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Abstract

We explore the relationship between outlier-robust high-dimensional covariance estimation
and non-convex optimization. We seek to develop a simple gradient-descent-based formulation
for this problem such that any approximate stationary point yields a near-optimal solution for
the underlying robust estimation task. In particular, we look for an algorithm which is simple
and practical to implement and compute.

1 Introduction

Estimating the covariance of a high-dimensional dataset is a fundamental statistical task. The
empirical covariance is known to be a strong estimator for uncorrupted datasets sampled from
standard distributions. In particular, suppose N samples are drawn i.i.d. from A(0,%) on R?
where ¥ is unknown. We know that the empirical covariance has the best possible Frobenius error
from the true X: O(d/vN)|| %]

In this paper, we investigate the setting when a small fraction of the initial N samples get corrupted
arbitrarily. The model is described in Def 1.1.

Definition 1.1 (Strong Contamination Model, [4]). Given a parameter 0 < e < 1/2 and a dis-
tribution family D on R?, the adversary operates as follows: The algorithm specifies a number of
samples n, and n samples are drawn from some unknown D € D. The adversary is allowed to
inspect the samples, replace up to en of them with arbitrary points. This modified set of n points is
then given as input to the algorithm. We say that a set of samples is e-corrupted if it is generated
by the above process.

We study the following problem: Given an e-corrupted set of N samples from an unknown N (0, X)
on R? compute an estimate of ¥ in Frobenius norm. There are a number of prior works that
discuss this problem but they generally require solving complex subproblems (see Section 2 for
details on other algorithms). We search for a first-order algorithm to learn the empirical covariance
by running gradient descent over some singular objective function. We utilize an approach similar
to [1], where we search for some non-convex formulation which yields a near-optimal solution for
the underlying robust estimation task.

Specifically, the goal is to find some simple function for this task such that all local optima are
global optima.



In this work, we demonstrate partial progress towards proving that the following function satisfies
such requirements:

fw)=" max  wece(M)  (Suwy — (2+ O(5*/€*)TH% Jvec(M)
| M| p=1,MeS® ’

2 Related Work

2.1 Robust Statistical Learning in High-Dimensions

Statistical learning in presence of outliers has been a relevant goal since the 1960s [5]. More recently,
sample-efficient and robust estimators were discovered [4]. These works provided robust estimators
for high-dimensional statistical learning tasks like robust mean and covariance estimation.

In recent years, many high-dimensional robust estimation problems have been reduced to optimizing
simple non-convex functions which have the property that all local minima are global minima. In
particular, recent work showed this for high dimensional robust mean estimation [2, 6]. In particular,
any stationary point of some proposed non-convex function would provide a near-optimal estimator
of the mean.

Our work is directly inspired by another work which targets robust sparse mean and PCA estimation
[1]. We describe our roadmap in a future section.

2.2 Algorithms for Robust High-dimensional Covariance Estimation

The first robust high-dimensional covariance estimator frameworks were proposed recently [4], but
shortly afterwards, faster covariance estimation algorithms were proposed [3]. This work proposes
an iterative refinement algorithm, where the bounds on the covariance estimate are slowly tightened
by repeatedly solving some robust mean estimation subproblems.

Another recent work also proposes a first-order method for solving robust covariance estimation,
although it requires solving a complex SDP to determine the gradient of the function [6]. We search
for a simpler and more direct method which is computationally simpler.

3 Desired Results

Our fundamental goal is to find a function denoted f(w) such that the following holds.

Theorem 3.1. Fiz 0 < € < €y and § > €. Let G* be a set of n samples that is (¢, )-stable as in
Definition 5.1 with respect to a d-dimensional ground-truth distribution with unknown covariance .
Denote S = (X;), a e-corrupted set of samples from G*. Let v = O(n'/26%¢73/2. If X = O(6?/e),
then for any ~y-stationary point of f(w) denoted as w, we can find ||E_1/22@7SE_1/2HF < 0(9)
where Xg x s the weighted covariance matriz as described in Section 4.1.

3.1 Roadmap

In Section 4, we will introduce notation and the necessary stability conditions on the initial un-
corrupted samples for this result to hold. In section 6, we will show that a negative objective
function value is sufficient to guarantee a good estimate of the covariance for a sufficiently large
A. In Section 7, we show partial progress towards all local minima of the objective function have a
negative objective value.



4 Preliminaries and Background

I will represent the identity matrix. For vector v, we use ||v]|o, [|v]1, ||[v||2 for the number of non-
zeros, (1,02 norms of v respectively. For matrix M, we use ||[M]|2, | M||F,tr(M) for the spectral
norm, Frobenius norm, and trace of M respectively. Matrix A is positive semidefinite if and only if
x ! Ax > 0 for all z. We write A < B if and only if B — A is PSD. We will use ® for the Kronecker
product between matrices.

We denote M” = vec(M) to be the canonical flattening of matrix M. Similarly, we denote the
matricization operation as mat(M) = M#.

4.1 Sample Reweighting Framework

We denote n as number of samples, d as the dimension, € for fraction of corrupted samples. Let G*
be the original set of n good samples. We call S = (G* — L)U B = G U B, where L is the removed
good samples which are replaced by adversarily-added bad samples B and G is the remaining good
samples. Here, |G| = (1 — ¢)n and |B| = en.

Denote the given samples in S as S = {X;},. Let ¥; = X2 for i € [n] where ® denotes the
Kronecker product. Also denote set T' = {Y;}7 ;.

Ay ¢ is the convex hull of all uniform distributions over subsets T° C [n] of size |T'| = (1 — €)n.
Specifically:

1
Ane={weR?| [wlli =1 and 0 < w; < =———Vi}

(1—¢)n
We denote weighted empirical mean and weighted empirical covariance as follows, where w € A,,
and S = {X;},.
Hp,s = 2w; X

Y5 = Ziwi(Xi — pox)(Xi — puw.x) "

Amaz(A) denotes the maximum eigenvalue of matrix A. Let w* be the uniform weight vector on
the good samples.
4.2 Initial Naive Normalization and Filtering
We first normalize all elements by Hf]”g where 3 is estimated from median of 1. X ||2:
a 1
S =) —(Xi - med(X))(X; — med(X))"
i=1

Then, remove all points which are farther than O(dlog(d)) from the coordinate-wise median. This
gives concrete bounds on || X;||2 and ||Y;||2 which are used in Section 7.

5 Stability Conditions

Definition 5.1. A set of n samples G = {X;}", is said to be (€, 0)-stable with respect to a
distribution with mean p and covariance ¥ iff for any weight vector w € Ay, 2¢, we have

1. pw,c = pll2 < O(6)



2. B — Ell2 < 0(0%/e)[|Z]|2
3 B xioxyp, = 25%s < O/ E)IZ]3

6 Any negative objective suffices

Definition 6.1 (Robust-Covariance Guarantee). Set G = {X;}I, is (A, €,0)-guaranteed w.r.t
covariance ¥ if the following holds, where Z; = A~Y2X; @ A™1/2X; and G’ = {Z;}7 -

1. || prw.r — vec(ATV2EATY2)|p < 6
2. |Su.ar — 2(A72EAT2)®2| 5 < 62 /e

This section goes about proving robust-covariance guarantee conditions on a particular normaliza-
tion of the good samples, specifically {Uec(E;}éQXiX;Z;}f)}ieg. Note that ¥, g is calculated
over the corrupted samples, while the set itself is only contains rotated good samples. Then, if
this condition holds alongside the objective function being small enough, |£~1/2%,, ¢X1/2 — [||p
is small.

Lemma 6.2 (Negative f(w) suffices). Suppose S = {X;}, is e-corrupted copy of G* C R?
which is (€, 0)-stable set. Also denote set T = {X; ® X;}' . Let w € Ay be such that f(w) =
Amaz(Sw,r — (2+ M) B5%) < 0. With X = O(82/€), this implies ||S7/25,, s571% — I||p < O(5).

Proof. Define Z; = E;L@Xi ® Z;}S/QXZ- and set Ts, ¢ = {Zi}i,-

Yur— 2+ N)E,s =20
Tieswil(Xi ® X;) — Bjeswi[X; @ X)) ((Xi ® X;) — Bjeswi[X; @ X;]) ] = (24 M) Du,s
Sieswil(Zi — Zjesw;|Zj)(Zi — Sjesw;[Z]) '] = 2+ NI
Amaz(Bieswil(Zi — SjeswiZi))(Zi — Sjesw;1Z;])T]) < 2+ A
)\max(zw,TngS) <24
The second step is due to Fact 2.
Apply Lemma 6.3. Then, we have (X, g,€, O(d + v/€))-guarantee on the set G*. Repeatedly apply

Lemma 6.6. Eventually, the guarantee condition converges to (£, g,€, O(d + eS/4\1/4)). By our
definition of A = O(6%/¢), we can claim the following from use of the robust mean certificate on set

Ty, s with respect to mean vec(2;1§222;1§2) (Lemma 2.4 from [?])

120878 — Bus) 25 ¢l r < 00)
The desired multiplicative error is at most a multiple of 2 off, by Fact 3 so
=722 = Sus) =2 r < O(5)
which gives the desired inequality:
127128, 5272 < O(9)



6.1 Initial Stability Conditions
Lemma 6.3. Suppose w € Ay c. G* is (Xy,5,€,0(0 + \/€))-guaranteed.
Proof. ¥,.s > ¥/2 from Lemma 6.4.

Yuws = 3/2 (1)

o = ¥ 1wy 1 (2)

D 3 1/2 — 1 (3)

1> |z, ss 8 — 1)), (4)

Now, apply Lemma 6.5 for (X, g, €, O(0 + 1/€))-guarantee. O

Lemma 6.4. Suppose w € Ay . Then, ¥,y 5 = ¥/2
Proof. Let o = |wg]|1 and 5 = ||wp|1. Let w = wg/a and w = wp/B. Notice that w = aw + fw.
Fact 1 states that

Su,s = a¥gs + BEss + aB(uws — has) (tws — bas)

We can assume WLOG that the original (good) samples are from a centered distribution (mean
0), so

Sus = aSicquwiXiX] + g5+ af(pws — pas)(bws — has)
Notice that aX;cqw; X; X' = (1 — O(8))%. Thus, it holds that ¥, ¢ = (1 — O(8))% = X/2. O

6.2 Recursive Iteration on Stability Conditions

Lemma 6.5. Consider S = {X;}!' , to be a e-corrupted set copy of (e, 0)-stable set G*. Suppose
HEwlS/QEZ Y2 _ I||2 < 1 where ¥ is the true covariance of distribution G* is sampled from. G* is

(6,006 + \/ ||E;15{2EE_1/2 — I||2))-guaranteed.

Proof. ¥, 5 > ¥/2 by Lemma 6.4.
Define linear operator A such that X

X 02 X = A(S2X; @ £712X;). Ais PSD and

has eigenvalues (a,a]) where ay are eigenvalues of Zwls/zﬂE 2 This is justified in Lemma 6.7.
For convenience, define apqz and apm, to be the largest and smallest eigenvalues of X | 1/ 222_1/ 2

respectively.

1/2 1/2

We are concerned with covariance for the set of Z; = ¥ ("X; ® ¥ (" X; where i € G, or set
Hy, s = {Zi}icc~. Also denote Hy, = {E_l/in ® 2_1/2X1}Zeg* Where > is the true covariance.
Then, it must hold that Yy = AV A’

We care how far eigenvalues of vaszys from 1. Notice that {X;}icq+ is (Zu+.s, €, 0)-guaranteed,
following from stability of G*.

m' Sy, ;M =1 < tmar(1+0(5°/€)) — 1
—1/2 —1/2
< ||, 14785, 2 a1+ 0(62/€) — 1
< |z, 4ex Y 1/2 —I||a 4+ O(8%/e)



This proves the second part of stability from Defn 6.1. The first part of stability follows directly.
Thus, we have (¢, 0(6 + /e[ £, 4?52, Y — I]l2))-stability. O

w,

Lemma 6.6. Suppose w € A, .. Suppose also that Amaz(Ew, 1 s) < 2+ X where set Tk, o =

{Z;},. Suppose also that (X3, €,§)-guarantee conditions on G*. Then, it is also (Xy,g,€,0(0 +
VEWE + €'/ NV))) -guaranteed.

Proof. ¥, 5 > /2 by Lemma 6.4. Apply a variant of Lemma 2.4 from [?]. Notice that fw,Ts, o =

vec(X,, 5{222;15/2) and similarly, u = vec(Z;léZZw’SZ;IS/Q).
Then,

lvee(, 4PEE,1%) — vee(S, 420 s, 402 = V2IIE, 782,17 — Ik = O + VeN).

Apply Lemma 6.5 to get desired result. O

Lemma 6.7. Suppose there is operator F(a) = vec(3,,

15221/2mat(a)21/22;1s/2). This is a linear
operator with matrix representation A = 2;15/221/2 ® 2;15{221/2 which is PSD, with eigenvalues

(kik;)~'/? where k; are eigenvalues of Z;’leZ;}SP.
Proof. Suppose we have operator B on R™"*™ — R™ where B — vec(E_l/4BE_1/4). Then,
F(a) = B(SV'8, 12V B (a)(81/12, §*81)

There is conjugate operator C' defined by M —— (21/42;713/221/4)M(21/42;,15/221/4). Therefore,
A and C have same eigenvalues, which must be (k;k;)~/2. Now, we show A is PSD and find its
matrix representation.

F(a) = vec(E;}S{QZl/Qmat(a)21/22;’15/2)
= (2;715{221/2 ® Z;}S/ZZID)Uec(mat(a))
= (2,22 0 £ 147812)q

Thus, matrix operator is A = 2;15/221/2 ® E;lé{QEl/Q. This is trivially PSD, as 3, ¢ and X are
both PSD as covariance matrices. O

7 All Local Minima are Negative

Lemma 7.1. f(w*) < —0(5%/€)||213



Proof. Note X« y = 225’3 y Therefore

where the last step holds because of the naive filtering argument provided initially. O
Lemma 7.2. All local minima w € A, ¢ of the objective function f satisfies that f(w) < 0.

Proof. We will prove this by showing that if f(w) > 0, the derivative of f((1 — t)w + tw*) with
respect to ¢t at ¢t = 0 is negative.
First, we consider f((1 —t)w + tw*). Both terms can be expanded and simplified via Fact 1:

Y(—tywttws T = (1 = )Zwr + tEw 1 + (1 — ) (fw,r — Hw* 1) (P, — /‘w*,T)—r

28 pertwr.s = (1= 8)Tus + 15w s + H(1 = 1) (1,5 — frar,8) (s — prus,5) )
= (1= 1)Tu,5 + tTur 5) 2
=(1-t)22% 44592 0 —t(1 — 1) (S5 — Dur 5)%?

At this point, there is a roadblock — we would like to show that f((1 —¢)w + tw*) < f(w) to show
that as w — wx, the objective function will always decrease for w such that f(w) > 0. However,
following the above calculations, we can only show:

(L= Dw + tw”) < (1= 1) f(w) + tf(w") + 10 = )|tz — e 7)oz — e ) + NS — Sue )%l

We must bound the 3rd term. It is still open as to how to bound this term. ]

7.1 Key Structural Lemma: Good 4th Moment Implies Good 2nd Moment
Lemma 7.3. Suppose w € A, .. Then,

S = 252 = O(1/€)((tu/T = s ) (o7 = prue7) ") — O(8%/€) |31

Proof. First, we define some notation. Given w € R%, we write wg for a vector with wg (i) = w(i)
if i € G and 0 if © € B. We define wp similarly by restricting to w to B.

Let o = ||lwg|l1 and S = ||wp|l1. Let W = wg/a and w = wp/B. Notice that w = aw + fw.

Fact 1 states that

Sur = aSgr + Bl + aB(uwr — por) Wwr — Hor)



For all vectors v € R?:
v (S — 259w = av " Sy v+ B Tarv + aB((pwr — par) v)E — 2292
> v S o — 259 lg + aB((pwr — par) 'v)?
~ aB((pwr — par) v)?

= %(5(/%,T — par) v)?

where the last approximately equals is due to stability conditions: av! Xg v & [|25%2||,.
Also,

B(uar — bwr) = Bra,r + apwr — WwT
= Ww, T — Hw,T
= (fw,r = pw*,7) + (Pwo*, 7 — Pw,T)
so we can use stability conditions to say that:
(o7 — ) 0 < || 0 — w72
< |lpw= 7 = pyll2 + lpy — pwrll2
< O0(0)%]2

We will use this, in turn, to have the following inequality:

2

(Blpar — ko) ) = (ko1 — tw 1) v+ (fw 7 — prmr) ' v)

1

> S (st = e 1) 0)* = (= prue 1) "0)?
1

> (b — o) "0)* = 00?23

2

Now we can finally prove the desired statement:

o] 2
v (Syr — 25 > 3 (5(/%,Y - Mw,T)TU>

> 1o 2% <1<<uw,T ) T0)? = o«ﬂnzu%)

€ 2
i . T.\2 2 2
> = (i = 1) 0)? = O [ZI3)
> 01/ (o = a0 iz = powe.) 0 = O@/)[SIF O

7.2 Algorithmic Results: Finding Stationary Points

We show that one can find an approximate stationary point for the suggested objective function in
a polynomial number of iterations.
Note the analysis is generally just a sketch and not optimal.

Lemma 7.4. F(w,m)=m" (Xyy — /\Eﬁ?x)m We show F(w, m) is L-Lipschitz and 3-smooth for
L = O(VNd*log*(d)), 8 = O(Nd*log*(d))



Proof. First, notice that F(w, M) = vec(M)" (Zyy — AD2% Jvec(M) = vec(M) TS, yvec(M) —

HE}L}/ iM Eiv/ i”g For notational simplicity, we can define B = X T M X. The gradient of F(w, M)

with respect to w is:
Y Twee(M)®Y Tvec(M)—2vec(M) Y wY Tvec(M)—A(2(B"T©B)w+2(3B T weBw)+4(w' Bw)B w)

Without loss of generality, we will let max || X;||2 < O(y/dlog(d)) and max||Y;|l2 < O(dlog(d))
which we can say by normalizing our samples by an estimate of ||X||2 via the median of || X;||2 and
then removing all samples which have ||Y;||2 farther than O(dlog(d)) from the origin.

VuF (w, M) < VN max || Yi[[3 + 2max [|¥;]2[[Y 2 + M|(B" © B)wllz + M| B'w ® Buwllz + Mw' BwB w2
< O(VNd?log*(d))
Thus, L = O(v/Nd?log?(d)).
The hessian of F'(w, M) with respect to w is:
—2Y Tvec(M)Y Tvec(M) — A(2(B" ® B) + gBdiag(Bw) + 12w BwB)
Thus,
IV F (w, M)]2 < O(Nd*log*(d))

So = O(Nd?log?(d))
O

Lemma 7.5. Fize. Let S = {X;}", be e-corrupted set of n = O(d?/€2) samples drawn from a
centered gaussian distribution with unknown covariance. Let Y; = X; ® X;. Consider optimiza-
tion problem minyena, . Max||7|| =1 vec(M) " (Zyy — )\ES?X)vec(M). After O(d®/€?) iterations,
projected subgradient descent will output w € Ay, ¢ such that | S71/28,, xX 72 1| < O(elog(1/e))

Proof. We showed previously that v = —O(n!/2§2e3/2).
From Lemma 7.4, L = O(v/Nd?log?(d)), 8 = O(Nd?log?(d)). Also note that

B = f(wo) — min f(w) < fs(wo) < f(wo) < [|Zw,y |3 < O(d?)
Therefore, by Lemma C.4 of [1], the iteration count is 7' > O(BBL?/y*) = O(d®/€?) to guarantee
that ||V f5(w)]l2 < 7. .
8 Ongoing and Future Work

In the future, we will continue trying to resolve the gaps in the proof of Section 7. There also
may be a simpler formulation of the objective function which could lead to a less complex proof in
Section 6. We have some initial work into such a simpler formulation via theorems in 1-dimensions
— it remains to prove these theorems in the high-dimensional setting.
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A List of Facts

Fact 1. Fizn samples X1,...,X, € R% in set S. Let w,w € R? be two non-negative weight vectors
with ||wl||2 = ||w||2 = 1. Then, Va, B > 0 where a+ B =1, the following holds with w = oaw + fw

Sus = aSus + B85 + aB(uw,s — o) (lw,s — Ha,s)

Fact 2. (A® B)(C ® D) = (AC) ® (BD).

Fact 3. Suppose 6 < 1 and A, B positive semidefinite. Then, |A=Y2BA=Y2 — I||p < § implies
|B=Y2AB~Y2 — I||p < 26.
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