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Abstract: Language model algorithms are represented with an ad-hoc combination
of natural language, algebra, stylized graphs, and visualizations. The lack of a
standardized formal representation to represent model algorithms is an impediment
to uncovering more precise and complete circuits. In this work, I introduce TLang, a
representation that can can express model computation as low-level operations over
features, as well as a simple procedure to compile written TLang algorithms to model
weights. I also introduce higher level primitives inspired by the feature geometries
exhibited in much of model computation. I precisely represent idealized versions
of the induction and indirect object identification circuits reverse-engineered by
previous works in TLang, compile them to weights, and verify their accuracy.

1 Introduction

Deep Learning methods have been applied to tasks in language modeling [1], computer vision
[2], and biology [3] with increasing success, yielding models that often generalize well beyond
their training distribution. This has motivated the field of mechanistic interpretability, which
aims to reverse-engineer the algorithms, often called “circuits” [4], by which models accomplish
such feats. Previous work has uncovered circuits behind modular [5] and regular[6] arithmetic,
in-context learning[7], indirect object identification [8], factual recall[9], linebreak prediction
[10], and many other tasks.

Currently, algorithms are represented and explained via a combination of natural language,
algebra [5], stylized graphs[9], and visualizations[10] of model representations. This ad-hoc
approach has several drawbacks:

+ Precision. Algorithms are specified at a fairly high level, with the result that they do
not give a firm understanding of the low-level computation with which each component
accomplishes its proposed role. Consider the algorithm discovered to accomplish the
Indirect Object Identification (IOI) task in GPT-2 Small (which is responsible for completing
prompts of the form "When John and Mary went to the store, John gave a drink to ” with
’Mary” instead of “John”)[8]. In the IOI circuit, the "Name Mover” attention heads are



explained to attend to previous name tokens that haven’t been marked by a previous
Inhibition Head”, and copy this name to be predicted. This explanation does not help us
answer questions such as "How does the head identify which tokens are names?” and
"How does the model copy the name to be predicted?”.

« Completeness. With vague algorithm specifications, we also run the risk of not capturing
all of the relevant computation. To illustrate, consider the induction circuit[7], which
up-weights the probability of the second token of observed bigrams in the context via
two attention heads in series. The typical explanation is as follows: the first attention
head attends to and marks the previous token for every token in the sequence. The
second attention head attends to tokens for which it is the previous token, and then up-
weights the probability of predicting that token. Yet, upon rigorous measurement[11], this
explanation was found to explain only 35% of the improvement in loss due to the induction
head on an induction-heavy dataset. In order to explain more of the improvement, it was
required to expand this explanation in ways such as allowing the previous token head to
attend to the previous three tokens and incorporating two other heads upstream of the
induction head that attend to tokens that are the same as the current token. This level of
rigor in validating explanations of algorithms is quite rare, presumably because of the
high amount of work involved to design experiments and the incentive not to undermine
the credibility of a proposed explanation. Note that completeness is similar to, but distinct
from, precision, as a precise explanation of induction might explain how the previous
token was attended to and copied, but still fail to account for the other relevant attention

heads.

« Tool for Thought. The algorithms learned by models are often fairly complex. Fur-
thermore, the algorithms learned by models are markedly different from algorithms
researchers encounter in other settings, such as programming. While algorithms speci-
fied in programming languages such as Python contain a single or handful of threads of
execution, discrete control flow, and exact computations, model algorithms are smoother
and often consist of many components computing approximate values by acting in paral-
lel[6] [12]. Reasoning about complex computer programs is also a challenging mental
endeavor, but programmers are able to represent and manipulate programs using stan-
dardized abstractions with semantics they have become deeply familiar with over time.
We have yet to develop analogous abstractions that enable us to reason more productively
about these challenging aspects of model computation. An important difference between
the abstractions that underpin programming and potential abstractions for model com-
putation is that, excluding considerations such as hardware, programming abstractions
were designed by humans, while useful abstractions for model computation will have to
be largely derived out of the structure inherent in neural network architectures as well as
the implicit operations models converge to during the learning process.

Our current explanations for model algorithms are imprecise, incomplete, and hard to under-
stand (beyond small, idealized circuits) because model computation is complicated, verifying
ad-hoc explanations is time-consuming, and we lack good abstractions to reason about model
computation. It is possible to make progress on all three fronts by designing a formal represen-



tation of transformer computation. Due to the “messy” nature of model computation, this is a
challenging task, but has many potential benefits:

« Specifications of algorithms in a precise representation could allow automated measure-
ment of algorithmic faithfulness to target models, as well as further mechanistic analysis
and control, such as the ability to “reprogram”-and-patch model algorithms.

« Algorithms written in this representation can be compiled to semi-realistic model
weights. This could be used to test unsupervised decomposition or circuit-discovery
methods with ground-truth computation known.

« Such a representation could act as a “decompilation target” for reverse-engineering
methods. This may be important in scaling up interpretability to larger models.

+ Such a representation could act as a tool for thought, enabling better explanation of
model algorithms and better reasoning about what computation is natural for models to
implement.

In this work, I make a first step towards a low-level representation that might enable these
improvements. My contributions are as follows:

« I introduce a low-level representation, TLang, that allows full representation of RoPE
transformers with ReLU activations.

« Iintroduce a simple procedure to compile algorithms expressed in TLang to model weights,
grounding the representation in precise semantics.

+ I showcase several known circuits from the literature in TLang.

An accompanying Python library, as well as code to reproduce experiments and visualizations,
will be released shortly.

2 Related Work

Transformer Computation Representations and Compilers. Previous works have proposed
algorithmic languages meant to mirror some aspects of transformer computation, as well as
compilers to convert written algorithms to transformer weights. The most notable language is
RASP[13], along with the accompanying Tracr compiler[14]. These works predominantly focus
on ergonomics while authoring algorithms at the expense of the ability to represent realistic
model computation. In contrast, the current work aims to introduce a representation capable
of representing realistic model computation by allowing features in superposition, support-
ing Rotary Positional Embedding (RoPE), and employing more-expressive lower-level primitives.

Feature Geometry. A central hypothesis of mechanistic interpretability is the Linear Rep-
resentation Hypothesis (LRH)[15], which posits that much of the information encoded by
models is linearly decodable. One explanation for this is that models represent information
as features that have geometries amenable to linear decoding. The classical conception of a



feature is a one-dimensional subspace whose magnitude represents the intensity or presence of
a concept. However, there is increasing evidence that models use more sophisticated geometries
to represent information, and it is useful to consider these as features as well. Models have been
found to employ circular geometries when representing concepts with a cyclical pattern such as
the months of the year[16], polytopes to represent categorical concepts such as types of animals
or the language of text[17], and helices or one-dimensional manifolds with high curvature to
represent continuous values (without a cyclical pattern)[18] [10]. These geometries have been
hypothesized to arise due to the co-occurrence statistics of the concepts they represent[19].
They also come with attractive representational and computational properties, such as rotation
on a circle cleanly corresponding to incrementing a feature representing “April” to “May”.

3 Representation

In this section I will explain key design decisions and introduce the representation, TLang, with
a simple example.

3.1 Design Goals

Expressivity. This representation was created with the aim of being able to represent all realistic
model computation. Due to the highly expressive nature of model computation, this motivates
a low-level representation close to the operations being performed by the architecture. Yet, for
ease of understanding and authoring algorithms in the representation, it is useful to have higher
level abstractions that represent larger idealized primitives of computation. To satisfy both of
these goals, a multi-level approach is taken. The base representation is a low-level represen-
tation that can fully express arbitrary RoPE/ReLU transformer computation, albeit verbosely.
To limit verbosity while authoring algorithms, I introduce some higher level primitives which
decompose to sets of low-level primitives.

Feature-first. Much of mechanistic interpretability is predicated on the existence of features.
TLang casts all computation in terms of a set of features. Furthermore, high-level primitives
generalize to more complicated feature geometries, such as one-dimensional curved manifolds
to represent continuous variables[19], and polytopes[17] to represent categorical variables.
Framing computation in terms of features also make future integration with activation de-
composition methods such as Sparse Autoencoders (SAEs)[20] and Cross-Layer Transcoders
(CLTs)[21] straightforward.

3.2 Low-Level Representation

TLang consists of Features and Operations. There are two operations, Head and Neuron, which
represent a single attention head and MLP neuron respectively. Operations are composed of
multiple Exprs, which represent a single read-in or write-out direction to the residual stream.



We will introduce these central primitives by constructing a simple algorithm that detects if
both the previous and current tokens are names, and, if so, writes a value signaling to predict
another name.

3.2.1 Features

The core “variables” of TLang are Features. In low-level TLang, Features are named, 1-
dimensional subspaces in the residual stream. In the following example, we use the Python
library to create three features, prev_tok_is_name, curr_tok_is_name, and predict_name.

prev_tok_is_name = Feature(”prev_tok_is_name”)

curr_tok_is_name = Feature(”curr tok is name”, embed: lambda t: 1 if
o~ 1is_name(t) else o)

predict_name = Feature(”predict_name”)

Users are not required to define a concrete direction while initializing Features. Features can
be initialized abstractly without a direction, with the direction to be populated later. Features
have an associated real value at each point in the residual stream, obtained by taking the
dot-product of their direction with the residual stream at that point. If a roughly-orthogonal set
of directions is chosen for the Features, there will be minimal interference.

Each Feature has a corresponding value in the embed and unembed weight matrices for each
token. In the snippet above, we specify that tokens for which the is_name predicate returns
true will have a value of 1.0 in the embed. The value of a feature at the embed and unembed is
0 by default.

3.2.2 Exprs

We can construct Exprs over sets of Features. The simplest example of an Expr is simply a
Feature with coefficient 1.0, e.g., 1.0 * prev_tok_is_name. We can also combine features,
e.g., prev_tok_is_name + curr_tok_is_name. This allows reading and writing to multiple
Features at once. For example, this makes AND gates easy to express.

Exprs are constrained to be linear to match the expressivity of reads and writes to the residual
stream.

3.2.3 The Head Operation

We will now construct an attention head that attends to the previous token and writes to
prev_tok_is_name with the value of that token’s curr_tok_is_name.

Attention heads can be considered to consist of two circuits, the QK-circuit, which determines
the attention pattern of the head, and the OV-circuit, which determines the contribution to
the residual stream of each source token [22]. In modern language models, Rotary Position
Embeddings (RoPE)[23] are used to encode the relative position of queries and keys during



attention via pairwise rotations of query and key dimensions at different frequencies. Language
models can learn to place queries and keys at particular phases relative to each other to achieve
a peak in attention contribution at desired offsets. The QK-circuit for a head in TLang can be
specified as a list of RoPePair objects, each of which specifies a query Expr, key Expr, relative
phase offset, and dimension pair index. If the phase offset and dimension pair are omitted, the
receptivity to relative position is assumed unimportant, e.g. RoPEPair(q=f1, k=f2 + f3).

In this example, we make use of a helper function, n_tokens_back, to construct the RoPEPairs
needed to attend to the previous token.

constant = Feature(”constant”, embed: 1)
prev_head = Head(
gk=n_tokens_back(1, 10 * constant),
ov_in=[curr_tok_is_name]
ov_out=[prev_tok_is_name]

We created a constant feature to use in the offset match. Multiplying it by 10 yields a sharper
attention pattern after the softmax is applied. The ov_in and ov_out fields each take in a list.
These (same-length) lists are considered in parallel, with the ith entry of each constituting a
single read-in, write-out pair. In this case, there is only a single entry, but we will see later that
there can be multiple read-in, write-out channels within a single 0V circuit.

3.2.4 The Neuron Operation

After the first head, the residual stream for the current token should contain 1.0 for both
curr_tok_is_name (from the embed) and prev_tok_is_name (from prev_head) when the cur-
rent and previous tokens are names. We can use a single Neuron to perform an AND operation,
writing a 1.0 to predict_name only if both curr_tok_is_name and prev_tok_is_name have a
value of 1.0.

TLang views MLPs as soft key-value maps, where the key is a linear read from the residual
stream, the threshold and ReLU determine whether the key is matched strongly enough to fire,
and the value is a linear write out to the residual stream. With this view, we can represent an
AND as a sum of both input features with a threshold of 1.0.

both_names_neuron = Neuron(
inp=prev_tok_is_name + curr_tok_is_name,
threshold=1.0,
out=predict_name



3.3 High-Level Geometric Primitives

Low-level TLang is expressive, but also verbose. There is often larger structure in algorithms
that can be employed to design higher-level representational and computational abstractions.
Specifically, when feature geometries are involved in a circuit, we can replace much of the
low-level TLang with primitives representing the feature geometries and the computations on
them. These high-level features and their operations have natural decompositions to low-level
TLang Features and operations.

3.3.1 Categorical Features

Categorical features are an abstraction over polytopes. They can be created in the Python
library by passing in a list of categories and the dimension of the subspace the polytope will
live in.

cat = Categorical(’cat”, [”a”, "b”, "c”], n=3)
cat2 = Categorical(”cat2”, [1, 2, 3], n=3)

cat[1]
cat.all()
cat.match(cat2)

o

See Sections 5.1 and 5.2 for concrete examples employing Categorical features.

3.3.2 Range Features

Range features are an abstraction over one-dimensional manifolds with high curvature. These
manifolds have been found to be used by models to represent continuous values[10] [16] [19].
By representing quantities on a curved manifold, the quantity can be encoded in the distance
along the manifold, and read off via the curvature. This allows the magnitude to stay relatively
uniform across the manifold. Comparing two manifolds is also a natural operation, as the model
can simply rotate the two manifolds so that they align at whatever offset is desired, e.g. via the
Wy and W matrices of an attention head.

TLang uses the analytical form for the geometry derived in [19], where the point ¢ on the
manifold is encoded as a direct sum of Fourier modes,

k
R[c] = Ap - (cos(B)c), sin(6,c))
c pej\/; cos()c), sin(0,c

where 0, = 27p/N and each amplitude is the Discrete Fourier Transform (DFT) of a desired

kernel fat frequency p, 1, = f(p). This construction yields the property that the dot product
of two points on the manifold conforms to the desired kernel,

Rlei] - Rle] = flep — )



TLang uses a gaussian kernel by default.

ri = Range(”char_count”, 150, k=4)
r2 = Range(”line_width”, 150, k=4)

ri[so]
ri.match(r2, offset=5)
ri.chord(10, 30)

o

4 Compilation

This section describes a simple process to compile TLang algorithms into model weights, pro-
ducing a HookedTransformer from the transformer-lens library[24].

The process takes in a user-provided Algorithm that contains a list of high- and low-level
features, as well as Neurons and Heads grouped into layers. Then, the compiler follows this
process:

1. Lower high-level features into low-level Features and pick concrete unit directions to
associate to each abstract Feature (only for Features without specified directions).

2. Convert Exprs to vectors.

3. Manipulate and stack these vectors appropriately into weight matrices to populate a
HookedTransformer model.

4.1 Feature Lowering

Each high-level Feature defines a procedure that lowers to n low-level (one-dimensional)
Features that are orthogonal to the existing Feature directions. For Features without a
direction specified, an orthonormal set of directions is chosen to avoid interference, while still
allowing users to opt-in to interference and Feature superposition [25] by choosing their own
Feature directions.

4.2 Exprs — Vectors

In this stage, Exprs, such as feat_one + 0.5 * feat_two, are converted into vectors. Let an
Expr have associated Feature matrix F where F; = f;, where f; is the direction associated to
Feature i, and coefficient vector ¢ where ¢; is the coefficient for Feature i. Then, the vector
for an Expr is given by a linear combination over F given by ¢, v = Fc. When taking the inner
product of residual stream vector z with this vector, it yields the value of evaluating the abstract
Expr over the scalar Feature values,

n

z-v=z-Fc=Zcifl--z

i=1
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Figure 1 Idealized induction circuit represented in TLang. (Left) shows the attention patterns of the
Previous Token Head (PTH) and Induction Head (IH). (Right) visualizes this with a concrete
forward pass. Feature readout boxes show the values of select features at points in the residual
stream or the updates to features from a head.

4.3 Head > W2 WK wV wo

To construct the W2, WK matrices, we first populate the dimension pair and phase offset for
RoPEPairs where they are not specified with the highest available dimension pair and phase
offset 0. The highest dimension pairs have very low frequencies, so at normal context lengths,
the effect of RoPE is negligible and this achieves semantic-only attention contribution. Previous
work has found evidence that models employ a similar tactic of putting offset-free information
in the most slowly oscillating RoPE dimension pairs [26].

Let the RoPEPair of dimension pair i have associated g;, k; Exprs, query phase ¢;, and phase
offset ;. Assuming adjacency of RoPE dimension pairs, we populate rows (2i, 2i + 1) of W< and
WK according to the following equations,

wg = cos(¢)a
WzQi+1 = sin(¢;)g;

WK = cos(¢; + Yk,
Wity = sin(g; + pk;



A ROPE pair has functional symmetry under any query phase ¢; TLang uses ¢ = 0 unless
otherwise specified.

Given n OV channels with associated (v, v} ;) Exprs, we create WY by row-stacking all v,

WlV =+l and WO by column-stacking v/, ;;, Wfi) =V ut>

WOWV = gut(viln)—r +ot v(r)lut(virrll)—r = WOV

4.4 Set of Neurons — WYP, wdown

Let the ith Neuron have input Expr v/, threshold 6, and output Exprv/ ;. Then Wl-fp =, ReLU

in’ in’
; — down _ i
bias b; = —0, and W3;°™" = v 4.

5 Circuits

In this section I walk through the TLang representation of the induction and IOI circuits from the
literature [7] [8]. In order to represent these circuits in TLang (such that they can be compiled
to weights), we will be forced to consider low-level implementation details that can be ignored
when considering circuits only at a high level.

5.1 Induction

The induction circuit is a simple algorithm that has been replicated across models of all sizes. It
has been hypothesized to account for a large portion of the in-context learning of models, as
well as to explain a significant reduction in loss early in the training of models [7].

The induction circuit, for prefixes of the type [A] [B] ... [A], upweights the probability
of [B] as the next token. In other words, it upweights the probability of in-context bigrams,
thus improving model performance as the context grows. It is implemented with two attention
heads, a Previous Token Head (PTH) and an Induction Head (IH). The PTH attends always
to the directly preceding token, and marks that token’s identity into a subspace of the current
token’s residual stream. The IH attends to tokens whose previous token (as indicated in this
subspace) matches the query token’s identity, and copies the identity of the key token to a
subspace that upweights it’s probability. See Figure 1 for a visualization of a concrete forward
pass of the algorithm (compiled from the TLang representation below).

To represent this circuit in TLang, we can make use of high-level Categorical features over
the vocabulary. The PTH utilizes the n_tokens_back utility to construct RoPEPairs to attend
sharply to the previous token. Since the token and prev Categorical features are defined
over the same ALPHABET, we can use the .all1() method on each to produce a set of channels
directly mapping from the token feature subspace to the prev feature subspace. We can use
the same trick to specify the IH’s QK circuit, producing pairwise matches with the .match()
method. Finally, we can copy the token identity from the attended token to the predict feature
subspace.
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Figure 2 Idealized Indirect Object Identification (IOI) circuit represented in TLang. (Above) shows
the attention patterns of the Duplicate Token Head (DTH), Subject Inhibition Head (STH)
and Name Mover Head (NMH). (Below) visualizes this with a concrete forward pass. Feature
readout boxes show the values of select features at points in the residual stream or the updates
to features from a head.

token = Categorical(”token”, ALPHABET, embed: lambda t: t)
prev = Categorical(”prev”, ALPHABET)

predict = Categorical(”predict”, ALPHABET)

constant = Feature(”constant”, embed: 1)

prev_head = Head(
gk=n_tokens_back(1, 1e0*constant),
ov_in=token.all(),
ov_out=prev.all(),

induction_head = Head(
gk=token.match(prev, q_coef=10, k_coef=10),
ov_in=token.all(),
ov_out=predict.all(),
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5.2 Indirect Object Identification

The Indirect Object Identification (IOI) circuit is responsible for completing prompts of the form
“When John and Mary went to the store, John gave a drink to” with “Mary”[8]. To do this, it
needs to track which names have already been repeated in the sentence, and predict the name
which has not been duplicated yet.

The circuit consists of three heads:

« Duplicate Token Head (DTH). The DTH attends to tokens that are the same as the
current token, and marks the current token as a duplicate in the residual stream. One
implementation detail we encounter when implementing this is that the current token is
treated similarly to duplicates by the QK circuit. We can handle this by placing an equal
amount of attention on the [B0OS] token, and using a OV channel active on is_bos to
counteract the is_duplicate signal.

« Subject Inhibition Head (SIH). The SIH attends to previous tokens that are marked with
is_duplicate and marks their identity in the suppress feature subspace.

« Name Mover Head (NMH). The NMH attends to all name tokens (denoted by the is_name
feature populated in the embed) except for those marked in the suppress feature subspace,
copying their identity to the predict feature subspace.

See Figure 2 for a visualization of the compiled IOI circuit on a concrete prompt.
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token = Categorical(”token”, VOCAB, n_dims=N_DIMS, embed=lambda t: t)
predict = Categorical(”predict”, VOCAB, n_dims=N_DIMS, unembed=lambda t: t)
suppress = Categorical(”suppress”, VOCAB, n_dims=N_DIMS)

constant = Feature(”constant”, embed=1.0)

is_name = Feature(”is_name”, embed=lambda t: 1.0 if t in NAMES else 0.0)
is_duplicate = Feature(”is_dup”)

is_bos = token[o]

# Attends to tokens that are the same as the current token, with an attention sink on [BOS].
# When no duplicate, attends evenly to self and [BOS], with canceling contributions to
< 'is_duplicate’ feature
duplicate_token_head = Head(
gk=[RopePair(q=10 * constant, k=10 * is_bos)] # attention sink on [BOS]
+ token.match(token, q_coef=10, k_coef=10), # attend to tokens that are same as self
ov_in =[constant, is_bos],
ov_out=[3 * is_duplicate, -6 = is_duplicate],

#f Attends to tokens marked as duplicates, copies their identity to “suppress  feature
s_inhibition_head = Head(

gk=[RopePair(gq=10 * constant, k=10 * is_duplicate)],

ov_in=token.all(),

ov_out=suppress.all(),

# Attends to tokens where “is_name ™ > o, ignoring tokens with identity marked in the “suppress’
< feature
name_mover_head = Head(
qk=(
[RopePair(q=10 * constant, k=10 * is_name)] # attend to names
+ suppress.match(token, q_coef=-10, k_coef=10) # ignoring tokens marked in “suppress’

Do
ov_in=token.all(),
ov_out=predict.all(),

6 Discussion

Currently, the representation and explanation of reverse-engineered model circuits is ad-hoc. A
representation of model computation could make it easier to reverse-engineer circuits more
precisely, verify the completeness of proposed explanations, and explain model computation to
others. T have argued that a low-level expressive representation alongside high-level geometric
primitives has the ability to represent circuits precisely. To fully benefit from such a representa-
tion, more abstractions and tools will need to be built to handle the distributed-ensemble nature
of model computation, the compression of model circuits and features, as well as the noise that
comes from the learning process.
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