
Stochastic Stability

May 10, 2005

1 Introduction

Google is a well–known search engine that employs the PageRank algorithm
[9] to rank the relative importance of webpages based on the link structure of
the World–Wide Web. Intutively, rankings are based on a “random–surfer”
model. Despite its tremendous success, Langville and Meyer [8] have pointed
out some of its drawbacks. As the web continues to grow the computation of
page ranks becomes more and more expensive, leading to less frequent recom-
putation (currently, on the order of weeks), which in turn leads to “stale” values
being used in Web queries. In order to insure convergence, the algorithm in-
troduces random perturbations, which corrupts the information inherent in the
Web’s link–structure. Anecdotally, it is also well–known that individuals may
collude to increase their ranking by creating additional links to one another [1].
In addition, it tends to create multiple references to what is ultimately the same
document because it gives excessive weight to “navigational” pages, such as the
results of queries to other web search–engines, relative to the actual pages refer-
enced. Kamvar, et. al. [4] have suggested exploiting the hierarchical structure
of the web to make the computation of page ranks more efficient. However,
since they are ultimately interested in computing the same PageRank values,
their approach does not solve any of the other problems.

In this paper, we will analyze the PageRank algorithm to explain exactly
how and why PageRank values may be manipulated. We will show how the
“random–surfer” interpretation is related to a voting model. In particular, we
will propose an alternative model of “weighted–voters” and suggest why this
may be superior. We will also provide a theoretical justification for Kamvar, et.
al.’s work as a “hierarchical voting system”. By choosing appropriate “person-
alization” vectors and avoiding their final PageRank iteration, we can address
the remaining deficiencies in the Brin and Page ranking system. This analysis
will depend on a number of new techical results regarding (perturbed) Markov
processes [2, 11].

Specifically, we will describe a quotient construction which may be used both
to eliminate transient states or to collape any closed class down to a proper
subset of itself. We will show that this construction is natural, in the sense of
category theory, which will make it easy to compute in a number of important
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specific cases. We will then show how this construction relates both to the
long–term, stable distribution of a Markov process and the stochastically stable
distribution of a perturbed Markov process. We will conclude by demonstrating
the connection between perturbed Markov processes, the PageRank alorithm,
Kamav’s BlockRank algorithm, and (hierarchical) voting systems.

2 Markov Processes and Quotients

We first begin with some basic definitions and facts regarding Markov processes.
Let J denote a row vector of 1’s. We say that an n × n matrix M is Markov
iff M ≥ 0 and JM = J . A distribution is a vector v ≥ 0 s.t. Jv = 1. A
discrete–time, finite–state Markov process may be uniquely characterized by a
Markov matrix and an initial distribution vector, v0. A stable distribution of
M is one which is also an eigenvector with eigenvalue 1 (i.e., Mv = v). If
dimM = n and σ is the standard n–simplex, the set of stable distributions of
M, Stab (M) = ker (M − I)∩σ. It is well known that if M > 0, |Stab (M)| = 1
and that for any initial distribution, the associated Markov process converges
to the unique stable distribution. In Section 4, we will show that this result
generalizes, in that we may uniquely associate a stable distribution with any
Markov process, and if that if M is irreducible, this distribution is independent
of inital distribution.

Observe that a Markov matrix M may be viewed as a weighted, directed
graph whose weights are in [0, 1] such that the sum of the outgoing edges from
any node is 1. We can then partition the vertices into communicating classes,
corresponding to its strongly connected components (SCC). Alternatively, com-
municating classes are maximal sets of states for which there is a positive prob-
ability of eventually reaching any state from any other one. We will say that a
subset of states is invariant under M iff the probability of ever leaving the set
is 0. A closed class corresponds to a SCC which has no outgoing edges to any
other SCC, that is, an invariant, communicating class. A non-closed class and
its states are said to be transient. We will say that a Markov matrix is regular
iff it has a single closed class.

We will define two Markov matrices, M1 and M2, as equivalent iff:

ker (M1 − I) = ker (M2 − I) .

It will turn out that two matrices are equivalent iff they have the same stable
distributions. Notice that, given a Markov matrix, M , Mε = (1− ε) I + εM
gives a parameterized family of equivalent Markov matrices for small enough ε.
In fact, since Mε = I + ε (M − I) it suffices to take 0 < ε ≤ mini(1−Mi,i)

−1.
Intuitively, Mε represents the associated process where time has been “slowed
down”; each step of the new process consists of deciding whether we will tran-
sition (with probability ε), and if so, choosing the transition according to the
original process, M . Mathematically, this is just a convex combination of M
and I; since the set of Markov matrices is convex, this is automatically Markov.
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While ker (Mε − I) = ker (M − I) for even larger values of ε, Mε would not
be positive (i.e., Markov), and for large enough values, will no longer have 1 as
a dominant eigenvalue. In general, the eigenvectors of M and Mε are identical,
but an eigenvalue, λ, of M corresponds to an eigenvalue, (1− ε) 1 + ελ, of Mε.
Similarly, given any matrix, N , with positive off–diagonal entries such that
JN = 0, Mε = I + Nε is Markov for sufficiently small ε.

We will need the following technical result from linear algebra:

Lemma 2.1 Consider the submatrix M of a Markov matrix M on a set of
states P. If P does not contain a closed class of M , then I −M is invertible,
M

k → 0, and
(
I −M

)−1
= limi→∞

∑i−1
j=0 M

j
.

Proof By a permutation similarity, we may assume that P = {1, . . . ,m}. Since
the column sums of M are less than or equal to 1,

∣∣M ∣∣
1
≤ 1. We can, in fact,

show that c =
∣∣∣Mn

∣∣∣
1

< 1. This is sufficient to complete the proof, as follows:∣∣∣Mk+1
∣∣∣
1
≤
∣∣∣Mk

∣∣∣
1

∣∣M ∣∣
1
≤
∣∣∣Mk

∣∣∣
1
, so

∣∣∣Mk
∣∣∣
1

is a decreasing sequence, containing

the subsequence
∣∣∣Mnk

∣∣∣
1
≤
(∣∣∣Mn

∣∣∣
1

)k

= ck, which goes to 0 exponentially. Thus,

M
k → 0 exponentially, limi→∞

∑i−1
j=0 M

j
exists, and, by the usual argument,

equals
(
I −M

)−1
.

To show that
∣∣∣Mn

∣∣∣
1

< 1, view M as a directed, weighted graph. If two
states i and j are in the same communicating class, there is a path from i to j
and vice versa. That is, there is a cycle in the directed graph containing i and
j. If the class contains k vertices, there is such a cycle of length no more than
k. In particular, there is a path of length no more than k − 1 between any two
vertices. Since each transient class contains a state with a non-zero probability
of exiting the class, there is a non-zero probability of exiting the class in less
than k steps. Notice that there cannot be any cycles between the classes (or
all the classes visited in such a cycle would form a single communicating class).
Thus, if the cardinalities of the transient classes are k1, . . . , km, then there is
a non-zero probability of reaching a closed class in less than

∑m
i=1 ki + 1 ≤ n

steps, and the probability of staying within the set of transient classes in a walk
of length n is strictly less than 1. That is, the column sums of M

n
are strictly

less than 1.
We will show that given any set of states, P, which does not contain an

entire closed class of a Markov matrix, M, we may eliminate the transitions
into P, while changing the set of stable distributions in a predictable manner.

If M =

(
M̃ N

Ñ M

)
is partitioned via the states in P, by column elimina-

tion on M − I, we may obtain a new process MP̂ =
(

M̂ N
0 M

)
such that

Stab (M) is in 1-1 correspondence with Stab
(
MP̂

)
. Now column elimination is

3



equivalent to a factorization of the form (M − I)
(

I 0
A I

)
=
(

B C
0 D

)
,

or

(
M̃ − I N

Ñ M − I

)(
I 0
A I

)
=
(

B C
0 D

)
. By Lemma 2.1, I − M

is invertible, so that C = N , D = M − I, A =
(
I −M

)−1
Ñ , and B =

M̃ + N
(
I −M

)−1
Ñ − I = M̂ − I. Notice that this implies that:

ker (M − I) =
(

I 0(
I −M

)−1
Ñ I

)
ker
(

M̂ − I N
0 M − I

)
=

(
I(

I −M
)−1

Ñ

)
ker
(
M̂ − I

)
.

Since N
(
I −M

)−1
Ñ = N

(∑∞
j=0 M

j
)

Ñ , represents the probablility of go-
ing from one state to another, via an arbitrary number of steps through states in
P,
(
M̂
)

i,j
represents the probability of going from state i to state j via a path

whose interior states are only in P (including the trivial case of single edge).
Thus, we may view this construction as forcing transitions between the states
in P to occur “instantaneously”. In particular, this construction preserves all
path connections between the remaining states, so that:

Theorem 2.2 If M is regular, so is M̂ .

If we let:

p =
(

I N
(
I −M

)−1
)

and i =
(

I(
I −M

)−1
Ñ

)
,

then i is a positive matrix which maps ker
(
M̂ − I

)
to ker (M − I); in particular,

the stable distributions of M̂ are mapped (up to normalization) to those of
M . In addition, p is a mapping between simplices, i.e., is positive and has
columns which sum to 1. It suffices to show that JN

(
I −M

)−1
= J (where, as

usual, we ambiguously write J for a row of 1’s of the appropriate dimension) or
JN = J

(
I −M

)
= JI − JM = J − JM , or JM + JN = J . Since the columns

sums of M are 1, this equality is clear. Since:

(M − I) i =

(
M̃ − I N

Ñ M − I

)(
I(

I −M
)−1

Ñ

)
=
(

M̂ − I
0

)
,

we have:

p (M − I) i + I =
(

I N
(
I −M

)−1
)(

M̂ − I
0

)
=
(
M̂ − I

)
+ I = M̂.

That is, up to translations by the identity, the elimination construction may be
accomplished by composition with i and p.
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Theorem 2.3 An irreducible Markov matrix, M , has a unique invariant dis-
tribution, v, which spans ker (M − I). Moreover, v > 0.

Proof If dimM = 1, then the result is immediate. Otherwise, eliminate all
states in P = {2, . . . ,dimM−1}. Since dimM̂ = 1, the unique column of i = (w)
spans ker (M − I). Since i ≥ 0, normalizing w yields a stable distribution
v which spans ker (M − I). We show that v > 0 by contradiction. Assume

without loss of generality that v =
(

0
v

)
, with v 6= 0, and M =

(
A B
C D

)
,

so that
(

0
v

)
=
(

A B
C D

)(
0
v

)
. Since 0 ≤ B, v, while Bv = 0 and v 6= 0,

we must have B = 0, contradicting irreducibility of M .
Given a Markov matrix, M , if we let P be all states but one member of each

closed class and compute the associated matrices p and i, we will refer to the
operator A → Â = p (A− I) i + I as the quotient with respect to M ; this is a
convex operator on Markov processes that preserves the identity matrix. Since
there are no paths between closed classes, M̂ = I, that is:

Theorem 2.4 The quotient of M with respect to itself is I and i gives a 1-1
correspondence between Rdim ker(M−I) and ker (M − I).

Corollary 2.5 If a Markov matrix is partitioned M =

(
M̃ N

Ñ M

)
according

to a set of states P containing all but one member of each closed class, then
N
(
I −M

)−1
Ñ = I − M̃ is a diagonal matrix. In particular, p (M − I) =

(M − I) i = 0

Proof Since I = M̂ = M̃ + N
(
I −M

)−1
Ñ , N

(
I −M

)−1
Ñ = I − M̃ . Since

P contains exactly one member of each closed class, M̃ is diagonal.
More generally, given a set of states, P, which does not contain a closed

class, we define the quotient of M with respect to P as the triple
(
M̂, p, i

)
. This

construction is natural, in the sense that:

Theorem 2.6 If P = P∞ t P∈, (M1, p1, i1) is the quotient of M with respect
to P1, (M2, p2, i2) is the quotient of M1 with respect to P2, and

(
M̂, p, i

)
is the

quotient of M with respect to P, then p = p2p1 and i = i1i2.

Proof Let T (π,P) = min{i|πi ∈ P} be the first time the trajectory, π, leaves
P (since P does not contain a closed class, this is well-defined) and let S (π,P) =
πT (π,P). Then pi,j = Pr{S (π,P) = i|π0 = j} and represents the probability
that the first state in P along a trajectory, π, from j is i. Since P ⊂ P1, any
trajectory from j to P must enter P1 at some point k. In particular, there is
exactly one first such point and pi,j = ΣkPr{S (π,P) = i, S (π,P1) = k|π0 =
j} = Σk(p2)i,k(p1)k,j . Thus, p = p2p1.
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The inclusion mapping of the quotient operator does not have such a natural
interpretation, so we must resort to direct, algebraic calculation. Partitioning
the states by P, via an appropriate permutation, we may assume that M =(

M̃ N

Ñ M

)
. Further partitioning by P2 and P1 gives Ñ =

(
Ñ2

Ñ1

)
, N =

(
N2 N1

)
, and M =

(
M̃1 N1,2

Ñ1,2 M1

)
. Then i =

(
I(

I −M
)−1

Ñ

)
, while

i1 =

 I 0
0 I(

I −M1

)−1
Ñ1

(
I −M1

)−1
Ñ1,2

 and:

M1 =

(
M̃ + N1

(
I −M1

)−1
Ñ1 N2 + N1

(
I −M1

)−1
Ñ1,2

Ñ2 + N1,2

(
I −M1

)−1
Ñ1 M̃1 + N1,2

(
I −M1

)−1
Ñ1,2

)

≡
(

M1,1 M1,2

M2,1 M2,2

)
.

Therefore:

i2 =
(

I

(I −M2,2)
−1

M2,1

)
,

and:

i1i2 =

 I

(I −M2,2)
−1

M2,1(
I −M1

)−1
Ñ1 +

(
I −M1

)−1
Ñ1,2 (I −M2,2)

−1
M2,1

 .

It then suffices to show that:

(
I −M

)−1
Ñ =

(
(I −M2,2)

−1
M2,1(

I −M1

)−1
Ñ1 +

(
I −M1

)−1
Ñ1,2 (I −M2,2)

−1
M2,1

)
or:(

Ñ2

Ñ1

)
=
(
I −M

)( (I −M2,2)
−1

M2,1(
I −M1

)−1
Ñ1 +

(
I −M1

)−1
Ñ1,2 (I −M2,2)

−1
M2,1

)

Since
(
I −M

)
=

(
I − M̃1 −N1,2

−Ñ1,2 I −M1

)
, we may multiply out to see it

suffices to show that:

Ñ2 =
(
I − M̃1

)
(I −M2,2)

−1
M2,1

−N1,2

(
I −M1

)−1
(
Ñ1 + Ñ1,2 (I −M2,2)

−1
M2,1

)
(1)

and:

Ñ1 = −Ñ1,2 (I −M2,2)
−1

M2,1 + Ñ1 + Ñ1,2 (I −M2,2)
−1

M2,1 (2)
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Since the first and last terms on the right-hand side of equation (2) cancel, it is
obviously true. Returning to equation (1), if we multiply out, it becomes:

Ñ2 =
(
I − M̃1

)
(I −M2,2)

−1
M2,1

−N1,2

(
I −M1

)−1
Ñ1 −N1,2

(
I −M1

)−1
Ñ1,2 (I −M2,2)

−1
M2,1

or:

M2,1 = Ñ2 + N1,2

(
I −M1

)−1
Ñ1

=
[
I − M̃1 −N1,2

(
I −M1

)−1
Ñ1,2

]
(I −M2,2)

−1
M2,1

which is true, since:

I − M̃1 −N1,2

(
I −M1

)−1
Ñ1,2 = I −M2,2

by definition of M2,2

Notice that a Markov matrix M restricts to an irreducible Markov matrix
on each of its closed classes. Thus, by Theorem 2.3, we may refer to the stable
distribution associate with each closed class. By padding with 0’s, each such
stable distribution of the restriction yields a stable distribution of M , s, such
that supps ≡ {i|si > 0} is the corresponding closed class.

Fix a closed class and associated stable distribution, s, and let P be all but
one member of the class. Assuming that there are no transient states, we may
give explicit formulas for the quotient. We will assume, for convenience, that

P = {n− k + 1, . . . , n}, supps = {n− k, . . . , n}, and s =

 0
1− t
ts

. Thus, we

may decompose M =

(
M̃ N

Ñ M

)
further as M =

 M̃1 0 0
0 m̃2 n
0 ñ M

. There-

fore,

 0
1− t
ts

 =

 M̃1 0 0
0 m̃2 n
0 ñ M

 0
1− t
ts

 =

 0
(1− t) m̃2 + tn s
(1− t) ñ + tMs

,

(
I −M

)−1
ñ = t

1−ts, and i =

 I 0
0 1
0 t

1−ts

.

Obviously, N
(
I −M

)−1
is 0 in all but the (n− k)th row, and since it has

unit column sums, this must be a row of all 1’s, i.e., p =
(

I 0 0
0 1 J

)
. Finally:

M̂ = p (M − I) i + I
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=
(

I 0 0
0 1 J

) M̃1 − I 0 0
0 m̃2 − 1 n
0 ñ M − I

 I 0
0 1
0 t

1−ts

+ I

=
(

M̃1 − I 0 0
0 0 0

) I 0
0 1
0 t

1−ts

+ I

=
(

M̃1 − I 0
0 0

)
+ I =

(
M̃1 0
0 1

)
That is, the quotient effectively collapes the closed class to a single state, rep-
resented by s.

Notice also that when P is all the transient states, and M =

(
M̃ N

Ñ M

)
,

Ñ = 0, i =
(

I
0

)
, and M̂ = M̃ . Taking these two observations together, we

may characterize the quotient of M with respect to itself, as the composite of two
smaller quotients. Namely, first eliminate all the transient states, P1, to obtain(

M̃,
(

I N
(
I −M

)−1
)

,

(
I
0

))
, then eliminate all but one state from each

of the closed classes. Since M̃ =

 M1 0 0

0
. . . 0

0 0 Mk

 is block-diagonal, with

the blocks corresponding to each closed class, by our previous observation and
naturality of the construction, this is given by:I,

 J 0 0

0
. . . 0

0 0 J

 ,


s1

(s1)1
0 0

0
. . . 0

0 0 sk

(sk)1


 .

Taken together, we see that the quotient of M with respect to M is:I,

 J 0 0

0
. . . 0

0 0 J

( I N
(
I −M

)−1
)

,


s1

(s1)1
0 0

0
. . . 0

0 0 sk

(sk)1
0 0 0


 .

We may now generalize Theorem 2.3:

Theorem 2.7 The set of stable distributions of M is the convex closure of
the stable distributions of its closed classes and the eigenspace ker (M − I) is
spanned by this set of stable distributions.

Proof By Theorem 2.4, ker (M − I) is spanned by the columns of i, which
we have just shown are (up to multiples) the stable distributions of its closed
classes.
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Note: While this result is well–known (cf. the proof of Theorem 2.1 on p.
4 of Karlin and Taylor [6]), the quotient construction provides a conceptually
satisfying, constuctive proof.

Corollary 2.8 M1 and M2 are equivalent iff they have the same set of stable
distributions.

Proof If M1 and M2 are equivalent, ker (M1 − I) = ker (M2 − I). Therefore,
Stab (M1) = ker (M1 − I) ∩ σ = ker (M2 − I) ∩ σ = Stab (M2). Conversely, if
Stab (M1) = Stab (M2), ker (M1 − I) = span Stab (M1) = span Stab (M2) =
ker (M2 − I), so that M1 and M2 are equivalent.

3 Markov Processes and Determinants

Let M be Markov and consider the basis {ep,q ≡ ep,q−eq,q|p 6= q}, where {ep,q} is
the standard basis for n×n matrices. Notice that N =

∑
p6=q Mp,qEp,q = M−I,

i.e., we have a canonical basis expansion for any Markov matrix. If M is regular,
by Theorem 2.7, dim ker (N) = 1. Since 0 = det (N) I = Nad (N), we have
that, after normalization, any non-zero column of ad (N) gives the unique stable
distribution of M , v∞. Note: Since rank (N) = n − 1, there must be at least
one such non-zero column. Likewise, since 0 = det (N) I = ad (N)N , every row
must be a multiple of J , i.e., all entries must be equal. In general, let w be the
vector consisting of the diagonal entries of ad (N). If M is regular, this equals
any of the columns of ad (N). In particular, w ∝ v∞. Each entry wp is then
equal to the pth principal minor of N . If Rp (N) is the result of replacing the
pth column of N by the standard basis vector ep, we have wp = |Rp (N)|.

If M is regular with closed class, P, then wp 6= 0 ⇔ p ∈ P. In particu-
lar, if M is irreducible, each entry of w is non-zero, which implies that every
(n− 1)×(n− 1) submatrix of N is non-singular. To see this, as before, we write

M − I =

(
M − I Ñ

0 M̃ − I

)
. If p ∈ P, Rp (N) =

(
Rp

(
M − I

)
Ñ

0 M̃ − I

)
,

and wp = |Rp (N)| =
∣∣Rp

(
M − I

)∣∣ ∣∣∣M̃ − I
∣∣∣; otherwise, wp =

∣∣∣Rp

(
M̃ − I

)∣∣∣ =∣∣M − I
∣∣ ∣∣∣Rp

(
M̃ − I

)∣∣∣ = 0. In fact, we see that, up to a multiple, w is just the

inclusion of the stable distribution of M into n dimensions. By the same argu-
ment, we see that if M has more than one closed class, w = 0. To summarize:

Theorem 3.1 If wi = ad(M − I)i,i for a Markov matrix,M , then w = 0 iff M
has more than one closed class. Moreover, if M is regular, suppw is that class,
and span{w} = ker(M − I).

Let {ep,q ≡ ep−eq|p 6= q}, where {ep} is the standard basis for n-dimensional
column vectors. Using the wedge product, we may write:

wk =
∑
p6=1

Mp,1ep,1 ∧
∑
p6=2

Mp,2ep,2 ∧ · · · ∧ ek ∧ · · · ∧
∑
p6=n

Mp,nep,n.
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Using multi-linearity of the wedge product, we may express this as a sum over
terms of the form

(
Πp6=kMσ(p),p

)
eσ(1),1 ∧ eσ(2),2 ∧ · · · ∧ ek ∧ · · · ∧ eσ(n),n, where

σ : {1, . . . , n} − {k} → {1, . . . , n} is a mapping such that σ (i) 6= i. Such a
mapping corresponds to a spanning subgraph with n−1 edges of the associated
graph, such that k has out-degree 0. Strikingly, each term is either 0 or (−1)n−1,
depending on whether or not σ represents a spanning tree, rooted at k, i.e., the
subgraph is connected.

That such terms are 0 or non-zero follows from our previous observation.
Each term corresponds to a Markov process with only 0 and 1 entries and the
subgraph associated with σ is the entire graph minus one edge from k to any
other vertex. If the graph is not connected, there is a component that does not
contain k, which contains at least one strongly-connected component P. We
make take the “missing” edge to go from k to any vertex in P, so that k is
transient. By our previous observation, this implies that wk = 0. On the other
hand, if the graph is connected, it is a tree rooted at k. Thus, if we take the
“missing” edge to be a loop at k, {k} is the unique closed class and all other
states are transient. In particular, wk 6= 0. In this case, however, we may be
even more precise. By following the paths from k to every other vertex, we may
use column elimination to eliminate the 1’s in all columns other than the kth,
leaving a diagonal matrix with −1 in all diagonal entries except the kth. Thus,
the determinant is (−1)n−1.

Thus, we have the following formula for the stable distribution of a regular
Markov matrix.

Theorem 3.2 If w is as in Theorem 3.1, then wk = (−1)n−1
∑

σ Πp6=kMσ(p),p,
where the sum is taken over all mappings σ : {1, . . . , n} − {k} → {1, . . . , n}
which specify the parent relation of a spanning subtree of the graph of M with
root k.

Note: This sharpens a result proven by Freidlin and Wentzell [2] for irreducible
Markov matrices.

Notice that this means that (v∞)p may be viewed as the conditional dis-
tribution that a randomly selected directed subtree is rooted at p, where the
relative probability of each tree is given by product of the weights of its edges.
This suggests that, if we could efficiently simulate this distribution on directed
subgraphs, we could obtain a Monte Carlo algorithm for computing v∞.

4 Markov Processes and Long-Term Distribu-
tions

Now, if IN = U(0, N−1) is a discrete uniform random variable on {0, . . . , N−1},
we will show that:

Theorem 4.1 As N → ∞, E (XIN
) converges to a stable distribution, v∞,

which depends only on the initial distribution of X0. This can be thought of
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as the distribution of X∞, and we will call it the long-term distribution of the
process.

First, notice that E (XIN
) = 1

N

∑N−1
i=0 M iv0. Since v0 can be any vector, we

must have convergence of the the sum 1
N

∑N−1
i=0 M i. Theorem 4.1 will follow

from the following more detailed result:

Theorem 4.2 If M is Markov, M∞ = limN→∞
1
N

∑N−1
j=0 M j is a well-defined

Markov process which maps any initial distribution to its corresponding long-
term distribution, i.e., v∞ = M∞v0. Moreover, M∞ = i(pi)−1

p, where i and p
are the quotient operators wrt M .

As we will see in the proof, (pi)−1 is a diagonal matrix whose entries are
the sums of the columns of i, so that ı̃ = i (pi)−1 is just a normalized version
of i whose columns are the stable distributions of the closed classes of M , and

M∞ = ı̃p. We observed earlier that p =

 J 0 0

0
. . . 0

0 0 J

( I N
(
I −M

)−1
)
.

Thus, the passage from initial condition to equilibrium may be broken into two
stages: use the quotient which eliminates transient states to determine how the
initial distribution eventually maps into the closed classes, summing the results
in each closed class to discover the components of each corresponding stable
distribution; the inclusion ı̃ then uniquely specifies the long-term distribution
from these components.

Note: Since MNv0 also represents the probability that a path of length N
terminates in a given state, we may also interpret v∞ as the probability that a
randomly chosen path ends in a given state.

Now observe how, once we show that M∞ exists, it follows immediately that
M∞ is Markov and v∞ = M∞v0. Moreover:

Corollary 4.3 If M is Markov, the image of the standard simplex under M∞

yields the set of stable distributions of M . In particular, if M is regular, v∞ is
independent of the initial condition; that is, M∞ = v∞J , since its image must
be v∞, the unique, stable distribution of M .

Proof Notice that:

MM∞ = lim
k→∞

M

(
1
k

k−1∑
i=0

M i

)

= lim
k→∞

k + 1
k

(
1

k + 1

k∑
i=0

M i − I

k + 1

)

= 1

(
lim

k→∞

1
k

k−1∑
i=0

M i − 0

)
= M∞.

11



This proves the columns are all stable distributions of M . Conversely, any stable
distribution is an eigenvector of M∞, and hence in its image.

For the proof of the Theorem 4.2, we will need the following technical
Lemma.

Lemma 4.4 If si is a sequence such that limi→∞ si = 0, then:

lim
k→∞

1
k

k−1∑
i=0

si = 0.

Proof Given ε > 0, take N so that |si| < ε
2 for i ≥ N . Let s = maxi |si|, and

we may assume, without loss of generality, that s ≥ ε
2 (otherwise, simply take a

smaller N). Then
∣∣∣ 1k ∑k−1

i=0 si

∣∣∣ ≤ 1
k

∑k−1
i=0 |si| ≤ N

k s+ (k−N)ε
2k = ε

2 + N(s−ε/2)
k < ε

for k > dN
(

2s
ε − 1

)
e. Thus, limk→∞

1
k

∑k−1
i=0 si = 0.

Proof (of Theorem 4.2) We will prove that M∞ is well-defined by case anal-
ysis. Consider first the case when M is irreducible. Note: This portion of the
proof is adapted from Horn and Johnson, [3]. Let v∞ be the unique, stable
distribution of M and let L = v∞J = ı̃p. We will show that M∞ = L. First,
notice that, LL = v∞Jv∞J = v∞J = L and LM = v∞JM = v∞J = L, so
that L (M − L) = 0. In addition, if (M − L) w = w, then L (M − L) w = Lw;
since L (M − L) = 0, Lw = 0, and Mw = w. By Theorem 2.3, we must then
have w = αv∞, so that w = (M − L)w = (M − L) αv∞ = α (Mv∞ − Lv∞) =
α (v∞ − v∞) = 0. In other words, ker (I − (M − L)) = 0 and I − (M − L) is
invertible. Now since LL, ML, and LM all equal L, (M − L)k = Mk−L. There-
fore, 1

n

∑n−1
j=0 M j = L+ 1

n

∑n−1
j=0

(
M j − L

)
= L+ 1

n

∑n−1
j=0 (M − L)j , which may

we simplify as L + 1
n (I − (M − L)n) (I − (M − L))−1. Since |I − (M − L)n| =

|I −Mn + L| ≤ |I|+ |M |n + |L| ≤ 3, the limit is L.
Now assume that M is reducible with no transient states, i.e., up to permuta-

tion similarity M =

 M1 0 0

0
. . . 0

0 0 Mk

. Then, M∞ =

 M∞
1 0 0

0
. . . 0

0 0 M∞
k

 =

 v∞1 J 0 0

0
. . . 0

0 0 v∞k J

 =

 v∞1 0 0

0
. . . 0

0 0 v∞k


 J 0 0

0
. . . 0

0 0 J

 = ı̃p, by the

previous case. More generally, if M includes transient states, partition M in

terms of its transient and non-transient states, M =
(

M̃ N
0 M

)
. We can then

write M i =

(
M̃ i

∑i−1
j=0 M̃ i−j−1NM

j

0 M
i

)
and:

M∞ =

(
M̃∞ limk→∞

1
k

∑k−1
i=0

∑i−1
j=0 M̃ i−j−1NM

j

0 0

)
.
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By the previous case, we know that M̃∞ is well-defined, and since we know that
I −M is invertible, we can simplify this further.

Lemma 4.5 limk→∞
1
k

∑k−1
i=0

∑i−1
j=0 M̃ i−j−1NM

j
= M̃∞N

(
I −M

)−1

Proof By change of variables in the summation 1
k

∑k−1
i=0

∑i−1
j=0 M̃ i−j−1NM

j
=

1
k

∑k−1
s=1 M̃s−1N

∑s
j=0 M

j
. Since

(
I −M

)−1
= limi→∞

∑i−1
j=0 M

j
and

∣∣∣M̃ ∣∣∣ ≤ 1,

lims→∞ M̃s−1N
(∑s

j=0 M
j −

(
I −M

)−1
)

= 0, so by Lemma 4.4 the limit of

the previous expression equals the limit of 1
k

∑k−1
s=1 M̃s−1N

(
I −M

)−1
, which

is just M̃∞N
(
I −M

)−1
.

Thus:

M∞ =
(

M̃∞ M̃∞N
(
I −M

)−1

0 0

)
=

(
M̃∞

0

)(
I N

(
I −M

)−1
)

=


v∞1 0 0

0
. . . 0

0 0 v∞k
0 0 0


 J 0 0

0
. . . 0

0 0 J

( I N
(
I −M

)−1
)

,

which we recognize as ı̃p.

5 Stochastic Stability

A perturbed Markov process [11], Mε, is a family of Markov processes for suf-
ficiently small ε ≥ 0 and whose entries converge exponentially. That is, either
(Mε)i,j = 0 or we may write (Mε)i,j = εri,j ci,j , for some integers ri,j and con-
tinuous, strictly positive functions of ε ≥ 0, ci,j ; by convention, if (Mε)i,j = 0,
we will set ri,j = ∞ and ε∞ = 0. We will call ri,j the degree (or resistance) of
the (i, j)-th edge.

If Mε are regular for ε > 0, and so have a unique stationary distribution vε,
we say that this process is regular. Note: This generalizes the usual definition,
which requires that Mε be irreducible.

Lemma 5.1 If Mε is a regular perturbed Markov process, then vε is a continu-
ous function of ε. In particular, we may define v0 ≡ limε→0 vε, the stochastically
stable distribution of Mε.

Proof Since Mε is regular, we may define wε as in Theorem 3.2, and we
know that its kth entry is a sum of products of the form Πp6=kMσ(p),p =
Πp6=kεrσ(p),pcσ(p),p, where σ is the parent relation of a spanning subtree rooted at
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k. In particular, since vε = wε∑
p

(wε)p

, (wε)p all have the same sign, and wε 6= 0,

vε is continuous for ε > 0. Moreover, if we let m = mink minσ

∑
p6=k rσ(p),p, m

is the smallest integer such that limε→0ε
−mwε exists and is non-zero. If we let

uε ≡ (−1)n−1ε−mwε, vε = uε∑
p
(uε)p

, and vε is continuous at 0 as well.

We are interested in characterizing this stochastically stable distribution. We
will say that two perturbed Markov processes are equivalent if they have the
same stochastically stable distribution. Notice also that without any increase
in generality, we may allow the ri,j to be rational, since by reparameterization,
we may obtain an equivalent perturbed Markov process with integer exponents.

Lemma 5.2 The stochastically stable distribution of a regular perturbed Markov
process, Mε, depends only on the leading coefficients, ci,j (0). In particular, it
is equivalent to one in which all the off-diagonal ci,j are constant.

Proof By the proof of Lemma 5.1, we know that the stochastically stable dis-
tribution v0 = u0∑

p
u0p

. Moreover, for each of the terms in (uε)p corresponding

to a subtree rooted at p given by σ, if
∑

p6=krσ(p),p > m, then the corresponding
product goes to 0 in the limit and does not affect v0. That is, if we restrict
attention to those trees in Sk = {σ|m =

∑
p6=krσ(p),p} (i.e., of minimal weight),

the kth entry of u0 is
∑

σ∈S‖Πp6=kcσ(p),p (0).
By the discussion preceeding Lemma 2.1, if necessary, we may replace Mε by

I+Mε

2 to guarantee that the diagonal entries of Mε contain a non-zero constant
term. We may then replace ci,j by ci,j (0) in all the off-diagonal entries, adjusting
the diagonal accordingly, to obtain an equivalent process.

Corollary 5.3 A regular perturbed Markov process is equivalent to one of the
form Mε = M0 + Nεε, where Nε is a polynomial in ε, such that M0 6= I and
I + Nε are Markov with the off-diagonal, non-zero entries of M0 and Nε in
distinct positions.

Proof By Lemma 5.2, any perturbed Markov process is equivalent to Mε whose
off-diagonal entries are of the form εri,j ci,j for some integers ri,j and positive
constants ci,j , such that

∑
{i|ri,j=0,i 6=j}ci,j < 1, for all j. The diagonal entries

are then 1−
∑

i 6=jε
ri,j ci,j . Let k = mini 6=j ri,j . Grouping entries by degree, Mε =

I+Nεk+Nεε
k+1 with N 6= 0. Since JMε = J , JN = limε→0J (Mε − I) ε−k = 0.

In addition, JNε = J
(
Mε − I −Nεk

)
ε−k−1 = 0. I + Nε, I + Nεε ≥ 0 for

small enough ε. Since the off-diagonal entries of N and Nε are all positive,
by considering

(
1− δε−k

)
I + δε−kMε for sufficiently small δ, we may assume

without loss of generality that k = 0 and that M0 = I + N and I + Nε are
Markov.

We now prove one last technical Lemma:

Lemma 5.4 Let Mε = M0 + Nεε be a regular perturbed Markov process, as in
Corollary 5.3. Let P′ be all states except one representative of each closed class
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of M0. Then M̂ε, obtained by eliminating the states in P′ from Mε, and ̂̂M ε,

the quotient of Mε with respect to M0 are equivalent. ̂̂M ε is a regular perturbed
Markov process and the inclusion of the quotient maps the stochastically stable

distribution of ̂̂M ε to (a multiple of) that of Mε.

Proof Partitioning Mε according to the set P′ gives Mε =

(
M̃ε N ε

Ñε M ε

)
.

Graph theoretically, M0 contains all the 0-degree edges. Eliminating the states
in P′ from Mε yields M̂ε = pε (Mε − I) iε+I = M̃ε+N ε

(
I −M ε

)−1
Ñε represent-

ing paths whose interior states are only in P′, where pε =
(

I N ε

(
I −M ε

)−1
)

and iε =
(

I(
I −M ε

)−1
Ñε

)
. Since the states in P′ have no 0-degree paths

between them, all the off-diagonal entries of M̂ε are of higher degree.
On the other hand:̂̂

M ε = p0 (Mε − I) i0 + I

=
(

I N0

(
I −M0

)−1
)(

M̃ε − I N ε

Ñε M ε − I

)(
I(

I −M0

)−1
Ñ0

)
+ I

=
(

I N0

(
I −M0

)−1
)( M̃ε − I + N ε

(
I −M0

)−1
Ñ0

Ñε +
(
M ε − I

) (
I −M0

)−1
Ñ0

)
+ I

= M̃ε + N ε

(
I −M0

)−1
Ñ0 + N0

(
I −M0

)−1
[Ñε +

(
M ε − I

) (
I −M0

)−1
Ñ0]

= M̃ε + N ε

(
I −M0

)−1
Ñ0 + N0

(
I −M0

)−1
Ñε

+ N0

(
I −M0

)−1 (
M ε − I

) (
I −M0

)−1
Ñ0

Notice that the 0-degree component of ̂̂M ε is given by:

M̃0 + N0

(
I −M0

)−1
Ñ0 + N0

(
I −M0

)−1
Ñ0

+ N0

(
I −M0

)−1 (
M0 − I

) (
I −M0

)−1
Ñ0

= M̃0 + N0

(
I −M0

)−1
Ñ0

By Theorem 2.4, this is I, i.e., all the off-diagonal entries of ̂̂M ε are of higher
degree, just like M̂ε. Since N0

(
I −M0

)−1
(−I)

(
I −M0

)−1
Ñ0 only contributes

to the 0-degree terms of ̂̂M ε, the off-diagonal entries of ̂̂M ε are the same as the
higher-degree terms of the off-diagonal entries of M̃ε + N ε

(
I −M0

)−1
Ñ0 +

N0

(
I −M0

)−1
Ñε + N0

(
I −M0

)−1
M ε

(
I −M0

)−1
Ñ0. Each higher-degree,

off-diagonal entry of ̂̂M ε corresponds to the edges in P′ plus the paths with
exactly one higher-degree edge. By comparison, each off-diagonal entry of M̂ε
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corresponds to the edges in P′ plus the paths with at least one higher-degree
edge. In particular, the off-diagonal entries differ by higher-order terms. Thus,

by Lemma 5.2, ̂̂M ε and M̂ε are equivalent.

Since the entries of ̂̂M ε are linear combinations of the entries of Mε, they

converge exponentially. Since Mε is regular, so is M̂ε. Since ̂̂M ε has the same
paths as M̂ε, it is also regular. If vε is the stable distribution of Mε and v̂ε is
the stable distribution of M̂ε, we know that vε ∼ iεv̂ε, since iε preserves the set
of stable distributions. In particular, v0 ∼ i0v̂0 = i0ˆ̂v0.

It follows imediately that:

Corollary 5.5 If Mε is a regular perturbed Markov process, by inductively tak-
ing the quotient of Mε with respect to its lowest-order terms, and i is the com-
position of the inclusions, then v0 ∼ i.

Corollary 5.5 corresponds to the following algorithm for computing the
stochastically stable distribution of a regular perturbed Markov process:

Given: A regular perturbed Markov matrix, Mε.

Goal: Calculate the stochastically stable distribution v0 of Mε.

Step 1: Set r ← I, an identity matrix with the same dimensions as Mε.

Step 2: Apply Corollary 5.3 to determine an equivalent process of the form
M ε ≡M0 +

∑k
j=1 Njε

j and set Mε ←M ε.

Step 3: Determine a set of representatives from each closed class of M0, P′.

Step 4: Calculate the quotient (I, p, i) of M0 with respect to P′.

Step 5: Mε ← pMεi + I − pi and r ← ri.

Step 6: If dimMε = 1, go to Step 7, otherwise go to Step 2.

Step 7: v0 ← 1
|r|1

r.

Using Corollary 5.5, we may also conveniently identify suppv0
, the stochas-

tically stable states of Mε. If we define the set of eventually transient states as
those states which become transient in one of the iterated quotients, then by
construction:

Corollary 5.6 If Mε is a regular perturbed Markov process, the stochastically
stable states of Mε are precisely those states which are not eventually transient.

The quotient construction provides insight into Young’s proof [10] of a similar
result. In the proof, he partitions the state space according to the closed class of
the 0th–order terms of Mε and constructs an associated directed graph on the

subsets of the partition, effectively constructing the graph of ̂̂M ε of Lemma 5.4.
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However, in so doing, he loses the underlying structure of a Markov process,
because he only weights the edges of the resulting graph by the resistance (i.e.,

degree) of the corresponding entry of ̂̂M ε. He is still able to characterize the
stochastically stable states of the original system in terms of this directed graph,
via the result of Freidlin and Wentzell [2], in terms of the set of all directed,
spanning subtrees of this graph. However, because his construction does not
produce the leading coefficients of this process, he cannot compute the exact
stable distribution.

6 Application to Hierachical Voting Systems

All of our work to this point allows us to easily prove the following:

Corollary 6.1 If M is Markov and v > 0, then Mε = (1 − ε)M + εvJ is a
regular perturbed Markov process with stochastically stable distribution M∞v.

Proof Since v > 0, Mε = M + ε(vJ −M) is irreducible, and hence a regular
perturbed Markov process. By Theorem 4.2, M∞v = i(pi)−1

pv, where i and
p are the quotient operators wrt M . By the proof of Lemma 5.4, we may

consider the quotient of Mε wrt M , ̂̂M ε = I + ε (pvJi− pi), which is equivalent
to M̂ = I + c−1 (pvJi− pi) for c = maxj(pi)j,j (i.e., large enough to guarantee

that M̂ is positive). This has ṽ = (pi)−1
pv as an eigenvector with eigenvalue 1,

since M̂ṽ = ṽ+c−1 (pvJiṽ − piṽ) = ṽ+c−1 (pvJM∞v − pM∞v) = ṽ+c−1(pv−
pv) = ṽ. By Lemma 5.4, iṽ = M∞v is proportional to the stochastically stable
distribution of Mε. Since it is a distribution, it must equal the the stochastically
stable distribution.

As in the Eigentrust algorithm [5], (M)i,j may be viewed as representing
the degree to which page j’s recommends page i. Unlike other algorithms which
require irreducibility (i.e., independence of initial conditions), we view v as an
initial allocation of proxy votes, representing each page’s apriori reputation or
“clout”. M∞v then represents the ultimate distribution of votes, given that
a recommendation corresponds to a reallocation of proxy votes, i.e., one page
imparting some of its “clout” to another. Given this interpretation, Corollary
6.1 says that we may simulate such a voting system by a perturbed Markov
process, where proxy votes may be transferred infinitely often.

Corollary 6.1 is closely related to the PageRank algorithm [9]. Let W be the
total set of web pages, Pi be the set of pages to which page i links, fi,j be the
number of links to page i from page j, and s(j) =

∑
i∈Pj

fi,j . The PageRank
algorithm considers the stable distribution of the (irreducible) Markov process

given by Mi,j = 0.85 f̃i,j + 0.15 δ, where f̃i,j =

{
fi,j

s(j) if s(j) 6= 0
δi,j otherwise

, and δ =

1
#W . Notice that this is of the form of Corollary 6.1 with ε = 0.15, so we may
view its ranking as an approximation to the results of a proxy voting.
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This interpretation suggests how, in practice, the PageRank algorithm can
be manipulated by web–designers. Specifically, by adding a sufficiently many
pages to one’s site that only link to one designated original page, it is possible to
artificially increase the ranking of the designated page by as much as one wants.
Intutively, this increases the number of proxy votes concentrated on that page
after one time step, which results in artificially boosting its ranking.

For the type of perturbed process in Corollary 6.1, we can actually give a
formula for vε when ε > 0.

Theorem 6.2 If ε > 0, vε = E
(
M Iv

)
= ε [1− (1− ε)M ]−1

v is the stable
distribution of Mε,v, where I is geometric with E(I) = 1

ε .

Proof Since Mε,v is irreducible, vε = Mε
∞v. For large N :

M∞
ε,vv ≈ 1

N

N−1∑
u=0

Mε,v
uv = E

(
MU

ε,vv
)
,

where U is uniformly distributed on the first N non–negative integers. However,
we may view Mε,v as a process which usually applies M , but which may apply vJ
with probability ε. Thus, we may instead consider the process which generates
a sequence of Bernoulli trials of length N with probability of “success”, ε, and
applies the product of the corresponding sequence of M and vJ to v. Notice
that such a product equals M Iv, where I is the number of M factors before the
first vJ . Thus, E

(
MU

ε,vv
)

= E
(
M Iv

)
, where I is distributed as a ”truncated”

geometric (i.e., all the distribution in the tail I ≥ N of the usual geometric
distribution is concentrated at I = N). In particular, as N → ∞, M∞

ε,vv =
E
(
M Iv

)
, where I is a true geometric with E(I) = 1

ε .
Theorem 6.2 suggests that we may interpret PageRank as the result of a

proxy vote, where votes are discounted by 85% as they are transferred from one
page to another. One could argue that this is more realistic that the model of
Corollary 6.1, where votes are infinitely transferrable. To highlight the problems
of the latter model, consider the effect of a page without out–links, a so–called
“rank sink”, in that model. A recommendation of such a page (i.e., a link) is
ultimately a willingness to surrender all one’s “clout” to that page. Moreover,
a recommendation of a page which links to such a page is an equally serious
commitment. In fact, any chain of recommendations to such a page will result
in 0 ranking for all pages in the chain, except the last. When one links to a
page, it is because one believes that the information content of that page and
its immediate links are valuable. But rarely would one give equal credence to
every subsequent linked page.

Using Theorem 6.2, we may explicity compute the effect of adding k spurious
pages, in the scheme described above. Specifically, if M represents the original
web graph, adding k pages pointing to page 1 corresponds to replacing M by

M̃ =
(

M N
0 0

)
, where Ñ =

(
J
0

)
is a n× k matrix.
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Theorem 6.3 Let v > 0 be the perturbation vector for M and v̂ =
( n

n+kv
k

n+kw

)
be the perturbation for M̃ for some k–dimensional distribution, w > 0. If vε is
the stable distribution of Mε,v, eε is the stable distribution of Mε,e1 (where e1 is
the first standard basis vector), and ṽε is the normalized component of the stable
distribution of M̃ε,v̂ over the first n states, ṽε = n

n+kεvε + kε
n+kεeε.

Proof Notice that when i > 0:

M̃ iv̂ =
(

M i M i−1N
0 0

)
v̂ =

(
n

n+kM iv + k
n+kM i−1Nw

0

)
=

(
n

n+kM iv + k
n+kM i−1e1

0

)
.

Notice that:

E
(
M̃ I v̂

)
= (1− ε)

[
v̂ +

(
n

n+k

∑∞
i=1 M ivεi + k

n+k

∑∞
i=1 M i−1e1ε

i

0

)]
=

n

n + k

(
E
(
M I v̂

)
0

)
+

k

n + k

( ∑∞
i=1 M i−1e1ε

i(1− ε)
(1− ε)w

)
=

n

n + k

(
vε

0

)
+

k

n + k

(
εE
(
M Ie1

)
(1− ε)w

)
=

n

n + k

(
vε

0

)
+

k

n + k

(
εeε

(1− ε)w

)
.

Restricting attention to the original n states and normalizing, by Theorem 6.2,
we obtain ṽε = n

n+kεvε + kε
n+kεeε.

It now suffices to observe that page 1 has the highest ranking in eε, so that for
large enough k, it will have the highest ranking in the modified web.

Lemma 6.4 Using the notation of Theorem 6.3, (eε)1 > (eε)k for 1 < k ≤ n,
assuming that ε < 0.5.

Proof By Theorem 6.2, eε = E
(
M Ie1

)
= (1 − ε)e1 +

∑∞
i=1 M ie1ε

i(1− ε).
Since each entry of M ie1 is less than 1, (eε)k ≤

∑∞
i=1 εi(1− ε) = ε for k > 1. In

particular, (eε)1 ≥ 1− ε > ε ≥ (eε)k for 1 < k ≤ n.
As mentioned in Section 1, using ε > 0 is objectionable on esthetic grounds

in that it corrupts the information inherent in the Web. From Theorem 6.3, we
see that the PageRank algorithm this is also precisely the reason why it may be
manipulated by web–designers. There are some serious objections, however, to
letting ε→ 0.

First, determining the stochastically stable distribution may be computa-
tionally too expensive. If a closed class is large, exact methods for determining
its stable distribution may take too long, while iterative methods may converge
too slowly. In addition, Theorem 5.6 implies that transient states will auto-
matically have weight 0 in the stochastically stable distribution, i.e., be pruned
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from the ranking. Estimates of the Web, such as those made by Kumar, et. al.
[7], suggest that at least 55% of the Web consists of transient states. Specifi-
cally, non–transient states can only reside in the regions of the Web which they
refer to as OUT and TENDRILS. Thus, this may prune out too much of the
Web. In addition, the property of being closed is not numerically stable with
respect to the Web graph. Thus, a small perturbation of the Web graph (i.e.,
the introduction of one link out of a closed class) may cause a large change in
the stochastically stable distribution (i.e., the ranking of all pages in the class
will drop to 0).

One way to address both of these problems is to use a hierarchical voting
system. Kamvar, et. al. [4] have attempted something along these lines to speed
up the original PageRank algorithm. While they were able to demonstrate a
marked improvement in computational efficiency, the resulting rankings are still
vulnerable to manipulation.

The key idea is to recognize that the Web is partitioned into domains. Thus,
we may distinguish between intra– and inter–domain links. Let D be the set of
domains, D(i) be the domain of page i, fi,j be the number of links to page i from
page j, s(j) =

∑
i s.t. D(i)=D(j) fi,j , s(j) =

∑
i s.t. D(i) 6=D(j) fi,j , δ̃j = 1

#D(j) ,

δ̂i = 1
#D(i)#D , f̃i,j =

{
fi,j

s(j) if s(j) 6= 0
δi,j otherwise

, f̂i,j =

{
fi,j

s(j) if s(j) 6= 0
0 otherwise

, and

ε̂j =
{

ε if s(j) 6= 0
0 otherwise . We may then refine the PageRank process as follows:

Mi,j =
{

(0.85− 0.85ε̂j − 0.15ε) f̃i,j + 0.15δ̃j + 0.15εδ̂i if D(i) = D(j)
0.85ε̂j f̂i,j + 0.15εδ̂i if D(i) 6= D(j)

In this process, a random–surfer at page j chooses to either follow an intra–
domain link (with probability 0.85− 0.85ε̂j − 0.15ε), jump randomly within the
domain (with probability 0.15), follow an inter–domain link (with probability
0.85ε̂), or jump to a random page (with probability 0.15ε).

To understand this process, first ignore the ε terms. Notice that the result-
ing process reduces to the PageRank algorithm on each domain. This defines a
local ranking of pages within each domain. Note: At this level, one may not
care too much about the manipulability of PageRank, since a domain admin-
istrator should be able to have total control over such a local ranking. If we
apply the quotient construction from Corollary 5.5 and normalize the result via
Corollary 5.3, we are left with a process whose states now correspond to do-
mains and whose edges correspond to the inter–domain links aggregated via the
local rankings, plus a uniform perturbation. In other words, we have another
vote among the domains to determine the “clout” of each domain. Corollary
5.5 then implies that the stochastically stable distribution of this process gives
a weight to each page which is the product of its local weight times the weight
of its domain.

In [4], Kamvar, et. al. use such a product as an initial approximation to
the PageRank distribution. Our analysis provides a theoretical justification
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for using this product ranking instead of the usual PageRank. While link–
spamming may be used to affect local rankings, it cannot significantly affect
the ranking of domains. Thus, it can only have a limited effect on the global
page rankings. While we have specified uniform vote distributions both locally
and globally, we are free to specify any distribution we wish. In particular, by
elliminating initial votes for navigational domains, such as “www.google.com”,
we can decrease their ranking.
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