage setting, where Walras’ law must hold across both stages. We
refer to a tuple (𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿 , 𝒀 , 𝑝0,𝒑) as a market outcome.

Definition 2 (Stochastic Competitive Eqilibrium with Recourse). Given a stochastic
market M = (𝑚,𝑛,Ω,P), a market outcome (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑝∗0,𝒑

∗) is a stochastic competitive
equilibrium with recourse (SCER) if the following three conditions hold:
(F) Feasibility. The allocations satisfy the constraints of W1P(P): first-stage supply equals de-

mand (14), second-stage adjustments balance per scenario (15), all bound constraints (16)–(17)
hold, and all quantities are non-negative (18).

(UM) Utility Maximisation. Each agent’s first- and second-stage allocation is utility maximising at
the given prices (𝑝∗0,𝒑∗). Specifically, for each consumer 𝑖 ∈ [𝑛]:

(𝑥∗𝑖 , 𝑿∗
𝑖 ) ∈ U1P𝑖 (P, 𝑝∗0,𝒑∗),

and for each producer 𝑗 ∈ [𝑚]:

(𝑦∗𝑗 , 𝒀 ∗
𝑗 ) ∈ U1P𝑗 (P, 𝑝∗0,𝒑∗).
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(WL) Walras’ Law. Let 𝑧0 and 𝑧𝜔 denote the aggregate excess demand in the first and second stages,
respectively:

𝑧0 :=
∑︁
𝑖∈[𝑛]

𝑥∗𝑖 −
∑︁
𝑗∈[𝑚]

𝑦∗𝑗 , 𝑧𝜔 :=
∑︁
𝑖∈[𝑛]

(𝑥∗+𝑖𝜔 − 𝑥∗−𝑖𝜔 ) −
∑︁
𝑗∈[𝑚]

(𝑦∗+𝑗𝜔 − 𝑦∗−𝑗𝜔 ).

The market value of aggregate excess demand is zero in each stage:

𝑝∗0 · 𝑧0 = 0, (41)
𝑝∗𝜔 · 𝑧𝜔 = 0, ∀𝜔 ∈ Ω. (42)

Remark 3. Conditions (41)–(42) are the natural generalisation of the classical Walras’ Law p·z(p) =
0 to the two-stage stochastic setting, applied independently to each market: the day-ahead market (a
single good priced at 𝑝∗0) and each scenario-contingent real-time market (priced at 𝑝∗𝜔 ). Each condition
asserts that when there is excess supply in a given market (𝑧 < 0), the corresponding price must be
zero; equivalently, a strictly positive price implies exact market clearing.

We now establish the existence of SCER via a strong-duality argument. The key insight is
that prices supporting a competitive equilibrium can be read off from the dual of the welfare
maximisation problem.

6.1 Existence of SCER
Theorem 1 (Existence of SCER). Let (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗) be a solution to W1P(P). Then there exist

prices (𝑝∗0,𝒑∗) such that the market outcome (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑝∗0,𝒑
∗) is an SCER.

Proof. Since W1P(P) is a finite-dimensional convex programme with affine constraints and
a feasible point, strong duality holds. We write the KKT system for the closed-form first-stage
formulation (13)–(18), assigning multipliers as follows:

• Day-ahead balance (14): multiplier 𝜆 ≥ 0.
• For each 𝜔 ∈ Ω, second-stage balance (15): multiplier 𝜈𝜔 ∈ R.
• Consumer bounds (16): multipliers 𝜇c𝑖,𝜔 ≥ 0 (upper) and 𝜇c

𝑖,𝜔
≥ 0 (lower).

• Producer bounds (17): multipliers 𝜇g
𝑗,𝜔

≥ 0 (upper) and 𝜇g
𝑗,𝜔

≥ 0 (lower).

• Non-negativity (18): multipliers 𝜎c𝑖 , 𝜎
g
𝑗
, 𝜎c+𝑖,𝜔 , 𝜎

c−
𝑖,𝜔 , 𝜎

g+
𝑗,𝜔

, 𝜎g−
𝑗,𝜔

≥ 0.

We define prices by:

𝑝∗0 := 𝜆, 𝑝∗𝜔 :=
𝜈𝜔

𝜌𝜔
, ∀𝜔 ∈ Ω. (43)

Proof of (F): Feasibility. This holds directly, since (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗) is a feasible solution to W1P(P).
Proof of (UM): UtilityMaximisation.We show that the planner’s KKT conditions coincidewith

those of each individual agent’s utility problem. Let 𝑥𝑖,𝜔 := 𝑥𝑖 +𝑥+𝑖𝜔 −𝑥−𝑖𝜔 and 𝑦 𝑗,𝜔 := 𝑦 𝑗 +𝑦+𝑗𝜔 −𝑦−𝑗𝜔 .
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Planner stationarity conditions. For each 𝑖 ∈ [𝑛], 𝑗 ∈ [𝑚], 𝜔 ∈ Ω:

𝜕𝑥𝑖 L :
∑

𝜔 𝜌𝜔𝑣𝑖𝜔 − 𝜆 +∑
𝜔 (𝜇c𝑖,𝜔 − 𝜇c

𝑖,𝜔
) − 𝜎c𝑖 = 0, (44)

𝜕𝑥+
𝑖𝜔
L : 𝜌𝜔 (𝑣𝑖𝜔 − 𝛼+𝑖 ) − 𝜈𝜔 + (𝜇c𝑖,𝜔 − 𝜇c

𝑖,𝜔
) − 𝜎c+𝑖,𝜔 = 0, (45)

𝜕𝑥−
𝑖𝜔
L : 𝜌𝜔 (−𝑣𝑖𝜔 − 𝛼−

𝑖 ) + 𝜈𝜔 − (𝜇c𝑖,𝜔 − 𝜇c
𝑖,𝜔

) − 𝜎c−𝑖,𝜔 = 0, (46)

𝜕𝑦 𝑗
L : −∑

𝜔 𝜌𝜔𝑐 𝑗𝜔 + 𝜆 +∑
𝜔 (𝜇

g
𝑗,𝜔

− 𝜇g
𝑗,𝜔

) − 𝜎g
𝑗
= 0, (47)

𝜕𝑦+
𝑗𝜔
L : 𝜌𝜔 (−𝑐 𝑗𝜔 − 𝛼+𝑗 ) + 𝜈𝜔 + (𝜇g

𝑗,𝜔
− 𝜇g

𝑗,𝜔
) − 𝜎g+

𝑗,𝜔
= 0, (48)

𝜕𝑦−
𝑗𝜔
L : 𝜌𝜔 (𝑐 𝑗𝜔 − 𝛼−

𝑗 ) − 𝜈𝜔 − (𝜇g
𝑗,𝜔

− 𝜇g
𝑗,𝜔

) − 𝜎g−
𝑗,𝜔

= 0. (49)

All primal constraints (14)–(18) hold, dual feasibility requires all multipliers to be non-negative,
and the standard complementary slackness relations hold for each constraint.
Agent stationarity conditions. Fix prices (𝑝∗0,𝒑∗) as defined in (43) and consider consumer 𝑖

maximising expected utility (3) over (𝑥𝑖 ,𝑿𝑖 ) subject to the per-scenario feasibility 𝑥𝑖,𝜔 ∈ [𝑥
𝑖𝜔
, 𝑥𝑖𝜔 ]

and non-negativity. Let the consumer’s bound and non-negativity multipliers be exactly the same
symbols as above. The consumer’s KKT stationarity conditions are:∑

𝜔 𝜌𝜔𝑣𝑖𝜔 −∑
𝜔 𝜌𝜔𝑝

∗
0 +

∑
𝜔 (𝜇c𝑖,𝜔 − 𝜇c

𝑖,𝜔
) − 𝜎c𝑖 = 0, (50)

𝜌𝜔 (𝑣𝑖𝜔 − 𝑝∗𝜔 − 𝛼+𝑖 ) + (𝜇c𝑖,𝜔 − 𝜇c
𝑖,𝜔

) − 𝜎c+𝑖,𝜔 = 0, (51)

𝜌𝜔 (−𝑣𝑖𝜔 + 𝑝∗𝜔 − 𝛼−
𝑖 ) − (𝜇c𝑖,𝜔 − 𝜇c

𝑖,𝜔
) − 𝜎c−𝑖,𝜔 = 0. (52)

Similarly, producer 𝑗 maximises expected utility (4) with the same per-scenario feasibility, yielding:

−∑
𝜔 𝜌𝜔𝑐 𝑗𝜔 +∑

𝜔 𝜌𝜔𝑝
∗
0 +

∑
𝜔 (𝜇

g
𝑗,𝜔

− 𝜇g
𝑗,𝜔

) − 𝜎g
𝑗
= 0, (53)

𝜌𝜔 (𝑝∗𝜔 − 𝑐 𝑗𝜔 − 𝛼+𝑗 ) + (𝜇g
𝑗,𝜔

− 𝜇g
𝑗,𝜔

) − 𝜎g+
𝑗,𝜔

= 0, (54)

𝜌𝜔 (−𝑝∗𝜔 + 𝑐 𝑗𝜔 − 𝛼−
𝑗 ) − (𝜇g

𝑗,𝜔
− 𝜇g

𝑗,𝜔
) − 𝜎g−

𝑗,𝜔
= 0. (55)

Matching the two systems. By construction, 𝜆 = 𝑝∗0 and 𝜈𝜔 = 𝜌𝜔𝑝
∗
𝜔 . Comparing (44) with (50):

the planner has −𝜆 where the consumer has −∑
𝜔 𝜌𝜔𝑝

∗
0 = −𝑝∗0 , and since 𝜆 = 𝑝∗0 these coincide.

Comparing (45) with (51): the planner has −𝜈𝜔 = −𝜌𝜔𝑝∗𝜔 where the consumer has −𝜌𝜔𝑝∗𝜔 , so these
match identically. Likewise (46) matches (52). The producer conditions (47)–(49) match (53)–(55)
by the same argument. All complementary slackness relations also coincide, since the feasible sets
are identical.
Each agent’s problem is convex with the same feasible region that the planner imposes, so the

KKT conditions are necessary and sufficient. Therefore, at prices (𝑝∗0,𝒑∗), every agent maximises
their utility at allocation (𝑥𝑥𝑥∗,𝑿∗,𝑦𝑦𝑦∗, 𝒀 ∗).
Proof of (WL): Walras’ Law. At the optimal primal–dual pair, the complementary slackness

conditions on the balance constraints yield:

𝑝∗0

( ∑︁
𝑗∈[𝑚]

𝑦∗𝑗 −
∑︁
𝑖∈[𝑛]

𝑥∗𝑖

)
= 0, (56)

𝑝∗𝜔

( ∑︁
𝑗∈[𝑚]

(𝑦∗+𝑗𝜔 − 𝑦∗−𝑗𝜔 ) −
∑︁
𝑖∈[𝑛]

(𝑥∗+𝑖𝜔 − 𝑥∗−𝑖𝜔 )
)
= 0, ∀𝜔 ∈ Ω. (57)
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Condition (56) is precisely Walras’ law in the first stage (41). Condition (57) is precisely Walras’
law in the second stage (42), holding for each scenario 𝜔 ∈ Ω individually. □

Remark 4 (Price Interpretation). The price formulas (43) admit a natural economic inter-
pretation. Complementary slackness on the day-ahead balance (14) implies that if the constraint is
slack then 𝑝∗0 = 0, and if it binds then 𝑝∗0 is the common marginal value/cost of day-ahead quanti-
ties. When no bound constraints are binding, the stationarity conditions (45)–(49) yield the familiar
marginal-equals-price relations. In particular, for any scenario 𝜔 :

𝑝∗𝜔 = 𝑣𝑖𝜔 − 𝛼+𝑖 (if 𝑥∗+𝑖𝜔 > 0), 𝑝∗𝜔 = 𝑐 𝑗𝜔 + 𝛼+𝑗 (if 𝑦∗+𝑗𝜔 > 0).

When bound constraints bind, these equalities become the corresponding one-sided conditions; equiva-
lently, 𝑝∗𝜔 lies in the interval consistent with the active set at 𝜔 .

7 Fundamental Welfare Theorems of Economics
Having established the existence of SCER via Theorem 1, we now state the two fundamental
welfare theorems for our stochastic two-stage market. The first welfare theorem states that any
SCER allocation is welfare maximising. The second welfare theorem asserts the converse: any
welfare-maximising allocation can be supported as an SCER by suitable prices. Together, they
establish the equivalence between competitive equilibria and Pareto (social welfare) optima.

Theorem 2 (First Welfare Theorem for SCER). If (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑝∗0,𝒑
∗) is an SCER, then

(𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗) is a welfare-maximising allocation; i.e., it solves W1P(P).

Proof. Since the market outcome is an SCER, condition (UM) gives that each consumer 𝑖 and
producer 𝑗 is individually utility maximising at prices (𝑝∗0,𝒑∗). Let A be the programme obtained
by summing all agents’ utility-maximisation objectives and aggregating their individual constraints.
Since the agents’ problems are independent (prices are fixed), (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗) is an optimal solution
to A.
We show that A and W1P(P) have the same solutions. By Feasibility (F), the price-dependent

terms in the objective cancel when summing agent utilities, so the objective of A reduces to the
welfare function W1. For the constraints: the individual bound and non-negativity constraints are
exactly those of W1P(P), while the market-clearing constraints (14)–(15) hold by condition (F).
Since A and W1P(P) share the same objective and feasible set, any optimal solution to A is

also optimal for W1P(P). □

Theorem 3 (Second Welfare Theorem for SCER). If (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗) is a feasible welfare-
maximising allocation (i.e., it solvesW1P(P)), then there exist prices (𝑝∗0,𝒑∗) such that (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑝∗0,𝒑

∗)
is an SCER.

Proof. This is a direct consequence of Theorem 1. Equilibrium prices are constructed from
the dual multipliers of W1P(P) via the identification (43). Theorem 1 establishes that all three
SCER conditions, that is, feasibility, utility maximisation (via KKT matching), and Walras’ law (via
complementary slackness) are satisfied at these prices. □

8 Risk-Aware Day Ahead Clearing
The stochastic clearing formulation of Section 5.1 maximises expected welfare, which treats all
scenarios symmetrically according to their probabilities. Previous work has shown that renewable
generation profiles often follow a heavy-tailed distribution. Hence, in practice, market operators
may wish to hedge against tail events-scenarios in which welfare is particularly poor (for example,
due to renewable generation shortfalls). Conditional Value-at-Risk (CVaR), introduced in Section 4,
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provides a coherent risk measure that quantifies the expected welfare in the worst-case tail of the
distribution.
In this section, we incorporate CVaR into the day-ahead clearing problem. We first formulate

the risk-aware optimisation problem as a mean–CVaR objective. We then address the equilibrium
problem, where a key challenge arises: the CVaR risk measure introduces scenario-specific dual
multipliers that, in general, differ across agents. Following previous work, we address this by
introducing an insurance (Arrow-Debreu) securities market that completes the market and aligns
agents’ risk assessments with the planner’s.

8.1 The Optimization Problem
We consider a social planner who seeks to maximise a convex combination of expected welfare and
its CVaR at confidence level 𝛽 ∈ [0, 1), with the trade-off controlled by a risk-aversion parameter
𝜀 ∈ [0, 1]. Denoting the per-scenario loss by ℓ (𝜔) := −W2(𝑥𝑥𝑥,𝑦𝑦𝑦;𝜔), the social planner optimises:

min
𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿 ,𝒀

(1 − 𝜀) E
𝜔∼P

[
ℓ (𝜔)

]
+ 𝜀 · CVaR𝛽

[
ℓ (𝜔)

]
. (58)

When 𝜀 = 0, this reduces to the risk-neutral problem W1P(P). When 𝜀 = 1, the planner optimises
pure CVaR, hedging only against the worst (1 − 𝛽)-fraction of scenarios. For intermediate values,
the planner trades off expected performance against tail protection.

Using the CVaR characterisation from Theorem 2 of Section 4.1 (due to [13]), we can reformulate
the CVaR term via an auxiliary variable. Introducing a scalar 𝑡 ∈ R and slack variables 𝑢𝜔 ≥ 0 for
each 𝜔 ∈ Ω, we obtain the following epigraph reformulation:

min
𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿 ,𝒀 ,𝑡,{𝑢𝜔 }

− (1 − 𝜀)
∑︁
𝜔∈Ω

𝜌𝜔 W2(𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿𝜔 , 𝒀𝜔 ;𝜔) + 𝜀
(
𝑡 + 1

1 − 𝛽
∑︁
𝜔∈Ω

𝜌𝜔 𝑢𝜔

)
(59)

subject to ∑︁
𝑖∈[𝑛]

𝑥𝑖 =
∑︁
𝑗∈[𝑚]

𝑦 𝑗 (60)∑︁
𝑖∈[𝑛]

(𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ) =
∑︁
𝑗∈[𝑚]

(𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ) ∀𝜔 ∈ Ω (61)

𝑢𝜔 ≥ −𝑡 −W2(𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿𝜔 , 𝒀𝜔 ;𝜔) ∀𝜔 ∈ Ω (62)
𝑥𝑖 + 𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ∈ [𝑥

𝑖𝜔
, 𝑥𝑖𝜔 ] ∀ 𝑖, ∀𝜔 (63)

𝑦 𝑗 + 𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ∈ [𝑦
𝑗𝜔
, 𝑦 𝑗𝜔 ] ∀ 𝑗, ∀𝜔 (64)

𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿 , 𝒀 , 𝑢𝜔 ≥ 0 (65)

8.1.1 Lagrangian and KKT Conditions. Before deriving the optimality conditions, we rewrite the
minimisation problem (59)–(65) as the equivalent maximisation:

max
𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿 ,𝒀 ,𝑡,{𝑢𝜔 }

(1 − 𝜀)
∑︁
𝜔∈Ω

𝜌𝜔 W2(𝑥𝑥𝑥,𝑦𝑦𝑦,𝑿𝜔 , 𝒀𝜔 ;𝜔) − 𝜀
(
𝑡 + 1

1 − 𝛽
∑︁
𝜔∈Ω

𝜌𝜔 𝑢𝜔

)
(66)

subject to the same constraints (60)–(65). We assign dual variables as follows:
• Day-ahead balance (60): multiplier 𝜆 ≥ 0.
• For each 𝜔 ∈ Ω, real-time balance (61): multiplier 𝜈𝜔 ∈ R.
• For each 𝜔 ∈ Ω, CVaR shortfall (62): multiplier 𝛾𝜔 ≥ 0.
• For each 𝜔 ∈ Ω, non-negativity 𝑢𝜔 ≥ 0: multiplier 𝜂𝜔 ≥ 0.
• Consumer bounds (63): multipliers 𝜇c𝑖,𝜔 ≥ 0 (upper) and 𝜇c

𝑖,𝜔
≥ 0 (lower).
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• Producer bounds (64): multipliers 𝜇g
𝑗,𝜔

≥ 0 (upper) and 𝜇g
𝑗,𝜔

≥ 0 (lower).

• Non-negativity (65): multipliers 𝜎c𝑖 , 𝜎
g
𝑗
, 𝜎c+𝑖,𝜔 , 𝜎

c−
𝑖,𝜔 , 𝜎

g+
𝑗,𝜔

, 𝜎g−
𝑗,𝜔

≥ 0.

We define the CVaR-tilted probability weight

𝜌𝜔 := (1 − 𝜀) 𝜌𝜔 + 𝛾𝜔 , ∀𝜔 ∈ Ω. (67)

Let 𝑥𝑖,𝜔 := 𝑥𝑖 + 𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 and 𝑦 𝑗,𝜔 := 𝑦 𝑗 + 𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 . The Lagrangian is:

L =
∑︁
𝜔∈Ω

𝜌𝜔

[ ∑︁
𝑖∈[𝑛]

(
𝑣𝑖𝜔 𝑥𝑖,𝜔 − 𝛼+𝑖 𝑥+𝑖𝜔 − 𝛼−

𝑖 𝑥
−
𝑖𝜔

)
−

∑︁
𝑗∈[𝑚]

(
𝑐 𝑗𝜔 𝑦 𝑗,𝜔 + 𝛼+𝑗 𝑦+𝑗𝜔 + 𝛼−

𝑗 𝑦
−
𝑗𝜔

)]
+
( ∑︁
𝜔∈Ω

𝛾𝜔 − 𝜀
)
𝑡 +

∑︁
𝜔∈Ω

(
𝛾𝜔 + 𝜂𝜔 − 𝜀 𝜌𝜔

1 − 𝛽

)
𝑢𝜔

+ 𝜆
( ∑︁
𝑗∈[𝑚]

𝑦 𝑗 −
∑︁
𝑖∈[𝑛]

𝑥𝑖

)
+
∑︁
𝜔∈Ω

𝜈𝜔

( ∑︁
𝑗∈[𝑚]

(𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ) −
∑︁
𝑖∈[𝑛]

(𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 )
)

+
∑︁
𝜔∈Ω

∑︁
𝑖∈[𝑛]

[
𝜇c𝑖,𝜔 (𝑥𝑖,𝜔 − 𝑥𝑖𝜔 ) − 𝜇c

𝑖,𝜔
(𝑥𝑖,𝜔 − 𝑥

𝑖𝜔
)
]

+
∑︁
𝜔∈Ω

∑︁
𝑗∈[𝑚]

[
𝜇
g
𝑗,𝜔

(𝑦 𝑗,𝜔 − 𝑦 𝑗𝜔 ) − 𝜇g𝑗,𝜔 (𝑦 𝑗,𝜔 − 𝑦
𝑗𝜔
)
]

−
∑︁
𝑖∈[𝑛]

𝜎c𝑖 𝑥𝑖 −
∑︁
𝑗∈[𝑚]

𝜎
g
𝑗
𝑦 𝑗

−
∑︁
𝜔∈Ω

∑︁
𝑖∈[𝑛]

(
𝜎c+𝑖,𝜔 𝑥

+
𝑖𝜔 + 𝜎c−𝑖,𝜔 𝑥−𝑖𝜔

)
−
∑︁
𝜔∈Ω

∑︁
𝑗∈[𝑚]

(
𝜎
g+
𝑗,𝜔
𝑦+𝑗𝜔 + 𝜎g−

𝑗,𝜔
𝑦−𝑗𝜔

)
. (68)

8.1.2 KKT Stationarity Conditions. Setting 𝜕𝑡L = 0 and 𝜕𝑢𝜔L = 0 yields:

𝜕𝑡L :
∑︁
𝜔∈Ω

𝛾𝜔 = 𝜀, (69)

𝜕𝑢𝜔L : 𝛾𝜔 + 𝜂𝜔 =
𝜀 𝜌𝜔

1 − 𝛽 , ∀𝜔 ∈ Ω. (70)

Since 𝜂𝜔 ≥ 0, it follows that 0 ≤ 𝛾𝜔 ≤ 𝜀 𝜌𝜔/(1 − 𝛽) for all 𝜔 . Moreover,
∑

𝜔 𝜌𝜔 = 1 + 𝜀, so the
normalised weights 𝜌𝜔/(1 + 𝜀) define a probability measure that places additional mass on tail
scenarios (those with 𝛾𝜔 > 0).

The stationarity conditions for the physical variables are identical in structure to the risk-neutral
conditions (44)–(49) with 𝜌𝜔 replaced everywhere by 𝜌𝜔 :
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𝜕𝑥𝑖L :
∑

𝜔 𝜌𝜔 𝑣𝑖𝜔 − 𝜆 +∑
𝜔 (𝜇c𝑖,𝜔 − 𝜇c

𝑖,𝜔
) − 𝜎c𝑖 = 0, (71)

𝜕𝑥+
𝑖𝜔
L : 𝜌𝜔 (𝑣𝑖𝜔 − 𝛼+𝑖 ) − 𝜈𝜔 + (𝜇c𝑖,𝜔 − 𝜇c

𝑖,𝜔
) − 𝜎c+𝑖,𝜔 = 0, (72)

𝜕𝑥−
𝑖𝜔
L : 𝜌𝜔 (−𝑣𝑖𝜔 − 𝛼−

𝑖 ) + 𝜈𝜔 − (𝜇c𝑖,𝜔 − 𝜇c
𝑖,𝜔

) − 𝜎c−𝑖,𝜔 = 0, (73)

𝜕𝑦 𝑗
L : −∑

𝜔 𝜌𝜔 𝑐 𝑗𝜔 + 𝜆 +∑
𝜔 (𝜇

g
𝑗,𝜔

− 𝜇g
𝑗,𝜔

) − 𝜎g
𝑗
= 0, (74)

𝜕𝑦+
𝑗𝜔
L : 𝜌𝜔 (−𝑐 𝑗𝜔 − 𝛼+𝑗 ) + 𝜈𝜔 + (𝜇g

𝑗,𝜔
− 𝜇g

𝑗,𝜔
) − 𝜎g+

𝑗,𝜔
= 0, (75)

𝜕𝑦−
𝑗𝜔
L : 𝜌𝜔 (𝑐 𝑗𝜔 − 𝛼−

𝑗 ) − 𝜈𝜔 − (𝜇g
𝑗,𝜔

− 𝜇g
𝑗,𝜔

) − 𝜎g−
𝑗,𝜔

= 0. (76)

All primal constraints hold, dual feasibility requires all multipliers to be non-negative, and the
standard complementary slackness relations hold for each constraint, together with

𝛾𝜔
(
𝑢𝜔 +W2(· ;𝜔) + 𝑡

)
= 0, 𝜂𝜔 𝑢𝜔 = 0, ∀𝜔 ∈ Ω. (77)

8.2 The Equilibrium Problem
We now define the risk-aware utility maximisation problem for individual agents. Each agent
evaluates their utility using the same mean–CVaR criterion as the social planner, with common
risk-aversion parameter 𝜀 and confidence level 𝛽 . Given posted prices (𝑝0,𝒑), consumer 𝑖 solves
the following first-stage problem:

CVaRP𝑖 (P, 𝑝0,𝒑) := arg max
𝑥𝑖 ,𝑿𝑖 ,𝑡

𝑐
𝑖
,{𝜁 𝑐

𝑖,𝜔
}

(1 − 𝜀)
∑︁
𝜔∈Ω

𝜌𝜔 𝑢𝑖 (𝑥𝑖 ,𝑿𝑖 , 𝑝0,𝒑;𝜔)

− 𝜀
(
𝑡𝑐𝑖 +

1
1 − 𝛽

∑︁
𝜔∈Ω

𝜌𝜔 𝜁
𝑐
𝑖,𝜔

)
(78)

subject to

𝜁 𝑐𝑖,𝜔 ≥ −𝑢𝑖 (𝑥𝑖 ,𝑿𝑖 , 𝑝0,𝒑;𝜔) − 𝑡𝑐𝑖 , ∀𝜔 ∈ Ω (79)
𝑥𝑖 + 𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ∈ [𝑥

𝑖𝜔
, 𝑥𝑖𝜔 ], ∀𝜔 ∈ Ω (80)

𝑥𝑖 ,𝑿𝑖 , 𝜁
𝑐
𝑖,𝜔 ≥ 0 (81)

where 𝑢𝑖 is the quasi-linear utility defined in (3). The agent maximises expected utility less 𝜀
times the CVaR of their negative utility (loss), hedging against scenarios in which their utility is
particularly poor.

Similarly, producer 𝑗 solves:

CVaRP𝑗 (P, 𝑝0,𝒑) := arg max
𝑦 𝑗 ,𝒀𝑗 ,𝑡

𝑔

𝑗
,{𝜁𝑔

𝑗,𝜔
}

(1 − 𝜀)
∑︁
𝜔∈Ω

𝜌𝜔 𝑢 𝑗 (𝑦 𝑗 , 𝒀𝑗 , 𝑝0,𝒑;𝜔)

− 𝜀
(
𝑡
𝑔

𝑗
+ 1
1 − 𝛽

∑︁
𝜔∈Ω

𝜌𝜔 𝜁
𝑔

𝑗,𝜔

)
(82)
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subject to

𝜁
𝑔

𝑗,𝜔
≥ −𝑢 𝑗 (𝑦 𝑗 , 𝒀𝑗 , 𝑝0,𝒑;𝜔) − 𝑡𝑔𝑗 , ∀𝜔 ∈ Ω (83)

𝑦 𝑗 + 𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ∈ [𝑦
𝑗𝜔
, 𝑦 𝑗𝜔 ], ∀𝜔 ∈ Ω (84)

𝑦 𝑗 , 𝒀𝑗 , 𝜁
𝑔

𝑗,𝜔
≥ 0 (85)

8.2.1 Lagrangian of the Equilibrium Problem. We nowwrite the Lagrangian for the consumer’s risk-
aware problem (78)–(81). Introduce dual variables 𝛾𝑐𝑖,𝜔 ≥ 0 for each CVaR shortfall constraint (79),
𝜂𝑐𝑖,𝜔 ≥ 0 for non-negativity of 𝜁 𝑐𝑖,𝜔 , and the usual bound/non-negativity multipliers 𝜇c𝑖,𝜔 , 𝜇

c
𝑖,𝜔

, 𝜎c𝑖 ,
𝜎c+𝑖,𝜔 , 𝜎

c−
𝑖,𝜔 ≥ 0. The Lagrangian is:

Lc
𝑖 =

∑︁
𝜔∈Ω

(
(1 − 𝜀) 𝜌𝜔 + 𝛾𝑐𝑖,𝜔

)
𝑢𝑖 (𝑥𝑖 ,𝑿𝑖 , 𝑝0,𝒑;𝜔)

+
( ∑︁
𝜔∈Ω

𝛾𝑐𝑖,𝜔 − 𝜀
)
𝑡𝑐𝑖 +

∑︁
𝜔∈Ω

(
𝛾𝑐𝑖,𝜔 + 𝜂𝑐𝑖,𝜔 − 𝜀 𝜌𝜔

1 − 𝛽

)
𝜁 𝑐𝑖,𝜔

+
∑︁
𝜔∈Ω

[
𝜇c𝑖,𝜔 (𝑥𝑖,𝜔 − 𝑥𝑖𝜔 ) − 𝜇c

𝑖,𝜔
(𝑥𝑖,𝜔 − 𝑥

𝑖𝜔
)
]

− 𝜎c𝑖 𝑥𝑖 −
∑︁
𝜔∈Ω

(
𝜎c+𝑖,𝜔 𝑥

+
𝑖𝜔 + 𝜎c−𝑖,𝜔 𝑥−𝑖𝜔

)
. (86)

Setting 𝜕𝑡𝑐
𝑖
Lc

𝑖 = 0 and 𝜕𝜁 𝑐
𝑖,𝜔
Lc

𝑖 = 0 gives the agent-specific analogues of (69)–(70):∑︁
𝜔∈Ω

𝛾𝑐𝑖,𝜔 = 𝜀, 𝛾𝑐𝑖,𝜔 + 𝜂𝑐𝑖,𝜔 =
𝜀 𝜌𝜔

1 − 𝛽 , ∀𝜔 ∈ Ω. (87)

Defining the agent’s tilted weight 𝜌𝑐𝑖,𝜔 := (1 − 𝜀) 𝜌𝜔 + 𝛾𝑐𝑖,𝜔 , we have
∑

𝜔 𝜌
𝑐
𝑖,𝜔 = (1 − 𝜀) + 𝜀 = 1, so

the agent’s tilted weights also form a probability measure. The stationarity conditions for 𝑥𝑖 , 𝑥+𝑖𝜔 ,
and 𝑥−𝑖𝜔 become:

𝜕𝑥𝑖Lc
𝑖 :

∑︁
𝜔

𝜌𝑐𝑖,𝜔 (𝑣𝑖𝜔 − 𝑝0) +
∑︁
𝜔

(𝜇c𝑖,𝜔 − 𝜇c
𝑖,𝜔

) − 𝜎c𝑖 = 0, (88)

𝜕𝑥+
𝑖𝜔
Lc

𝑖 : 𝜌𝑐𝑖,𝜔 (𝑣𝑖𝜔 − 𝑝𝜔 − 𝛼+𝑖 ) + (𝜇c𝑖,𝜔 − 𝜇c
𝑖,𝜔

) − 𝜎c+𝑖,𝜔 = 0, (89)

𝜕𝑥−
𝑖𝜔
Lc

𝑖 : 𝜌𝑐𝑖,𝜔 (−𝑣𝑖𝜔 + 𝑝𝜔 − 𝛼−
𝑖 ) − (𝜇c𝑖,𝜔 − 𝜇c

𝑖,𝜔
) − 𝜎c−𝑖,𝜔 = 0. (90)

The producer’s Lagrangian and KKT conditions are analogous, with tilted weight 𝜌𝑔
𝑗,𝜔

:= (1 −
𝜀) 𝜌𝜔 + 𝛾𝑔

𝑗,𝜔
(also summing to 1) and stationarity:

𝜕𝑦 𝑗
Lg

𝑗
: −

∑︁
𝜔

𝜌
𝑔

𝑗,𝜔
(𝑐 𝑗𝜔 − 𝑝0) +

∑︁
𝜔

(𝜇g
𝑗,𝜔

− 𝜇g
𝑗,𝜔

) − 𝜎g
𝑗
= 0, (91)

𝜕𝑦+
𝑗𝜔
Lg

𝑗
: 𝜌

𝑔

𝑗,𝜔
(𝑝𝜔 − 𝑐 𝑗𝜔 − 𝛼+𝑗 ) + (𝜇g

𝑗,𝜔
− 𝜇g

𝑗,𝜔
) − 𝜎g+

𝑗,𝜔
= 0, (92)

𝜕𝑦−
𝑗𝜔
Lg

𝑗
: 𝜌

𝑔

𝑗,𝜔
(−𝑝𝜔 + 𝑐 𝑗𝜔 − 𝛼−

𝑗 ) − (𝜇g
𝑗,𝜔

− 𝜇g
𝑗,𝜔

) − 𝜎g−
𝑗,𝜔

= 0. (93)
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8.2.2 Challenge for decentralisation. We now compare the planner’s KKT (71)–(76) with the agents’
KKT (88)–(93). Consider the stationarity condition for 𝑥𝑖 . The planner (71) has:∑︁

𝜔

𝜌𝜔 𝑣𝑖𝜔 − 𝜆 + · · · = 0,

while the agent (88) has: ∑︁
𝜔

𝜌𝑐𝑖,𝜔 𝑣𝑖𝜔 − 𝑝0 + · · · = 0,

since
∑

𝜔 𝜌
𝑐
𝑖,𝜔 = 1. For the real-time variables, comparing (72) with (89) requires 𝜌𝜔 = 𝜌𝑐𝑖,𝜔 and

𝜈𝜔 = 𝜌𝜔 𝑝𝜔 . Therefore, the planner’s and agents’ conditions coincide if and only if:

𝛾𝑐𝑖,𝜔 = 𝛾
𝑔

𝑗,𝜔
= 𝛾𝜔 , ∀ 𝑖 ∈ [𝑛], 𝑗 ∈ [𝑚], 𝜔 ∈ Ω. (94)

That is, all agents’ CVaR tail multipliers must equal the planner’s. In general, there is no reason for
this to hold: each agent’s CVaR multiplier 𝛾𝑐𝑖,𝜔 is determined by the tail structure of their individual
utility, which varies across agents. Two agents may experience very different utility levels in the
same scenario (e.g., a solar generator and a gas generator face different cost structures under the
same weather outcome), leading to different sets of tail scenarios and hence different 𝛾-vectors.
Without a mechanism to align these multipliers, the risk-averse planner’s solution cannot in

general be decentralised as a competitive equilibrium. This observation is consistent with the
findings of [6], who demonstrate that in incomplete risk markets, risk-averse equilibria may be
non-unique and need not coincide with the social planner’s optimum. To resolve this, we introduce
a market for state-contingent claims that allows agents to trade risk.

8.3 Insurance Market
We complete the market by introducing Arrow–Debreu securities [? ]. For each scenario 𝜔 ∈ Ω, an
Arrow–Debreu security is a contract that charges a price 𝑞𝜔 in the first stage and delivers one unit
of payment in scenario 𝜔 . For each consumer 𝑖 and producer 𝑗 , let

𝑟𝑐𝑖𝜔 ∈ R, 𝑟
𝑔

𝑗𝜔
∈ R

denote the net units of the Arrow–Debreu security for scenario 𝜔 purchased by consumer 𝑖 and
producer 𝑗 , respectively. Positive values represent insurance indemnities received; negative values
represent premiums paid.

The insurance market clears state-by-state:∑︁
𝑖∈[𝑛]

𝑟𝑐𝑖𝜔 +
∑︁
𝑗∈[𝑚]

𝑟
𝑔

𝑗𝜔
= 0, ∀𝜔 ∈ Ω. (95)

8.4 The Equilibrium Problem with Insurance
With the insurance market available, each agent’s problem is augmented with insurance decisions.
Consumer 𝑖 solves:

max
𝑥𝑖 ,𝑿𝑖 ,{𝑟𝑐𝑖𝜔 },𝑡𝑐

𝑖
,{𝜁 𝑐

𝑖,𝜔
}

(1 − 𝜀)
∑︁
𝜔∈Ω

𝜌𝜔
[
𝑢𝑖 (𝑥𝑖 ,𝑿𝑖 , 𝑝0,𝒑;𝜔) + 𝑟𝑐𝑖𝜔

]
−
∑︁
𝜔∈Ω

𝑞𝜔 𝑟
𝑐
𝑖𝜔

− 𝜀
(
𝑡𝑐𝑖 +

1
1 − 𝛽

∑︁
𝜔∈Ω

𝜌𝜔 𝜁
𝑐
𝑖,𝜔

)
(96)

subject to
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𝜁 𝑐𝑖,𝜔 ≥ −𝑢𝑖 (𝑥𝑖 ,𝑿𝑖 , 𝑝0,𝒑;𝜔) − 𝑟𝑐𝑖𝜔 − 𝑡𝑐𝑖 , ∀𝜔 ∈ Ω (97)
𝑥𝑖 + 𝑥+𝑖𝜔 − 𝑥−𝑖𝜔 ∈ [𝑥

𝑖𝜔
, 𝑥𝑖𝜔 ], ∀𝜔 ∈ Ω (98)

𝑥𝑖 ,𝑿𝑖 , 𝜁
𝑐
𝑖,𝜔 ≥ 0. (99)

The agent’s stochastic per-scenario payoff is 𝑢𝑖 (· ;𝜔) + 𝑟𝑐𝑖𝜔 , that is, the energy utility plus the
contingent insurance payout in scenario 𝜔 . Risk preferences are applied to this stochastic payoff,
yielding the (1 − 𝜀)-weighted expectation of 𝑢𝑖 + 𝑟𝑐𝑖𝜔 together with the 𝜀-weighted CVaR of its
negative (i.e., the insured loss −𝑢𝑖 − 𝑟𝑐𝑖𝜔 ). The insurance premium

∑
𝜔 𝑞𝜔 𝑟

𝑐
𝑖𝜔 , paid in the first stage

before any uncertainty resolves, is a deterministic cost that sits outside the risk measure.
Similarly, producer 𝑗 solves:

max
𝑦 𝑗 ,𝒀𝑗 ,{𝑟𝑔𝑗𝜔 },𝑡𝑔

𝑗
,{𝜁𝑔

𝑗,𝜔
}

(1 − 𝜀)
∑︁
𝜔∈Ω

𝜌𝜔
[
𝑢 𝑗 (𝑦 𝑗 , 𝒀𝑗 , 𝑝0,𝒑;𝜔) + 𝑟𝑔𝑗𝜔

]
−
∑︁
𝜔∈Ω

𝑞𝜔 𝑟
𝑔

𝑗𝜔

− 𝜀
(
𝑡
𝑔

𝑗
+ 1
1 − 𝛽

∑︁
𝜔∈Ω

𝜌𝜔 𝜁
𝑔

𝑗,𝜔

)
(100)

subject to

𝜁
𝑔

𝑗,𝜔
≥ −𝑢 𝑗 (𝑦 𝑗 , 𝒀𝑗 , 𝑝0,𝒑;𝜔) − 𝑟𝑔𝑗𝜔 − 𝑡𝑔

𝑗
, ∀𝜔 ∈ Ω (101)

𝑦 𝑗 + 𝑦+𝑗𝜔 − 𝑦−𝑗𝜔 ∈ [𝑦
𝑗𝜔
, 𝑦 𝑗𝜔 ], ∀𝜔 ∈ Ω (102)

𝑦 𝑗 , 𝒀𝑗 , 𝜁
𝑔

𝑗,𝜔
≥ 0. (103)

8.5 Risk-Aware Stochastic Competitive Equilibrium (R-SCER)
We now formalise the notion of competitive equilibrium for the risk-aware market augmented with
insurance trading.

Definition 3 (Risk-Aware SCER with Insurance). Given a stochastic marketM = (𝑚,𝑛,Ω,P)
and common risk parameters (𝜀, 𝛽), a market outcome (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑟𝑐∗, 𝑟𝑔∗, 𝑝∗0,𝒑

∗, 𝑞∗) is a risk-
aware stochastic competitive equilibrium with recourse and insurance (R-SCER) if the following
conditions hold:

(F) Feasibility. The physical allocations satisfy the constraints of the risk-aware planner prob-
lem (60)–(65).

(UM) Utility Maximisation. At prices (𝑝∗0,𝒑∗, 𝑞∗), each consumer 𝑖 maximises their risk-adjusted
utility: (𝑥∗𝑖 ,𝑿∗

𝑖 , 𝑟
𝑐∗
𝑖 ) solves (96)–(99). Similarly, each producer 𝑗 maximises their risk-adjusted

utility: (𝑦∗𝑗 , 𝒀 ∗
𝑗 , 𝑟

𝑔∗
𝑗
) solves (100)–(103).

(WL) Walras’ Law. The market value of aggregate excess demand is zero in each market:

𝑝∗0 · 𝑧0 = 0, (104)
𝑝∗𝜔 · 𝑧𝜔 = 0, ∀𝜔 ∈ Ω, (105)

𝑞∗𝜔 ·
( ∑︁
𝑖∈[𝑛]

𝑟𝑐𝑖𝜔∗ +
∑︁
𝑗∈[𝑚]

𝑟
𝑔

𝑗𝜔∗

)
= 0, ∀𝜔 ∈ Ω, (106)

where 𝑧0 and 𝑧𝜔 are the aggregate excess demands defined as in Definition 2.
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Remark 5. Condition (106) is the natural Walras’ law for the insurance market: if there is excess
supply of insurance in scenario 𝜔 , the corresponding price 𝑞∗𝜔 is zero. A strictly positive insurance price
implies that the insurance market clears exactly in that state.

Remark 6. The assumption of common risk parameters (𝜀, 𝛽) is substantive. As discussed in Sec-
tion 8.2.2, the alignment of CVaR multipliers requires all agents to agree on the risk-aversion weight
𝜀 and the confidence level 𝛽 . The insurance market aligns the tail-weighting across agents (the 𝛾-
vectors), but it cannot reconcile fundamentally different risk preferences. We discuss the extension of
the mechanism which relaxes to different risk-aversion 𝛽 in a later section.

8.5.1 Existence of R-SCER..

Theorem 4 (Existence of R-SCER). Let (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑡∗, 𝑢∗) be a solution to the risk-aware
planner problem (66) with optimal dual variables (𝜆∗, 𝜈∗𝜔 , 𝛾∗𝜔 , 𝜂∗𝜔 ) and the associated bound/non-
negativity multipliers. Define prices:

𝑝∗0 := 𝜆
∗, 𝑝∗𝜔 :=

𝜈∗𝜔
𝜌∗𝜔
, 𝑞∗𝜔 := 𝜌∗𝜔 , ∀𝜔 ∈ Ω, (107)

where 𝜌∗𝜔 = (1 − 𝜀) 𝜌𝜔 + 𝛾∗𝜔 .
Then there exist insurance transfers 𝑟𝑐𝑖𝜔

∗ and 𝑟𝑔
𝑗𝜔

∗ such that (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑟𝑐∗, 𝑟𝑔∗, 𝑝∗0,𝒑
∗, 𝑞∗) is an

R-SCER.

Proof. The proof establishes each R-SCER condition in turn.
Proof of (F): Feasibility. This holds directly, since (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗) is a feasible solution to the

planner problem.
Proof of (UM): Utility Maximisation.We show that the planner’s KKT conditions coincide

with those of each insured agent at the prices (107).
Insurance prices align CVaR multipliers. Consider the Lagrangian of consumer 𝑖’s insured prob-

lem (96)–(99). Let 𝛾𝑐𝑖,𝜔 ≥ 0 denote the multiplier on the CVaR shortfall constraint (97). Stationarity
with respect to 𝑟𝑐𝑖𝜔 gives:

𝜕𝑟𝑐
𝑖𝜔
Lc

𝑖 = (1 − 𝜀)𝜌𝜔 − 𝑞𝜔 + 𝛾𝑐𝑖,𝜔 = 0 =⇒ 𝑞𝜔 = (1 − 𝜀)𝜌𝜔 + 𝛾𝑐𝑖,𝜔 . (108)
The right-hand side is precisely the agent’s CVaR-tilted weight 𝜌𝑐𝑖,𝜔 , so equilibrium insurance

prices coincide with each agent’s tilted probability mass: 𝑞𝜔 = 𝜌𝑐𝑖,𝜔 . An analogous computation for
producer 𝑗 gives 𝑞𝜔 = 𝜌

𝑔

𝑗,𝜔
.

Setting 𝑞∗𝜔 = 𝜌∗𝜔 = (1 − 𝜀)𝜌𝜔 + 𝛾∗𝜔 ensures that every agent’s tilted weight equals the planner’s:

𝜌𝑐𝑖,𝜔 = 𝜌
𝑔

𝑗,𝜔
= 𝜌∗𝜔 , ∀ 𝑖, 𝑗, 𝜔, (109)

or equivalently, every agent’s CVaR multiplier equals the planner’s: 𝛾𝑐𝑖,𝜔 = 𝛾
𝑔

𝑗,𝜔
= 𝛾∗𝜔 , assuming that

the agents share knowledge of the same probability distribution and 𝜖 .
Real-time variables. Comparing the agent’s condition (89) (with 𝜌𝑐𝑖,𝜔 = 𝜌∗𝜔 ):

𝜌∗𝜔 (𝑣𝑖𝜔 − 𝑝∗𝜔 − 𝛼+𝑖 ) + (𝜇c𝑖,𝜔 − 𝜇c
𝑖,𝜔

) − 𝜎c+𝑖,𝜔 = 0

with the planner’s condition (72):

𝜌∗𝜔 (𝑣𝑖𝜔 − 𝛼+𝑖 ) − 𝜈∗𝜔 + (𝜇c𝑖,𝜔 − 𝜇c
𝑖,𝜔

) − 𝜎c+𝑖,𝜔 = 0,

these coincide if and only if 𝜌∗𝜔 𝑝∗𝜔 = 𝜈∗𝜔 , which holds by (107). The conditions for 𝑥−𝑖𝜔 , 𝑦
+
𝑗𝜔 , and 𝑦

−
𝑗𝜔

match by the same argument.
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Day-ahead variables. The agent’s condition (88) (with 𝜌𝑐𝑖,𝜔 = 𝜌∗𝜔 ) reads:∑︁
𝜔

𝜌∗𝜔 𝑣𝑖𝜔 −
(∑︁

𝜔

𝜌∗𝜔

)
𝑝∗0 +

∑︁
𝜔

(𝜇c𝑖,𝜔 − 𝜇c
𝑖,𝜔

) − 𝜎c𝑖 = 0.

Since
∑

𝜔 𝜌
∗
𝜔 = (1 − 𝜀) + 𝜀 = 1, this simplifies to:∑︁

𝜔

𝜌∗𝜔 𝑣𝑖𝜔 − 𝑝∗0 +
∑︁
𝜔

(𝜇c𝑖,𝜔 − 𝜇c
𝑖,𝜔

) − 𝜎c𝑖 = 0.

Comparing with the planner’s condition (71), these coincide if and only if 𝜆∗ = 𝑝∗0 , which holds
by (107). The producer’s day-ahead condition matches analogously.
Since each agent’s problem is convex with the same feasible region that the planner imposes

on that agent’s variables, the KKT conditions are necessary and sufficient. Therefore, at prices
(𝑝∗0,𝒑∗, 𝑞∗), every agent maximises their risk-adjusted utility at the planner’s allocation (for any
choice of insurance transfers consistent with complementary slackness). We illustrate a construction
below that provides one such choice.

Remark 7. We construct explicit insurance transfers satisfying (95). Define each agent’s loss at the
planner’s solution:

𝐿c𝑖𝜔 := −𝑢𝑖 (𝑥∗𝑖 ,𝑿∗
𝑖 , 𝑝

∗
0,𝒑

∗;𝜔), 𝐿
g
𝑗𝜔

:= −𝑢 𝑗 (𝑦∗𝑗 , 𝒀 ∗
𝑗 , 𝑝

∗
0,𝒑

∗;𝜔).

By Walras’ law (established below), the price-dependent terms cancel when summing over all agents:∑︁
𝑖∈[𝑛]

𝐿c𝑖𝜔 +
∑︁
𝑗∈[𝑚]

𝐿
g
𝑗𝜔

= ℓ∗ (𝜔) := −W2(𝑥𝑥𝑥∗,𝑦𝑦𝑦∗;𝜔), ∀𝜔 ∈ Ω. (110)

Choose constants 𝛿c𝑖 and 𝛿
g
𝑗
(independent of 𝜔) satisfying

∑
𝑖 𝛿

c
𝑖 +

∑
𝑗 𝛿

g
𝑗
= 0, and define:

𝑟𝑐𝑖𝜔
∗ := −𝐿c𝑖𝜔 + 1

𝑛+𝑚 ℓ∗ (𝜔) + 𝛿c𝑖 , (111)

𝑟
𝑔

𝑗𝜔

∗ := −𝐿g
𝑗𝜔

+ 1
𝑛+𝑚 ℓ∗ (𝜔) + 𝛿g

𝑗
. (112)

Insurance market clearing (95) holds by (110):∑︁
𝑖

𝑟𝑐𝑖𝜔
∗ +

∑︁
𝑗

𝑟
𝑔

𝑗𝜔

∗
= −ℓ∗ (𝜔) + ℓ∗ (𝜔) + 0 = 0.

Moreover, each agent’s insured loss becomes:

𝐿c𝑖𝜔 + 𝑟𝑐𝑖𝜔
∗
= 1

𝑛+𝑚 ℓ∗ (𝜔) + 𝛿c𝑖 , (113)

which is an affine increasing function of the aggregate planner loss ℓ∗ (𝜔) with the same positive
coefficient for all agents. Consequently, all agents share the same set of tail scenarios (those in which
ℓ∗ (𝜔) exceeds its (1− 𝛽)-quantile), ensuring that the complementary slackness conditions on the CVaR
constraints coincide across all agents and match the planner’s (77).

Proof of (WL): Walras’ Law. The day-ahead and real-time Walras’ law conditions (104)–(105)
follow from complementary slackness on the planner’s balance constraints (60)–(61), exactly as in
the risk-neutral case (Theorem 1):

𝜆∗
(∑︁

𝑗

𝑦∗𝑗 −
∑︁
𝑖

𝑥∗𝑖

)
= 0 =⇒ 𝑝∗0 · 𝑧0 = 0,

since 𝑝∗0 = 𝜆
∗/(1+𝜀), and similarly for each𝜔 . The insuranceWalras’ law (106) holds by construction:

the transfers (111)–(112) satisfy exact clearing (95), so the left-hand side of (106) is 𝑞∗𝜔 · 0 = 0. □
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Remark 8 (Price interpretation). The price formulas (107) admit a natural economic inter-
pretation. The day-ahead price 𝑝∗0 = 𝜆∗ is the planner’s marginal value of day-ahead energy. The
real-time price 𝑝∗𝜔 = 𝜈∗𝜔/𝜌∗𝜔 is the marginal value of real-time energy in scenario 𝜔 , normalised by the
CVaR-tilted weight rather than the raw probability; this reduces to 𝜈∗𝜔/𝜌𝜔 when 𝜀 = 0. The insurance
price 𝑞∗𝜔 = 𝜌∗𝜔 = (1 − 𝜀)𝜌𝜔 + 𝛾∗𝜔 is the standard Arrow–Debreu state price: the cost today of one
unit of consumption tomorrow contingent on scenario 𝜔 . It decomposes into a fair-pricing component
(1−𝜀)𝜌𝜔 and a tail-risk premium 𝛾∗𝜔 that is strictly positive only on scenarios in the CVaR tail. Because∑

𝜔 𝑞
∗
𝜔 = 1, the insurance prices form a probability measure on Ω – the equilibrium worst-case (or

risk-neutral pricing) measure under which the planner’s allocation can be evaluated as a risk-neutral
optimum.

Remark 9 (Insurance transfers). The construction (111)–(112) admits a clear interpretation:
each agent’s loss is pooled, and a pro-rata share of the aggregate loss ℓ∗ (𝜔) is redistributed. The
constants 𝛿c𝑖 , 𝛿

g
𝑗
represent budget-neutral lump-sum transfers that can be chosen freely (subject to

summing to zero) to satisfy any requirements without affecting the equilibrium conditions. This
construction is explicit, in contrast to the pure existence arguments in [6] and [11].

8.6 Welfare Theorems for Risk-Aware SCER
Lemma 4 (Common worst-case measure at any R-SCER). Let (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑟𝑐∗, 𝑟𝑔∗, 𝑝∗0,𝒑

∗, 𝑞∗)
be an R-SCER, and let 𝛾𝑐𝑖,𝜔 , 𝛾

𝑔

𝑗,𝜔
be the multipliers on the agents’ CVaR shortfall constraints (97), (101).

Define
𝑄̂∗ (𝜔) := 𝑞∗𝜔 , ∀𝜔 ∈ Ω.

Then 𝑄̂∗ is a probability measure on Ω that lies in the risk set QRA of 𝜌RA, and:

(1) 𝑄̂∗ is a worst-case measure for every agent’s risk-adjusted utility: for each consumer 𝑖 and each
producer 𝑗 ,

𝜌RA
[
− 𝑢𝑖 (· ;𝜔) − 𝑟𝑐𝑖𝜔

∗]
= E

𝑄̂∗

[
− 𝑢𝑖 (· ;𝜔) − 𝑟𝑐𝑖𝜔

∗]
, (114)

𝜌RA
[
− 𝑢 𝑗 (· ;𝜔) − 𝑟𝑔𝑗𝜔

∗]
= E

𝑄̂∗

[
− 𝑢 𝑗 (· ;𝜔) − 𝑟𝑔𝑗𝜔

∗]
. (115)

(2) 𝑄̂∗ is a worst-case measure for the aggregate planner loss:

𝜌RA
[
ℓ∗ (𝜔)

]
= E

𝑄̂∗

[
ℓ∗ (𝜔)

]
, (116)

where ℓ∗ (𝜔) := −W2(𝑥𝑥𝑥∗,𝑦𝑦𝑦∗;𝜔).

Proof. By insurance stationarity (108), the equilibrium first-order condition with respect to 𝑟𝑐𝑖𝜔
gives 𝑞∗𝜔 = (1 − 𝜀)𝜌𝜔 + 𝛾𝑐𝑖,𝜔 , and analogously 𝑞∗𝜔 = (1 − 𝜀)𝜌𝜔 + 𝛾𝑔

𝑗,𝜔
for each producer. Hence every

agent’s CVaR multiplier is the same:

𝛾𝑐𝑖,𝜔 = 𝛾
𝑔

𝑗,𝜔
= 𝑞∗𝜔 − (1 − 𝜀)𝜌𝜔 =: 𝛾†𝜔 , ∀ 𝑖, 𝑗, 𝜔.

The agents’ threshold stationarity gives
∑

𝜔 𝛾
𝑐
𝑖,𝜔 = 𝜀, so

∑
𝜔 𝛾

†
𝜔 = 𝜀, and consequently∑︁

𝜔

𝑄̂∗ (𝜔) =
∑︁
𝜔

𝑞∗𝜔 =
∑︁
𝜔

[
(1 − 𝜀)𝜌𝜔 + 𝛾†𝜔

]
= (1 − 𝜀) + 𝜀 = 1,

so 𝑄̂∗ is a probability measure. The agents’ slack stationarity gives 𝛾†𝜔 ≤ 𝜀𝜌𝜔/(1 − 𝛽). Defining
𝑄∗ (𝜔) := 𝛾†𝜔/𝜀, we have

∑
𝜔 𝑄

∗ (𝜔) = 1 and 𝑄∗ (𝜔) ≤ 𝜌𝜔/(1 − 𝛽), so 𝑄∗ ∈ Q𝛽 and 𝑄̂∗ = (1 − 𝜀)𝑃 +
𝜀𝑄∗ ∈ QRA.
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To establish (114), observe that the agent’s CVaR shortfall multipliers 𝛾𝑐𝑖,𝜔 = 𝛾
†
𝜔 = 𝜀 𝑄∗ (𝜔). This

identifies 𝑄∗ as a worst-case measure in the dual representation for the CVaR applied to consumer
𝑖’s insured loss −𝑢𝑖−𝑟𝑐𝑖𝜔

∗ (Lemma 3). Combining with the trivial identification of 𝑃 as the worst-case
measure for E[·], Lemma 2 yields 𝑄̂∗ as a worst-case measure for 𝜌RA applied to the agent’s insured
loss. The producer case (115) is identical. For the planner case (116), the same argument applies
with the planner’s CVaR multipliers 𝛾∗𝜔 in place of 𝛾†𝜔 ; that these coincide (𝛾∗𝜔 = 𝛾

†
𝜔 ) is precisely

what the price identification 𝑞∗𝜔 = 𝜌∗𝜔 delivers, and is verified directly through the planner’s KKT
in the proof of Theorem 5 below. □

The lemma states that at equilibrium, all market participants and the planner share a common
worst-case measure 𝑄̂∗, and that this measure is given directly by the equilibrium insurance prices:
𝑄̂∗ (𝜔) = 𝑞∗𝜔 . The Arrow–Debreu prices for state-contingent claims are not just any pricing system
but are specifically the worst-case probability measure under which the entire risk-aware market
behaves as risk-neutral. Under this common measure, every coherent risk measure in sight collapses
to a linear expectation, restoring the additivity that makes the risk-neutral aggregation argument
work.

Having established the existence of R-SCER via Theorem 4, we now state the welfare theorems
for the risk-aware setting.

Theorem 5 (First Welfare Theorem for R-SCER). If (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑟𝑐∗, 𝑟𝑔∗, 𝑝∗0,𝒑
∗, 𝑞∗) is an

R-SCER, then (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗) is a risk-adjusted welfare-maximising allocation, that is, it solves (66).

Proof. The argument parallels the proof of Theorem 2 for the risk-neutral case, with the dual
representation of 𝜌RA playing the role that linearity of expectation played in the risk-neutral setting.
Since the market outcome is an R-SCER, condition (UM) gives that each consumer 𝑖 is utility-

maximising at (𝑥∗𝑖 ,𝑿∗
𝑖 , 𝑟

𝑐∗
𝑖 ) and each producer 𝑗 is utility-maximising at (𝑦∗𝑗 , 𝒀 ∗

𝑗 , 𝑟
𝑔∗
𝑗
), given prices

(𝑝∗0,𝒑∗, 𝑞∗). Let A denote the programme obtained by summing the agents’ risk-adjusted utility-
maximisation objectives and aggregating their individual constraints. Since each agent’s problem is
solved independently at fixed prices, the equilibrium allocation (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑟𝑐∗, 𝑟𝑔∗) is an optimal
solution to A.
We show that A and the planner’s problem (66) have the same optimal allocations, by verifying

that they share the same objective and feasible set.
Objective. Each consumer 𝑖’s objective at the equilibrium can be rewritten using 𝜌RA:

(1 − 𝜀)
∑︁
𝜔

𝜌𝜔 (𝑢𝑖 + 𝑟𝑐𝑖𝜔 ) −
∑︁
𝜔

𝑞∗𝜔𝑟
𝑐
𝑖𝜔 − 𝜀 CVaR𝛽 [−𝑢𝑖 − 𝑟𝑐𝑖𝜔 ] = −𝜌RA

[
− 𝑢𝑖 − 𝑟𝑐𝑖𝜔

]
−
∑︁
𝜔

𝑞∗𝜔𝑟
𝑐
𝑖𝜔 .

By Lemma 4, the worst-casemeasure 𝑄̂∗ collapses the riskmeasure to a linear expectation: 𝜌RA [−𝑢𝑖−
𝑟𝑐𝑖𝜔 ] = E𝑄̂∗ [−𝑢𝑖 − 𝑟𝑐𝑖𝜔 ]. Therefore consumer 𝑖’s objective equals

E
𝑄̂∗
[𝑢𝑖 + 𝑟𝑐𝑖𝜔 ] −

∑︁
𝜔

𝑞∗𝜔𝑟
𝑐
𝑖𝜔 = E

𝑄̂∗
[𝑢𝑖 ] +

∑︁
𝜔

𝑄̂∗ (𝜔) 𝑟𝑐𝑖𝜔 −
∑︁
𝜔

𝑞∗𝜔𝑟
𝑐
𝑖𝜔 = E

𝑄̂∗
[𝑢𝑖 ],

where the final equality uses the identification 𝑄̂∗ (𝜔) = 𝑞∗𝜔 from Lemma 4: the expected payout of
the insurance position under the worst-case measure exactly cancels the premium paid for it. The
producer case is identical, with 𝑢 𝑗 in place of 𝑢𝑖 .

Summing over all agents:∑︁
𝑖∈[𝑛]

E
𝑄̂∗
[𝑢𝑖 ] +

∑︁
𝑗∈[𝑚]

E
𝑄̂∗
[𝑢 𝑗 ] = E

𝑄̂∗

[∑︁
𝑖

𝑢𝑖 +
∑︁
𝑗

𝑢 𝑗

]
.
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By the day-ahead and real-time balance constraints from (F), the price-dependent terms in the
quasi-linear utilities cancel when summed across consumers and producers, leaving

∑
𝑖 𝑢𝑖 +

∑
𝑗 𝑢 𝑗 =

W2(𝑥𝑥𝑥∗,𝑦𝑦𝑦∗;𝜔) = −ℓ∗ (𝜔). Hence the aggregated objective of A becomes

E
𝑄̂∗

[
− ℓ∗ (𝜔)

]
= − E

𝑄̂∗

[
ℓ∗ (𝜔)

]
= −𝜌RA

[
ℓ∗ (𝜔)

]
,

where the last equality uses (116). Up to the sign convention (the planner minimises 𝜌RA [ℓ∗] while
A maximises its negative), this is precisely the planner’s objective in (66).
Constraints. The bound constraints (63), (64) and non-negativity (65) appear identically in each

agent’s individual problem and in the planner’s problem. The market-clearing constraints (60), (61)
and the insurance-clearing constraint (95) hold by condition (F), and the planner’s CVaR shortfall and
threshold constraints (62) are satisfied with primal variables 𝑡∗ :=

∑
𝑘 𝑡

𝑐
𝑘
∗ and 𝑢𝜔 ∗ := [ℓ∗ (𝜔) − 𝑡∗]+.

SinceA and the planner’s problem share the same objective and feasible set, any optimal solution
to A is also optimal for the planner. Therefore (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗) solves (66). □

Theorem 6 (Second Welfare Theorem for R-SCER). If (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗) is a feasible welfare-
maximising allocation for the risk-aware planner problem (66), then there exist prices (𝑝∗0,𝒑∗, 𝑞∗)
and insurance transfers (𝑟𝑐∗, 𝑟𝑔∗) such that the market outcome (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑟𝑐∗, 𝑟𝑔∗, 𝑝∗0,𝒑

∗, 𝑞∗) is
an R-SCER.

Proof. This is a direct consequence of Theorem 4. Equilibrium prices are constructed from the
dual multipliers of the risk-aware planner problem via the identification (107), and the insurance
transfers are constructed via (111)–(112). Theorem 4 establishes that all three R-SCER conditions
are satisfied. □

Remark 10 (Risk-neutral and pure-CVaR limits). When 𝜀 = 0, the CVaR penalty vanishes:
𝛾∗𝜔 = 0 for all 𝜔 , 𝜌∗𝜔 = 𝜌𝜔 , and 𝑞∗𝜔 = 𝜌𝜔 . The price identifications reduce to 𝑝∗0 = 𝜆

∗ and 𝑝∗𝜔 = 𝜈∗𝜔/𝜌𝜔 ,
recovering the risk-neutral formulas (43) for energy. The insurance market is priced at 𝑞∗𝜔 = 𝜌𝜔 . So,
the premium

∑
𝜔 𝑞

∗
𝜔𝑟

𝑐
𝑖𝜔 exactly equals the expected payout

∑
𝜔 𝜌𝜔𝑟

𝑐
𝑖𝜔 . Hence, in this case, the agents

are indifferent, and the insurance market is redundant. The R-SCER reduces to the SCER of Definition 2
on the physical allocation, and the risk-neutral welfare theorems (Theorems 2–3) are special cases of
Theorems 5–6.
At the opposite extreme 𝜀 = 1, the planner optimises pure CVaR. The expected-utility component

drops from the agent’s objective, and 𝑞∗𝜔 = 𝛾∗𝜔 since (1 − 𝜀)𝜌𝜔 = 0. All probability mass in 𝑄̂∗ comes
from the CVaR tail, with 𝑄̂∗ supported on the worst (1 − 𝛽)-fraction of scenarios. The Arrow–Debreu
prices then concentrate entirely on tail scenarios, and trades in non-tail scenarios are free.

8.7 Existence of R-SCER under heterogeneous risk-preferences
The results of Sections 8.5.1–8.6 assume that all agents share common risk parameters (𝜀, 𝛽). In
practice, market participants may differ in their attitudes toward tail risk. A renewable generator
exposed to weather uncertainty may adopt a different risk posture than a dispatchable thermal
plant. In this section, we characterise precisely which forms of heterogeneity are compatible with
competitive equilibrium and which are not.

8.7.1 Heterogeneous 𝛽 and common 𝜖 . We now show that heterogeneous confidence levels 𝛽𝑖
and 𝛽 𝑗 can be supported with a competitive equilibrium, provided the social planner adopts the
appropriate confidence level.
Suppose each consumer 𝑖 uses confidence level 𝛽𝑖 ∈ [0, 1) and each producer 𝑗 uses 𝛽 𝑗 ∈ [0, 1),

while all agents (and the planner) share a common 𝜀 ∈ [0, 1]. Define
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𝛽min :=min
{
min
𝑖∈[𝑛]

𝛽𝑖 , min
𝑗∈[𝑚]

𝛽 𝑗
}
, (117)

and partition the set of agents into

𝑆min := {𝑘 : 𝛽𝑘 = 𝛽min}, 𝑆> := {𝑘 : 𝛽𝑘 > 𝛽min}.

Insurance stationarity (108) continues to give𝑞𝜔 = (1−𝜀)𝜌𝜔+𝛾𝑐𝑘,𝜔 , so the agent’s CVaRmultiplier
is 𝛾𝑐

𝑘,𝜔
= 𝑞𝜔 − (1 − 𝜀)𝜌𝜔 . Summing over 𝜔 and using the agent’s threshold stationarity

∑
𝜔 𝛾

𝑐
𝑘,𝜔

= 𝜀

gives
∑

𝜔 𝑞𝜔 = 1 – the standard probability-measure constraint, common to every agent regardless
of 𝛽𝑘 . The slack stationarity, on the other hand, depends on 𝛽𝑘 :

𝛾𝑐
𝑘,𝜔

+ 𝜂𝑐
𝑘,𝜔

=
𝜀 𝜌𝜔

1 − 𝛽𝑘
, 𝜂𝑐

𝑘,𝜔
≥ 0, (118)

giving the upper bound 𝛾𝑐
𝑘,𝜔

≤ 𝜀 𝜌𝜔/(1 − 𝛽𝑘 ), equivalently

𝑞𝜔 ≤ (1 − 𝜀) 𝜌𝜔 + 𝜀 𝜌𝜔

1 − 𝛽𝑘
. (119)

The right-hand side is decreasing in 𝛽𝑘 , so the tightest constraint is imposed by the agent with
smallest 𝛽 . The binding constraint reads

𝑞𝜔 ≤ (1 − 𝜀) 𝜌𝜔 + 𝜀 𝜌𝜔

1 − 𝛽min
, ∀𝜔 ∈ Ω, (120)

which is precisely the constraint that arises from a planner using confidence level 𝛽min.
A critical structural consequence of (118) is that for any agent 𝑘 ∈ 𝑆> (with 𝛽𝑘 > 𝛽min), the slack

dual 𝜂𝑐𝑘,𝜔 > 0 for every scenario — including tail scenarios — because 𝛾𝑐
𝑘,𝜔

≤ 𝜀𝜌𝜔/(1 − 𝛽min) <
𝜀𝜌𝜔/(1 − 𝛽𝑘 ). Complementary slackness then forces 𝜁 𝑐

𝑘,𝜔

∗ = 0 for all 𝜔 . When the equilibrium tail
multiplier 𝛾𝑐

𝑘,𝜔
> 0 as well, the CVaR shortfall constraint must bind with zero slack:

𝐿𝑐
𝑘𝜔

− 𝑟 ∗
𝑘𝜔

= 𝑡𝑐
𝑘
∗
, ∀𝑘 ∈ 𝑆>, ∀𝜔 ∈ Ω with 𝛾𝑐

𝑘,𝜔
> 0. (121)

Agents in 𝑆> require a constant insured loss across the entire tail. This rules out the equal-share
comonotone construction (111)–(112), in which insured losses vary with ℓ∗ (𝜔), and necessitates a
different transfer construction.

Theorem 7 (Existence under heterogeneous 𝛽). Given common 𝜀 ∈ [0, 1] and heterogeneous
confidence levels {𝛽𝑖 }𝑖∈[𝑛] , {𝛽 𝑗 } 𝑗∈[𝑚] , let (𝑥𝑥𝑥∗,𝑦𝑦𝑦∗,𝑿∗, 𝒀 ∗, 𝑡∗, 𝑢∗) solve the risk-aware planner prob-
lem (66) with confidence level 𝛽min as defined in (117). Let (𝜆∗, 𝜈∗, 𝛾∗, 𝜂∗) be the associated optimal
dual variables. Define prices via (107): 𝑝∗0 = 𝜆

∗, 𝑝∗𝜔 = 𝜈∗𝜔/𝜌∗𝜔 , 𝑞∗𝜔 = 𝜌∗𝜔 = (1 − 𝜀)𝜌𝜔 + 𝛾∗𝜔 .
Then there exist insurance transfers 𝑟𝑐𝑖𝜔

∗ and 𝑟𝑔
𝑗𝜔

∗ such that the market outcome is an R-SCER.

Proof. The price identification 𝑞∗𝜔 = 𝜌∗𝜔 aligns each agent’s tilted weight with the planner’s,
and 𝛽𝑘 enters only through the slack dual 𝜂𝑐

𝑘,𝜔
, which does not couple to physical variables. Dual

feasibility 𝜂𝑐
𝑘,𝜔

≥ 0 for each agent 𝑘 follows from 𝛾∗𝜔 ≤ 𝜀𝜌𝜔/(1 − 𝛽min) ≤ 𝜀𝜌𝜔/(1 − 𝛽𝑘 ).
Construction of insurance transfers. We construct one possible transfer that respect the structural

requirement (121). Define each agent’s per-scenario loss 𝐿𝑘𝜔 at the equilibrium prices and the
aggregate loss ℓ∗ (𝜔) as before, and set 𝑡∗ :=

∑
𝑘 𝑡

𝑐
𝑘
∗. For each agent 𝑘 , define:

𝑟 ∗
𝑘𝜔

= 𝐿𝑘𝜔 − 𝑡𝑐
𝑘
∗ −𝑤𝑘

(
ℓ∗ (𝜔) − 𝑡∗

)
, (122)

where the risk-bearing weights 𝑤𝑘 ≥ 0 satisfy
∑

𝑘 𝑤𝑘 = 1 and are chosen as:
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𝑤𝑘 =

{
0, if 𝑘 ∈ 𝑆>,

1/|𝑆min |, if 𝑘 ∈ 𝑆min .
(123)

Market clearing.We verify (95):∑︁
𝑘

𝑟 ∗
𝑘𝜔

=
∑︁
𝑘

𝐿𝑘𝜔 −
∑︁
𝑘

𝑡𝑐
𝑘
∗ −

(∑︁
𝑘

𝑤𝑘

) (
ℓ∗ (𝜔) − 𝑡∗

)
= ℓ∗ (𝜔) − 𝑡∗ −

(
ℓ∗ (𝜔) − 𝑡∗

)
= 0.

Insured losses. Each agent’s insured loss equals
𝐿𝑘𝜔 − 𝑟 ∗

𝑘𝜔
= 𝑡𝑐

𝑘
∗ +𝑤𝑘

(
ℓ∗ (𝜔) − 𝑡∗

)
. (124)

For agents 𝑘 ∈ 𝑆>:𝑤𝑘 = 0, so the insured loss equals the constant 𝑡𝑐
𝑘
∗, satisfying (121). For agents

𝑘 ∈ 𝑆min: the insured loss is an affine increasing function of ℓ∗ (𝜔) with positive coefficient, so these
agents share a common tail set with the planner.
CVaR complementary slackness. For agents 𝑘 ∈ 𝑆>: 𝜂𝑐𝑘,𝜔 > 0 for all 𝜔 , hence 𝜁 𝑐

𝑘,𝜔

∗ = 0, and the
shortfall constraint reads 0 = 𝐿𝑘𝜔 − 𝑟 ∗

𝑘𝜔
− 𝑡𝑐

𝑘
∗ = 0, holding with equality. Both 𝛾𝑐

𝑘,𝜔
· 0 = 0 and

𝜂𝑐
𝑘,𝜔

· 0 = 0 are satisfied. For agents 𝑘 ∈ 𝑆min: the argument is identical to the homogeneous case
(Theorem 4), since these agents share the planner’s confidence level 𝛽min. □

9 Experiments and Results
9.1 Synthetic Experiments
We first evaluate the risk-aware formulation in a controlled synthetic market with ten generators
and one inelastic demand. Six generators are modeled as low-cost unreliable resources, representing
renewable supply, while four generators are modeled as higher-cost reliable resources. Motivated by
Huisman et al. [8], who show that variable renewables can generate heavy-tailed market outcomes,
we model renewable uncertainty through common supply shock states: normal, mild shortfall,
and severe shortfall. These shocks are applied across unreliable generators, inducing correlated
low-renewable scenarios. The resulting market setup is summarized in Table 1.

Table 1. Synthetic experiment setup.

Component Specification

Number of generators 10
Unreliable generators 6
Reliable generators 4
Scenario probabilities Dirichlet near-uniform, 𝜅 = 1500
Unreliable generator costs Uniform on [8, 14]/MWh
Reliable generator costs Uniform on [35, 55]/MWh
Renewable shock states normal, mild shortfall, severe shortfall
Cost to curtail demand $1000/MWh

Figure 1 shows that this construction produces an adverse low-welfare scenarios resulting from
renewable shortfalls. We then compare deterministic clearing, risk-neutral stochastic clearing, and
the CVaR-augmented formulation. The risk-neutral stochastic formulation achieves the highest
expected social surplus, reflecting its objective of optimizing average social surplus across scenarios.
In contrast, the CVaR-augmented formulation improves mean welfare in the worst 5% of scenarios,
indicating that risk aversion trades off some average efficiency for better protection against adverse
tail outcomes, as shown in Figure 2.
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Fig. 1. Heavy-tailed welfare distribution induced by correlated renewable shortfall states in the synthetic
experiment.

(a) Expected social surplus
(b) Mean social surplus in the worst 5% of scenarios

Fig. 2. Synthetic experiment results. The CVaR-augmented formulation is evaluated against deterministic
and risk-neutral stochastic clearing using average welfare and tail welfare.

9.2 Empirical evaluation on IM3 GOWEST
We next evaluate the same clearing rules on scenarios constructed from the IM3 GO WEST
dataset [1], which provides time-indexed renewable generation and load profiles for a Western
Interconnection test system. We use solar and wind profiles as unreliable generators and thermal
units as reliable generators. To test robustness across system sizes, we vary the number of renewable
generators while holding the number of thermal generators fixed.

Table 2 shows that the CVaR-augmented formulation achieves the highest tail welfare across all
tested configurations. The deterministic benchmark performs worst because its day-ahead schedule
is optimized for a single forecasted system state, whereas the stochastic and CVaR formulations
choose day-ahead commitments while anticipating real-time recourse across all scenarios. The
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Table 2. Mean social surplus in the worst 5% of IM3 GO WEST scenarios.

Configuration Stochastic CVaR Deterministic

3 wind, 3 solar, 4 thermal 2.580637 × 107 2.581649 × 107 2.578110 × 107
9 wind, 9 solar, 4 thermal 2.585322 × 107 2.588694 × 107 2.582500 × 107
20 wind, 20 solar, 4 thermal 2.642656 × 107 2.647268 × 107 2.627681 × 107

gap between CVaR and risk-neutral stochastic clearing also increases in the larger renewable
configuration, suggesting that the value of risk-aware clearing becomes more pronounced as
exposure to renewable uncertainty grows.

10 Conclusions
In this work, we design a centralised mechanism for the electricity market that a risk-aware social
planner can adopt, which delivers improved tail-welfare guarantees relative to its risk-neutral
counterpart. To sustain a stochastic competitive equilibrium in a decentralised market populated by
risk-aware agents, we show that it is necessary to introduce Arrow-Debreu securities, an "insurance
market" with trading instruments indexed to every scenario, thereby completing the market. Our
analysis demonstrates that the day-ahead, real-time, and insurance prices can all be obtained as
dual variables of the risk-aware social-welfare optimisation problem solved by the planner, yielding
a unified pricing framework that simultaneously reflects expected energy value, temporal flexibility
across the two stages, and the cost of bearing risk in the tail of the scenario distribution. Further,
we experimentally show how market-clearing using this risk-aware mechanism can yield better
welfare in the tail events, thereby promising a more robust mechanism. Our experiment validates
this using both synthetic experiments and data collected from a Western Interconnection test
system.

10.1 Future Work
Our complete-markets construction relies on a full set of Arrow–Debreu securities, an idealisation
that is difficult to implement in real electricity markets. The most natural extensions concernmarket
incompleteness is characterising the welfare loss when only a small number of risk instruments are
available, identifying minimal sets of instruments that approximately decentralise the planner, and
resolving the multiplicity of equilibria identified by Gérard et al. [6] when markets are incomplete.
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