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Chapter 1

Introduction

Semidefinite programming (SDP) is an optimization technique for optimizing a linear function, subject to the con-

straint that an affine combination of symmetric matrices involving decision variables must be positive semidefinite

(PSD) [12]. It generalizes linear programming (LP) and convex quadratic programming (QP) by incorporating

constraints beyond linear inequalities. In LP, optimization is performed over a polyhedral feasible region defined

by linear inequalities, and the variables are vectors constrained elementwise. In convex QP, optimization involves

a quadratic objective function with linear constraints, but the feasible region remains restricted to vector decision

variables.

SDP extends these frameworks by allowing matrix variables and PSD constraints on those matrices. Instead

of elementwise scalar inequalities, SDP uses matrix inequalities, where the solution must lie in the cone of PSD

matrices. This flexibility has led to its use across various fields, including control theory [13], where SDP is used

in the context of linear matrix inequalities, and quantum mechanics [14], where it plays a role in quantum state

estimation and error correction.

A significant strength of SDP is that it can be efficiently solved using interior point methods [10]. As a result, in

many instances, by transforming discrete constraints into convex ones, we can relax many intractable combinatorial

optimization problems into SDP problems for an approximate solution. A seminal application of SDP relaxation for

combinatorial optimization problems was demonstrated by Goemans and Williamson [5] for the Max-Cut problem

in 1994. The Max-Cut problem involves partitioning the vertices of a graph G “ pV,Eq into two disjoint sets

pS, V zSq to maximize the cut,

δpSq :“
ÿ

pu,vqPE

|1uPS ´ 1vPS |,

defined as the sum of the weights of edges crossing the partition. Goemans and Williamson introduced a 0.878-

approximation algorithm by solving an SDP relaxation. They then used a randomized hyperplane rounding tech-

nique to obtain a feasible cut/integer solution from the relaxed solution. While the method is effective, this

probabilistic method introduces randomness.

Recently, Felzenszwalb et al. [3] introduced a deterministic rounding method based on a fixed point iteration

process. This process repeatedly applies a linear transformation T over a convex and compact domain. They show

that limit points of the resulting sequence generated by iteratively applying T are fixed points of T . A special

case of the map is when it is taken over the elliptope. In this context, these attractive fixed points correspond to

its vertices, which represent the integer solutions to the Max-Cut problem. This deterministic approach offers an

alternative to randomized rounding.

Building on their deterministic rounding method, Felzenszwalb et al. [4] applied the fixed-point iteration
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process for a novel clustering algorithm via an SDP relaxation of the Max-k-Cut problem. They demonstrate that

the vertices of the Max-k-Cut relaxation corresponds to partitions of the data into at most k clusters. Additionally,

these vertices are again the attractive fixed points of the iterative process. They suggest, through experiments, that

the fixed-point iteration for rounding the SDP relaxation yields better clustering results compared to randomized

rounding.

Despite the experimental success (see e.g., [4]) of the fixed-point iteration method, an understanding of its

dynamics remains limited. Beyond the general fact that limit points must be fixed points, much less is known

about the necessary conditions for convergence, the geometry and organization of the fixed point set itself, and

how the iteration is constrained by the structure of the feasible region. Alongside general guarantees for arbitrary

compact convex domains, our main focus is the elliptope, where we analyze how its geometry and symmetries

organize the fixed points of the iteration.

In this thesis, we aim to address these gaps by studying the geometry of the elliptope and how its symmetries

interact with the iterative map T . Our main objectives are:

• To analyze the fixed points of the iterative transformation T on the elliptope, with a focus on how symmetries

influence these fixed points;

• To classify the symmetries of the elliptope, drawing parallels to the symmetries of the cut polytope as studied

by Deza et al. [2], and to understand the implications of these symmetries for the iterative process;

• To investigate the dynamics of iterated linear optimization.

1.1 Contributions

Our main contributions are as follows:

1. We introduce a related single-valued variant T 1 by selecting the minimizer of the L2 norm within the image

of T . We prove that the fixed points of T and T 1 coincide, simplifying the analysis of the iterative process;

2. We show that T pT 1q is LinSymp∆q-equivariant for the group of symmetries LinSymp∆q (Proposition 2.2.3),

and demonstrate that the property of being fixed by a symmetry f P LinSymp∆q is a loop invariant under

iteration of T pT 1q;

3. We provide an alternative proof of the classification of the symmetries of the n-elliptope for n ‰ 4 (Theo-

rem 3.1.7) by showing that its symmetry group is equivalent to that of the n-cut-polytope;

4. We establish a bijection between irreducible fixed points of different ranks (Proposition 3.3.8), demonstrating

that the same symmetries fix them and are geometrically related to each other as antipodal points on the

boundary of the elliptope (Proposition 3.3.12);

5. Using Fourier analysis, we investigate circulant matrices and show that for these matrices, the iterative map

T 1 converges to a fixed point in a single iteration (Proposition 3.4.4).



Chapter 2

Iterated Linear Optimization

2.1 The Fixed Point Iteration Process

In this section, we outline the fixed point iteration process as described by Felzenszwalb et al. [3] and introduce an

alternative but related single-valued map.

We work in a compact and convex domain ∆ Ă H in some arbitrary Hilbert space H over R. The map

T : ∆ Ñ Pp∆q is defined by maximizing the inner product with the input over ∆:

T pxq :“ argmax
yP∆

xx, yy.

Here, T pxq is set-valued because multiple elements can maximize the inner product. For example, taking ∆ to be

the unit disk in R2, T pOq “ ∆ where O denotes the origin. Furthermore, it is nonempty since the inner product

is a continuous function and the Extreme Value Theorem implies the attainment of the supremum in the compact

domain ∆.

The fixed point iteration is then defined as

xi`1 P T pxiq,

which generates a sequence of points

txnunPN.

Each step of the iteration, xi`1 P T pxiq, involves selecting an arbitrary element of T pxiq. To remove the inherent

ambiguity in selecting an element from T pxiq, we propose selecting the minimizer of the norm induced by the inner

product. To show that the approach is well-defined, we show that the norm minimizer must be unique.

We first demonstrate that T pxq is a compact and convex set for any x P ∆.

Lemma 2.1.1. T pxq is compact and convex.

Proof. We first show that T pxq is convex. For any y, z P T pxq, there exists c P R such that c “ xx, yy “ xx, zy. For

any t P r0, 1s, convexity of ∆ implies that ty ` p1 ´ tqz P ∆. Furthermore,

xx, ty ` p1 ´ tqzy “ txx, yy ` p1 ´ tqxx, zy

“ tc` p1 ´ tqc

“ c.

Hence, ty ` p1 ´ tqz P T pxq, proving T pxq is convex.
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We now show that T pxq is compact. It suffices to show closedness, since a closed subset of a compact set is

compact. To show that T pxq is closed, let tyiuiPN be a sequence in T pxq converging to y P H. By compactness of

∆, y P ∆. Because fxpzq :“ xx, zy is continuous, we know that the sequence txx, yiyuiPN converges to xx, yy. Given

xx, yiy “ c for all i, it follows xx, yy “ c. Thus, y P T pxq, showing that T pxq is closed.

By the Hilbert Projection Theorem, we know that T pxq has a unique norm minimizer. Therefore, we have the

following well-defined map T 1 : ∆ Ñ ∆ defined as follows:

T 1pxq :“ argmin
yPT pxq

}y}2.

Our goal is to analyze the fixed points of T . As we show, the fixed points of T and T 1 are the same.

Proposition 2.1.2. The fixed points of T and T 1 coincide.

Proof. By definition, the set of fixed points of T 1 is a subset of the set of fixed points of T since x “ T 1pxq P T pxq.

For the other inclusion, let x P T pxq be a fixed point of T . Let y “ T 1pxq. Because

xx, yy “ xx, xy,

then

0 ď }y ´ x}2

“ }y}2 ´ 2xx, yy ` }x}2

“ }y}2 ´ }x}2,

implying }x}2 ď }y}2. Since y is the unique norm minimizer, we conclude x “ y as desired.

2.2 Symmetries and Equivariance

This section studies how symmetries of the domain ∆ interact with iterating the maps T and T 1. In particular, we

show that T pT 1q preserves the set of fixed points of any symmetry. In other words, if we start our iteration at a

point that is unchanged by a symmetry (a “fixed point” of the symmetry), then the iteration will remain within

the set of such points. This constitutes a loop invariant. We will also show that symmetries preserve the set of

fixed points of T pT 1q, generalizing to the notion of equivariant maps.

Define Symp∆q as the group of symmetries of ∆, consisting of isometries of H that preserve ∆. The symmetries

are affine by the Mazur-Ulam Theorem [8]. For our purposes, we focus on the subgroup LinSymp∆q of linear

isometries that preserve ∆.

A point x is a fixed point of a symmetry f if fpxq “ x. It is important to distinguish between these fixed points

of the symmetry f and the fixed points of the iterative maps T and T 1 that we are ultimately interested in.

The linearity of f implies that the origin is a fixed point of f . This means that the norm is preserved since f

is an isometry. This further implies that the inner product is preserved:

xx, yy “ xfpxq, fpyqy

for every x, y P V .

We now show that the maps T and T 1 are LinSymp∆q-equivariant.

Definition 2.2.1 (G-set). Let G be a group. A G-set is a pair pX, ¨q consisting of a set X and a group action

¨ : GˆX Ñ X such that for all x P X the following hold:
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1. e ¨ x “ x where e P G is the identity element (Identity)

2. pghq ¨ x “ g ¨ ph ¨ xq for all g, h P G (Compatibility)

Definition 2.2.2 (Equivariance). Let G be a group and pX, ¨Xq, pY, ¨Y q be G-sets. A function f : X Ñ Y is said

to be G-equivariant if for every g P G and every x P X,

fpg ¨X xq “ g ¨Y fpxq.

To simplify notation, we may omit the subscripts and, where the context is clear, the group action symbol entirely,

writing fpgxq “ gfpxq.

Proposition 2.2.3. T and T 1 are LinSymp∆q-equivariant.

Proof. Let f P LinSymp∆q. As an isometry, f is invertible. It suffices to show T “ f´1 ˝T ˝f and T 1 “ f´1 ˝T 1 ˝f .

We start by showing that

f

˜

argmax
yP∆

xx, yy

¸

“ argmax
yP∆

xx, f´1pyqy.

There exists a constant c P R such that for any z P argmaxyP∆xx, yy, we have xx, zy “ c. Clearly fpzq is a maximizer

of xx, f´1pyqy, since c “ xx, zy “ xx, f´1pfpzqqy. This implies that f
´

argmaxyP∆xx, yy

¯

Ă argmaxyP∆xx, f´1pyqy

Similarly, letting z be the maximizer of xx, f´1pyqy, we see that f´1pzq is the maximizer of xx, yy, implying that

f
´

argmaxyP∆xx, yy

¯

Ą argmaxyP∆xx, f´1pyqy.

We now observe that because inner product is preserved by f ,

xx, f´1pyqy “ xfpxq, fpf´1pyqqy “ xfpxq, yy

for every x, y P ∆.

Thus, f and T commute as follows:

fpT pxqq “ f

˜

argmax
yP∆

xx, yy

¸

“ argmax
yP∆

xx, f´1pyqy “ argmax
yP∆

xfpxq, yy “ T pfpxqq.

Since f preserves the norm, we know that fpT 1pxqq is the element of smallest norm in the set fpT pxqq. Similarly,

T 1pfpxqq is the element of smallest norm in T pfpxqq. Then fpT pxqq “ T pfpxqq implies that fpT 1pxqq “ T 1pfpxqq.

Thus, T and T 1 are LinSymp∆q-equivariant.

Given that the operators f and T pT 1q commute, we can iteratively apply commutations between f and T pT 1q.

Corollary 2.2.4. T k “ f´1 ˝ T k ˝ f and T 1k “ f´1 ˝ T 1k ˝ f for any k P N.

As illustrated in Figure 2.1, the functions f and T k commute, meaning T kpxq “ f´1 ˝ T k ˝ fpxq for any k P N.

This implies that iterating from x is equivalent to iterating from fpxq or f´1pxq, followed by applying f´1 or f

respectively.

x1 x2 ¨ ¨ ¨ xk´1 xk

fpx1q fpx2q ¨ ¨ ¨ fpxk´1q fpxkq

T

f

T

f

T T

f f

T T T T

Figure 2.1: Commutative diagram illustrating the interaction between f and T k.
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Corollary 2.2.5. If f P LinSymp∆q and x P ∆ is a fixed point of f , then T 1pxq is also a fixed point of f .

Proof. This result follows directly from the commutativity of f and T 1:

T 1pxq “ T 1pfpxqq “ fpT 1pxqq.

Because T 1pxq P T pxq, it follows that fixed points of f are also preserved under T . In other words, if x “ fpxq,

then there exists y P T pxq such that y “ fpyq. Specifically, y “ T 1pxq P T pxq.

The significance of Corollary 2.2.5 becomes apparent when we consider the iterative sequence generated by T 1.

If we start with a fixed point of f , x0, then the corollary implies xk “ T 1kpx0q remains a fixed point of f by

induction.

Consequently, the property of “being a fixed point of f” is maintained throughout the iterative process under

T 1, provided we begin at such a point. In the language of iterative algorithms, we can say that “the property of

being a fixed point of f is a loop invariant for the iterative process under T 1, when initialized at a fixed point of

f .”

This loop invariant perspective is insightful because it tells us that if we initiate our iteration within the set of

fixed points of f , the entire trajectory under repeated application of T 1 will be confined to this set. This simplifies

the analysis of the iterative dynamics in certain contexts. We will see an application of this principle in Section 3.4.

The symmetries also preserve the attractiveness of fixed points of T pT 1q. We use the following definition of

attractive fixed points as given in [3].

Definition 2.2.6. (Attractive fixed point) Let x be a fixed point of T . Then x is attractive if there exists ϵ ą 0

such that for any x0 in an ϵ-neighborhood of x, x0 iterates to x.

Definition 2.2.7. (Non-attractive fixed point) Let x be a fixed point of T . Then x is non-attractive if it is not an

attractive fixed point.

Lemma 2.2.8. If f P LinSymp∆q, then x is a fixed point of T pT 1q if and only if fpxq is a fixed point of T pT 1q.

Proof. It suffices to prove both statements in one direction because f´1 P LinSymp∆q. By applying f to both

sides, fpxq “ T 1pxq. Then by Proposition 2.2.3, fpxq “ T 1pfpxqq, meaning fpxq is a fixed point of T pT 1q.

Corollary 2.2.9. If f P LinSymp∆q and x is a fixed point of T pT 1q, then x and fpxq share the same attractiveness.

Proof. By Lemma 2.2.8, fpxq is a fixed point of T pT 1q. To show that x and fpxq share the same attractiveness, it

suffices to show that the behavior of points in a small enough neighborhood of x and fpxq are the same.

Let Npx, ϵq be the intersection of an ϵ-ball around x and ∆. We know that Npfpxq, ϵq “ fpNpx, ϵqq. Now,

let txiu be a sequence generated from x0 P Npx, ϵq such that xi`1 P T pxiq. Then tyiu “ tfpxiqu is a possible

sequence generated from fpx0q P Npfpxq, ϵq such that yi`1 P T pyiq. This is because xk P T kpx0q if and only if

fpxkq P T kpfpx0qq by Corollary 2.2.4.

Thus, all sequences starting in neighborhoods of x and fpxq have the same behavior in terms of their distances

to x and fpxq, respectively.



Chapter 3

Iterated Linear Optimization on the

Elliptope

For the remainder of this thesis, we turn our attention to the fixed point iteration process applied to the Goemans-

Williamson algorithm [5, 3]. To facilitate this analysis, we will focus our study on the elliptope. The elliptope

is a geometric object of interest due to its role in SDP relaxations of combinatorial optimization problems (e.g.,

[5, 6]). Within this context of the Goemans-Williamson algorithm and the elliptope, we will further investigate the

properties of fixed points and the dynamics of the fixed point iteration process.

The Max-Cut problem is a canonical example of SDP relaxation. Consider an undirected graph G “ pV,Eq

with n vertices and nonnegative edge weights wij ě 0. The Max-Cut problem seeks a partition S Ă V, V zS such

that the sum of the weights between the partitions is maximized. Formally,

maximize
1

4

ÿ

i,j

wijp1 ´ xixjq subject to xi P t´1,`1u. (3.1)

The value of xi correspond to the partitions, i.e., S “ ti P rns : xi “ 1u and V zS “ ti P rns : xi “ ´1u.

Definition 3.0.1. (Sn) Let Sn Ă Rnˆn denote the set of nˆ n symmetric matrices.

The space Sn, equipped with the Frobenius inner product, forms an npn`1q

2 -dimensional Hilbert space.

Definition 3.0.2. (Elliptope) The n-elliptope, denoted Ln, is the set of nˆn positive semidefinite (PSD) matrices

with unit diagonal elements:

Ln :“ tX P Sn : X ľ 0, Xii “ 1 @i P t1, . . . , nuu.

The elliptope is an
`

n
2

˘

-dimensional convex subset of Sn. The elements of the elliptope are called correlation

matrices.

The Max-Cut problem is NP-hard. The Goemans-Williamson (GW) algorithm circumvents this difficulty by

relaxing the discrete constraints to continuous ones. Instead of scalar variables xi P t´1,`1u, the algorithm

associates a unit vector vi P Rn with each vertex i P V . This transforms the integer quadratic program into a

vector optimization problem:

maximize
1

4

ÿ

i,j

wijp1 ´ xvi, vjyq subject to vi P Rn, |vi| “ 1. (3.2)

There is a natural correspondence between the set of these unit vectors and the set of correlation matrices. Specif-

ically, by defining the Gram matrix X such that Xij “ xvi, vjy, we can equivalently formulate this problem as an

7
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SDP over the elliptope, i.e.,

maximize xX,´W y subject to X P Ln. (3.3)

The corresponding SDP can be solved to arbitrary precision in polynomial time. The final discrete partition is

then obtained by randomly sampling a normal vector n uniformly on the unit sphere, and then partitioning by

S “ ti P rns : xn, viy ě 0y and V zS.

Felzenszwalb et al. [3] suggest an alternative rounding method using the fixed point iteration with T . This

motivates the study of the dynamics of the iteration.

The remainder of this chapter is organized as follows. In Section 3.1, we classify the linear symmetries of the

elliptope and discuss their relationship to the cut polytope. Section 3.2 defines and characterizes the fixed points

of the elliptope. In Section 3.3, we establish a bijection between irreducible fixed points of different ranks. Finally,

Section 3.4 investigates the dynamics of the iteration on circulant symmetric matrices.

3.1 Symmetries of the Elliptope

We begin by studying the symmetries of the elliptope through a closely related object, the cut polytope.

The cut polytope represents the convex hull of all cut vectors (or cut matrices) corresponding to all possible

bipartitions (cuts) of a graph. Hence, it is the feasible region of the Max-Cut problem. Moreover, its extreme

points are its vertices, corresponding to an incidence vector of a cut. The elliptope serves as a convex relaxation

of the cut polytope and forms the feasible region for the SDP relaxation of the Max-Cut problem. Understanding

the geometric and algebraic properties of the elliptope is essential for analyzing SDP relaxations and providing

theoretical guarantees for related algorithms.

Deza et al. [2] conducted an extensive study on the symmetries of the cut polytope and its relatives, including

the equicut polytope, k-cut polytope, and the Boolean quadric polytope.

Tropp [11] explored the geometric aspects of the elliptope in his study of the simplicial faces of the set of corre-

lation matrices. He demonstrated that the elliptope approximates the cut polytope and the conditions under which

sets of vertices of the elliptope generate simplicial faces. This further highlights how the elliptope approximates

the cut polytope. Given these close relationships and the importance of symmetries in understanding geometric

structures, it is natural to study the symmetries of the elliptope.

While the linear symmetries of the elliptope have been fully characterized by Li and Pierce [7] using operator

theory, we present an alternative derivation. Our proof leverages the geometric relationship between the elliptope

and the cut polytope. Unlike the operator-theoretic approach, our method relies on the symmetries of the underlying

combinatorial polytope. Consequently, our proof is unable to resolve the specific case of n “ 4, where the cut

polytope possesses additional symmetries that do not extend to the elliptope. However, this approach offers a

distinct geometric perspective that reinforces the structural connection between the relaxation and the original

problem.

We first observe that the group of symmetries of Ln is finite.

Lemma 3.1.1. LinSympLnq is finite.

Proof. By Lemma 2.2.8, the linear symmetries of Ln map fixed points of T to fixed points of T . Additionally,

linear symmetries map attractive fixed points to attractive fixed points by Corollary 2.2.9. The attractive fixed

points are precisely the vertices of Ln (Theorem 20 in [3]), of which there are 2n´1 (Theorem 2.5 in [6]).

Since the symmetries are uniquely defined by how they permute the vertices, | LinSympLnq| ď p2n´1q!.
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Elements of Ln can be interpreted as Gram matrices. Let X P Ln and M P Rnˆk such that X “ MMT . The

n rows of M , denoted m1, . . . ,mn, can be viewed as unit vectors in Rk such that Xij “ xmi,mjy.

Symmetries of the elliptope must preserve the relative placement of these vectors. This includes the vertices,

which correspond to a bipartition of t1, . . . , nu. Naturally, one can permute elements within each partition and swap

any two elements between the partitions without altering the overall structure of the partitions. These operations

are represented by conjugation with permutation and signature matrices, respectively.

We begin by showing that conjugations by signed permutation matrices induce linear symmetries of the elliptope.

We then prove that these signed permutation matrices fully characterize all linear symmetries when n ‰ 4.

Lemma 3.1.2. Let A be a signed permutation matrix. Then the transformation defined by

fpXq “ AXAT

for all X P Ln is an element of LinSympLnq.

Proof. Because f is a linear isometry if and only if the inner product is preserved, to show that f P LinSympLnq,

it suffices to show that f preserves the inner product and maps Ln to itself. For any X,Y P Sn, we observe that

xfpXq, fpY qy “ trpfpXqT fpY qq

“ tr

ˆ

´

AXAT
¯T ´

AY AT
¯

˙

“ tr
´

XTY
¯

“ xX,Y y.

Thus, the inner product is preserved.

Now, consider a correlation matrix X. We want to show that fpXq is also a correlation matrix, i.e., a PSD

matrix with unit diagonal entries. Because X is PSD, for any v P Rn,

vTXv ě 0.

Observe that since w “ AT v P Rn,

vT fpXqv “ vTAXAT v “ pAT vqTXpAT vq “ wXwT ě 0.

Thus, fpXq is PSD.

Finally, conjugation by signature matrices leaves the diagonal entries of X, meaning fpXq also has unit diagonal

entries. Therefore, f P LinSympLnq.

The set of signed permutation matrices is the Coxeter group Bn. For any A P Bn, there exists a signature

matrix D and permutation matrix P such that A “ DP . Given the correspondence between the groups Bn and

LinSympLnq, we define the homomorphism

ψ : Bn Ñ LinSympLnq.

To see that this is a homomorphism, it suffices to show that

ψpABq “ ψpAq ˝ ψpBq
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for all A,B P Bn. This follows from the fact that

ψpABqpXq “ pABqXpABqT

“ ApBXBT qAT

“ ApψpBqpXqqAT

“ ψpAq ˝ ψpBqpXq

for every X P Sn.

We now observe that ψ is not injective because for any A P Bn, conjugation by A and ´A result in the same

transformations. To make our homomorphism injective, we can quotient Bn by kerpψq and instead consider the

homomorphism

ϕ : Bn{ kerpψq Ñ LinSympLnq.

We claim that the kernel of ψ is x´Iy, the cyclic subgroup generated by ´I.

Lemma 3.1.3. kerpψq “ x´Iy.

Proof. Suppose A P Bn such that AXAT “ X for all X P Sympnq. In other words, ψpAq is the identity transfor-

mation. Clearly, if A “ ˘I, then ψpAq is the identity transformation. Because A is a signed permutation matrix,

there exists a signature matrix D and permutation matrix P such that A “ DP .

Let J be the all-ones matrix. Notice that permuting any of the rows or columns of J leaves it unchanged,

meaning J “ PJPT . Since J “ AJAT , then

J “ AJAT “ DpPJPT qDT “ DJDT .

Suppose that D ‰ ˘I. Then there exists i, j such that Dii “ 1 and Djj “ ´1. This implies that pDJDT qij “ ´1,

meaning J ‰ DJDT . Thus, D “ ˘I, implying that A “ ˘P for some permutation matrix P .

Now let X be the diagonal matrix such that Xii “ i. Because

X “ AXAT “ p˘P qXp˘PT q “ PXPT ,

if some row and column i are permuted, then pPXPT qii ‰ i. Hence, it must be that P “ I. Therefore, kerpψq “

x´Iy.

By Lemma 3.1.3, it is immediately clear that the quotient map,

ϕ : Bn{x´Iy Ñ LinSympLnq,

is an injective homomorphism. This implies that

Bn{x´Iy – ϕpBn{x´Iyq Ă LinSympLnq.

As Tropp showed, the elliptope can be thought of as an approximate cut polytope sharing low-dimensional

simplicial faces [11]. Perhaps, unsurprisingly then, the elliptope and cut polytope share the same symmetries. We

first show that

LinSympLnq Ă LinSympCutnq

where Cutn Ă Rpn
2q is the cut polytope.
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Definition 3.1.4. (Cut polytope) Let c P t˘1un be an n-dimensional cut vector and ccT be an n-dimensional cut

matrix. The n-cut polytope is the convex hull of all possible cut matrices:

Cutn :“ convtccT : c P t˘1unu.

Lemma 3.1.5. LinSympLnq Ă LinSympCutnq.

Proof. The vertices of the cut polytope and the elliptope are the same. Since the cut polytope is the convex hull of

the vertices and the elliptope is a convex object containing the vertices, the cut polytope is a subset of the elliptope.

Let f P LinSympLnq. We know that fpLnq “ Ln. We want to show that fpCutnq “ Cutn. Let V “ tV1, . . . , Vmu

be the vertices of Cutn (and consequently Ln) where m “ 2n´1. Any element W P Cutn is a convex combination

of Vi’s:

W “

m
ÿ

i“1

λiVi

where
řm

i“1 λi “ 1 and λi ě 0. Since f is a linear transformation, it preserves convex combinations. This means

that

fpW q “

m
ÿ

i“1

λifpViq.

Since f maps vertices to vertices, we have that fpW q P Cutn is a convex combination of the vertices. It follows

that f must map Cutn to itself. Hence, LinSympLnq Ă LinSympCutnq.

By Lemma 3.1.3 and 3.1.5, we have that

Bn{x´Iy – ϕpBn{x´Iyq Ă LinSympLnq Ă LinSympCutnq.

The Coxeter group Bn has cardinality 2nn!, so the subgroup Bn{x´Iy has 2n´1n! elements. Notably, the set

LinSympCutnq also contains 2n´1n! elements when n ‰ 4 ([2]).

Theorem 3.1.6. (Theorem 2.6. and 2.8. in [2])

1. For n ‰ 4, | LinSympCutnq| “ 2n´1n!.

2. For n “ 4, | LinSympCutnq| “ 2p4!q2 ą 234!.

Therefore, when n ‰ 4, we know the group of linear symmetries of the elliptope is isomorphic to Bn{x´Iy.

Theorem 3.1.7. For n ‰ 4,

LinSympLnq – Bn{x´Iy.

When n “ 4, L4 has at least |B4{x´Iy| “ 234! “ 192 symmetries and at most 2p4!q2 “ 1152 symmetries. As Li

and Pierce [7] show, the isomorphism holds true for n “ 4.

Theorem 3.1.8 (Theorem 1.1 of [7]). For n ě 2,

LinSympLnq – Bn{x´Iy.

Given that we have an explicit formula for the linear symmetries, we can establish the following results:

Observation 3.1.9. The linear symmetries of Ln preserve eigenvalues.
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Proof. Let f P LinSympLnq and X P Ln. There exists A P Bn such that fpXq “ AXAT for all X P Ln. Also,

there exists a diagonal matrix Λ and an orthogonal matrix U such that X “ UΛUT . We observe that the diagonal

entries of Λ are precisely the eigenvalues of X. Since

fpXq “ AUΛpAUqT ,

where AU P Opnq, then the diagonal entries of Λ are also the eigenvalues of fpXq. Thus, f preserves eigenvalues.

Corollary 3.1.10. Linear symmetries of Ln preserve rank.

Proof. Because the eigenvalues are preserved, the rank is preserved.

3.2 Fixed Points of the Elliptope

3.2.1 Definitions and Properties

Define λipMq as the ith eigenvalue of M in descending order.

Definition 3.2.1. Define π : tX P Sn : diagpXq “ Iu Ñ BLn Y tIu as:

π : M ÞÑ

$

’

&

’

%

I ` 1
1´λnpMq

pM ´ Iq if M ‰ I,

I otherwise.

One can check the well-definedness of the map. Certainly, the diagonal entries are all ones. To check that πpMq

is PSD, it suffices to observe that the eigenvalues of πpMq are precisely p1 ` λi´1
1´λn

q with eigenvectors v where v is

the eigenvector of λi as an eigenvalue of M . Since the eigenvalues are nonnegative, we conclude that πpMq P Ln.

We now check that πpMq P BLn for M ‰ I. Recall that a correlation matrix M has full rank if and only if it is

in the interior of the elliptope. Consequently, the condition λnpMq “ 0 characterizes matrices M on the boundary

of the elliptope. For M ‰ I, the map π provides a projection of M onto the boundary of the elliptope. This

projection is linear, occurring along the ray emanating from the centroid I of the elliptope and passing through M .

Specifically, πpMq is constructed to force the smallest eigenvalue of πpMq to be zero, thereby guaranteeing that it

lies on the boundary.

The fixed points of the n-elliptope can have arbitrary rank k P rns. When k “ n, it is clear that the only fixed

point is the identity matrix. It is unique because all other fixed points must lie on the boundary since, if M ‰ I is

a fixed point in the interior, then πpMq ‰ M and

xπpMq,My ą xM,My.

The rank one fixed points are precisely the vertices [6].

Apart from the attractiveness of fixed points, we are interested in its reducibility. A reducible fixed point, up

to a permutation of its rows and columns, can be viewed as a block diagonal matrix, where each block corresponds

to a fixed point of an elliptope of a lower dimension. Therefore, understanding the irreducible fixed points provides

the fundamental building blocks for characterizing all fixed points of the n-elliptope.

Definition 3.2.2. (Irreducible matrix) An n ˆ n matrix M is irreducible if there does not exist a partition of

t1, . . . , nu into two nonempty sets A and B such that Mij “ 0 for every i P A and j P B.
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3.2.2 Examples in Low Dimensions

Example 3.2.3. (Fixed Points of L3 [3]) Elements of the 3-elliptope are correlation matrices in the form

¨

˚

˚

˝

1 x y

x 1 z

y z 1

˛

‹

‹

‚

,

where x, y, z P r´1, 1s. This set can be visualized as a subset of R3 through the coordinates px, y, zq. The 3-elliptope

is characterized by the inequality

x2 ` y2 ` z2 ´ 2xyz ´ 1 ď 0

for x, y, z P r´1, 1s [9]. Figure 3.1 illustrates L3 and its fixed points. These fixed points are categorized as follows:

Rank 1 Irreducible Fixed Points (Vertices): There are four such points:

¨

˚

˚

˝

1 1 1

1 1 1

1 1 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 ´1 1

´1 1 ´1

1 ´1 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 1 ´1

1 1 ´1

´1 ´1 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 ´1 ´1

´1 1 1

´1 1 1

˛

‹

‹

‚

.

Rank 2 Irreducible Fixed Points: There are four such points:

¨

˚

˚

˝

1 ´ 1
2 ´ 1

2

´ 1
2 1 ´ 1

2

´ 1
2 ´ 1

2 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 1
2 ´ 1

2
1
2 1 1

2

´ 1
2

1
2 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 ´ 1
2

1
2

´ 1
2 1 1

2
1
2

1
2 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 1
2

1
2

1
2 1 ´ 1

2
1
2 ´ 1

2 1

˛

‹

‹

‚

.

Rank 2 Reducible Fixed Points: There are six such points:

¨

˚

˚

˝

1 1 0

1 1 0

0 0 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 ´1 0

´1 1 0

0 0 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 0 1

0 1 0

1 0 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 0 ´1

0 1 0

´1 0 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 0 0

0 1 1

0 1 1

˛

‹

‹

‚

,

¨

˚

˚

˝

1 0 0

0 1 ´1

0 ´1 1

˛

‹

‹

‚

.

Figure 3.1: 3-Elliptope Surface with Fixed Points. Vertices are red, rank 2 irreducible fixed points are blue, and
rank 2 reducible fixed points are green.

The 24 symmetries of L3 specified in Theorem 3.1.7 are a mixture of rotations and reflections. The symmetries
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can be decomposed into permutation and signature matrices. The six permutation matrices are

P1 “

¨

˚

˚

˝

1 0 0

0 1 0

0 0 1

˛

‹

‹

‚

, P2 “

¨

˚

˚

˝

1 0 0

0 0 1

0 1 0

˛

‹

‹

‚

, P3 “

¨

˚

˚

˝

0 1 0

1 0 0

0 0 1

˛

‹

‹

‚

,

P4 “

¨

˚

˚

˝

0 1 0

0 0 1

1 0 0

˛

‹

‹

‚

, P5 “

¨

˚

˚

˝

0 0 1

1 0 0

0 1 0

˛

‹

‹

‚

, P6 “

¨

˚

˚

˝

0 0 1

0 1 0

1 0 0

˛

‹

‹

‚

,

and the four signature matrices are

S1 “

¨

˚

˚

˝

1 0 0

0 1 0

0 0 1

˛

‹

‹

‚

, S2 “

¨

˚

˚

˝

1 0 0

0 ´1 0

0 0 1

˛

‹

‹

‚

S3 “

¨

˚

˚

˝

1 0 0

0 1 0

0 0 ´1

˛

‹

‹

‚

, S4 “

¨

˚

˚

˝

1 0 0

0 ´1 0

0 0 ´1

˛

‹

‹

‚

.

Then an arbitrary signed permutation matrix is of the form SiPj for i P r4s and j P r6s. In addition to Ln being

a LinSympLnq-set, the set of (ir)reducible fixed points of rank k form a LinSympLnq-set. Since the number of

fixed points of each type (vertices, rank 2 irreducible, rank 2 reducible) is fewer than the order of the symmetry

group, and the action of the symmetry group is transitive on each of these sets of fixed points, it follows from the

Orbit-Stabilizer Theorem that the stabilizer of each fixed point must be nontrivial. These stabilizers are detailed

in Tables A.1, A.2, and A.3 for the vertices, rank 2 irreducible fixed points, and rank 2 reducible fixed points,

respectively.

A natural question to consider is whether the set of fixed points of the elliptope is discrete. Felzenszwalb et al.

[3] demonstrate this is not always the case by providing an uncountable family of rank 2 fixed points in L4.

Example 3.2.4. (Fixed Points of L4 [3]) In the 4-elliptope, the following matrix is a fixed point for any value of

c P r´1, 1s:

Xpcq “

¨

˚

˚

˚

˚

˚

˝

1 ´
?

1 ´ c2 0 c

´
?

1 ´ c2 1 ´c 0

0 ´c 1 ´
?

1 ´ c2

c 0 ´
?

1 ´ c2 1

˛

‹

‹

‹

‹

‹

‚

.

Given this uncountable family, one may ask which nontrivial symmetries stabilize these fixed points, or if any

such nontrivial symmetries exist. The answer is that nontrivial stabilizers do exist and depend on the specific

value of c. For instance, if c “ 0.5, one can check for symmetries that leave Xp0.5q unchanged under the action of

LinSymp∆q. One such symmetry is:
¨

˚

˚

˚

˚

˚

˝

0 1 0 0

1 0 0 0

0 0 0 ´1

0 0 ´1 0

˛

‹

‹

‹

‹

‹

‚

.

3.3 Bijection for Irreducible Fixed Points

In this section, we explore a bijection between the set of irreducible fixed points of rank k and rank n´ k.
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Felzenszwalb et al.[3] prove the following algebraic characterization for fixed points of the elliptope.

Theorem 3.3.1. (Theorem 15 in [3]) Let X P Ln. Then X is a fixed point of T if and only if there exists a

diagonal matrix D such that

X2 “ DX.

Proposition 3.3.2. (Proposition 12 in [3]) If X is an irreducible fixed point of T , then there exists a constant

d ě 1 such that

X2 “ dX.

We remark that the converse is not true. For example,

X “

¨

˚

˚

˚

˚

˚

˝

1 1 0 0

1 1 0 0

0 0 1 1

0 0 1 1

˛

‹

‹

‹

‹

‹

‚

is a reducible fixed point of L4 satisfying X2 “ 2X

Corollary 3.3.3. If X is an irreducible fixed point of T , then

X2 “
n

rankpXq
X.

Proof. Because X is symmetric, it can be diagonalized as

X “ UΛUT

such that U is orthogonal and Λ is diagonal. By Proposition 3.3.2, we know that

UΛ2UT “ X2 “ dX “ dUΛUT ,

which implies that

Λ2 “ dΛ.

Since each diagonal entry of Λ are eigenvalues of X, we know that

λ2i “ dλi

where λi is the ith eigenvalue of X. This implies that λi is either 0 or d. The trace of X is the sum of eigenvalues,

meaning that

trpXq “ d ¨ rankpXq.

Furthermore, X has unit diagonal entries, meaning its trace is n. Thus,

n “ trpXq “ d ¨ rankpXq,

implying that d “ n
rankpXq

as desired.

Definition 3.3.4. Let Fk be the set of irreducible fixed points of rank k:

Fk :“ tX P Ln : X P T pXq irreducible, rankpXq “ ku.
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Lemma 3.3.5. Let A P Ln be an irreducible matrix, and α, β P R such that α ‰ 0. Then

B “ αA` βI

is irreducible.

Proof. First, we show that αA is irreducible. Suppose it was reducible. Then there exists a partition of t1, . . . , nu

to two nonempty sets S and T such that pαAqij “ 0 for every i P S and j P T . However, since α ‰ 0, the entries

pαAqij are zero if and only if the corresponding entries Aij are zero. Thus, the same partition S and T would also

satisfy Aij “ 0 for all i P S and j P T , contradicting the irreducibility of A. Hence, αA is irreducible.

Now, let A1 “ αA be an irreducible matrix. It remains to show that B “ A1 `βI is irreducible. Again, suppose

B is reducible. Then there exists a partition of t1, . . . , nu to two nonempty sets S and T such that Bij “ 0 for

every i P S and j P T . Since i ‰ j, for any i P S and j P T ,

Bij “ pA1 ` βIqij “ A1
ij ` βIij “ A1

ij ,

implying that Bij is zero if and only if the corresponding A1
ij is zero. Thus, the same partition S and T would also

satisfy A1
ij “ 0 for all i P S and j P T , which contradicts the irreducibility of A1. Therefore, B is irreducible.

Alternatively, it suffices to observe that irreducibility depends on the patterns of nonzeros in the off-diagonal.

Scaling by a nonzero α does not change the pattern of nonzeros in the off-diagonal, and neither does changing the

diagonal entries.

Definition 3.3.6. Let g : BLn Ñ BLn be defined as follows:

g : M ÞÑ I ´
1

λ1 ´ 1
pM ´ Iq “ I ´

1

}M}2 ´ 1
pM ´ Iq,

where } ¨ }2 denotes the spectral norm.

We first show that, indeed, Y “ gpXq P BLn for X P BLn. It suffices to show that Y is PSD with unit diagonal

entries and that its smallest eigenvalue is zero. For any i, we know that

Yii “

ˆ

I ´
1

}X}2 ´ 1
pX ´ Iq

˙

ii

“ Iii ´
1

}X}2 ´ 1
pXii ´ Iiiq “ 1.

Thus, the diagonal entries of Y are one. For any eigenvalue λ of X, we know that any associated eigenvector v

satisfies Xv “ λv. We show that v is an eigenvector of Y with eigenvalue µ “ 1 ´ 1
}X}2´1 pλ ´ 1q, where µ is

nonnegative because λ ď }X}2. Indeed, we see that

Y v “

ˆ

I ´
1

}X}2 ´ 1
pX ´ Iq

˙

v

“ v ´
1

}X}2 ´ 1
pλv ´ vq

“

ˆ

1 ´
1

}X}2 ´ 1
pλ´ 1q

˙

v

“ µv.

Because X is symmetric, it is diagonalizable, which implies that the algebraic and geometric multiplicities coincide.

Thus, the eigenvalues of Y are precisely t1 ´ 1
}X}2´1 pλi ´ 1quiPrns counting multiplicity, implying that Y is PSD.

Finally, the smallest eigenvalue of Y is 1 ´ 1
}X}2´1 p}X}2 ´ 1q “ 0. Thus, Y P BLn.

We observe that applying g again yields the original eigenvalues associated with the same eigenvectors. There-

fore, g is an involution. A geometric interpretation is that g maps boundary points to the antipodal points by

mapping through the identity matrix to the opposite boundary. Therefore, g is an involution.
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Proposition 3.3.7. g is an involution.

Proposition 3.3.8. g is a bijection between Fk and Fn´k for k P t1, . . . , n´ 1u.

Proof. Let X P Fk and Y “ gpXq. We first show that Y P Ln. It suffices to show that Y is PSD with unit diagonal

entries. For any i, we know that

Yii “

˜

I ´
1

}X}22 ´ 1
pX ´ Iq

¸

ii

“ Iii ´
1

}X}22 ´ 1
pXii ´ Iiiq “ 1.

Thus, the diagonal entries of Y are one. Because X is an irreducible fixed point of rank k, it has k eigenvalues

of n
k and n ´ k eigenvalues of 0. For any eigenvalue λ of X, we know that any associated eigenvector v satisfies

Xv “ λv. We show that v is an eigenvector of Y with eigenvalue µ “ n
n´k ´ k

n´kλ. Indeed, we see that

Y v “

˜

I ´
1

}X}22 ´ 1
pX ´ Iq

¸

v

“ v ´
1

}X}22 ´ 1
pλv ´ vq

“ v ´
1

n{k ´ 1
pλv ´ vq

“ v ´
k

n´ k
pλv ´ vq

“

ˆ

n

n´ k
´

k

n´ k
λ

˙

v

“ µv.

Because X is symmetric, it is diagonalizable, which implies that the algebraic and geometric multiplicities coincide.

When λ “ 0, µ “ n
n´k , and when λ “ n

k , µ “ 0. Thus, Y has k eigenvalues of 0 and n ´ k eigenvalues of n
n´k ,

implying that Y is PSD. Thus, Y P Ln.

We now show that Y is an irreducible fixed point of rank n ´ k. First, Y has rank n ´ k because it has n ´ k

eigenvalues of n
n´k . To see that it is a fixed point, it suffices to show that Y 2 “ n

n´kY . We know that Y is

diagonalizable by Y “ UΛUT with the diagonal entries of Λ being either 0 or n
n´k . This implies that Λ2 “ n

n´kΛ.

Thus,

Y 2 “ UΛ2UT “
n

n´ k
UΛUT “

n

n´ k
Y.

By Lemma 3.3.5, Y is irreducible, and we conclude that Y P Fn´k.

Finally, we observe that g|FkYFn´k
is an involution because WLOG, for any X P Fk and Y “ gpXq P Fn´k,

gpgpXqq “ gpY q

“ I ´
1

}Y }22 ´ 1
pY ´ Iq

“ I ´
1

}Y }22 ´ 1

¨

˝

˜

I ´
1

}X}22 ´ 1
pX ´ Iq

¸

´ I

˛

‚

“ I `
1

}Y }22 ´ 1

˜

1

}X}22 ´ 1
pX ´ Iq

¸

“ I `
1

n
n´k ´ 1

1
n
k ´ 1

pX ´ Iq

“ I ` pX ´ Iq

“ X
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as desired. Therefore, g is a bijection between Fk and Fn´k.

We will now demonstrate that the bijection captures an important relationship between rank k and n ´ k

irreducible fixed points. The bijection preserves symmetries of the irreducible fixed points of T .

Lemma 3.3.9. I is a fixed point of f for any f P LinSympLnq.

Proof. I is a fixed point of T , since it satisfies I2 “ dI for d “ 1. By Lemma 2.2.8, fpIq is a fixed point of T . Since

f preserves norm and I is the only element of Ln with norm
?
n, we conclude that fpIq “ I.

Theorem 3.3.10. Let X P Fk and Y “ gpXq. Let f P LinSympLnq such that X “ fpXq. Then Y “ fpY q.

Proof. We conclude the proof through the linearity of f :

fpY q “ f

˜

I ´
1

}X}22 ´ 1
pX ´ Iq

¸

“ fpIq ´
1

}X}22 ´ 1
pfpXq ´ fpIqq

“ I ´
1

}X}22 ´ 1
pX ´ Iq

“ Y.

This bijection also has a geometric interpretation. For any fixed point X P Fk, Y “ gpXq is its antipodal fixed

point on the opposite side of the elliptope’s boundary. This means that the line connecting X and Y passes through

the centroid of the elliptope, which is the identity matrix I.

Since Ln is convex and compact, it has a well-defined and unique centroid in Ln. The centroid is the fixed point

of all symmetries, which is I for the elliptope as shown in Lemma 3.3.9.

Every fixed point of T other than the identity matrix lies on the boundary of the elliptope.

Lemma 3.3.11. If X ‰ I is a fixed point of T , then it lies on the boundary of Ln.

Proof. Taking πpXq P Ln, we observe that

xπpXq, Xy “
1

1 ´ λnpXq
xX,Xy `

ˆ

1 ´
1

1 ´ λnpXq

˙

xX, Iy.

The right-hand side is an affine combination of xX,Xy and xX, Iy because the smallest eigenvalue λnpXq must lie

in the interval r0, 1s. If λnpXq ą 1, then the sum of the eigenvalues is larger than n, which cannot be true because

trpXq “ n. Since xX,Xy ą xX, Iy,

1

1 ´ λnpXq
xX,Xy `

ˆ

1 ´
1

1 ´ λnpXq

˙

xX, Iy ě xX,Xy.

Since X is a fixed point, we must have equality, which is achieved only if λnpXq “ 0, implying X is on the

boundary.

Lemma 3.3.11, in particular, implies that elements in Fk for k P t1, . . . , nu lie on the boundary of Ln. Now, for

any X P Fk, consider the line going through X and I, the centroid of Ln:

ℓ “
ÐÑ
IX.
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The intersection of ℓ and BLn contains two points since a straight line passing through an interior point of a convex

set can intersect the boundary of the set at most twice—once entering and once exiting the set.

Let X and Y be the two points of intersection of ℓ and BLn. We claim that

Y “ gpXq.

Equivalently,

X “ gpY q.

In other words, given X, a fixed point of T on the boundary, gpXq is its antipodal point.

Proposition 3.3.12. Let X P Fk. Then gpXq P Fn´k is its antipodal point.

Proof. Since ℓ and BLn intersect at two points, one of the points of intersection is X, and the other is the point of

intersection of XI and BLn. Hence, it suffices to show that Y “ gpXq is the point of this intersection.

First, we observe that Y is on the boundary of Ln by Lemma 3.3.11. Points on the open ray XI are in the

form

I ` αpI ´Xq

for α ą 0. This is the form of Y where α “ 1
}X}2´1 ą 0. Since XI and BLn have one point of intersection and Y

is on XI and BLn, we conclude that Y is precisely the intersection of XI and BLn.

Example 3.3.13. (Bijection of Fixed Points in L3) Figure 3.1 illustrates how the bijection g maps irreducible

fixed points to their antipodal counterparts. Here, the red and blue points map to each other by g.

3.4 Iteration on Circulant Symmetric Matrices

In Section 3.1, we asserted that understanding the symmetries of the elliptope would provide insights into the

dynamics of the fixed point iteration process. To illustrate this, we now examine a specific type of symmetry: the

n-cycle permutation, represented by the cyclic shift matrix P . For the remainder of the thesis, let f denote the

symmetry operation defined as conjugation by P , i.e., fpMq “ PMPT . For the remainder of this section and

in subsequent discussions, we will concentrate exclusively on circulant matrices, which are precisely those square

matrices that remain invariant under the action of f (i.e., fpCq “ C). Our goal is to analyze the behavior of these

circulant matrices under the iterative map T .

Definition 3.4.1. Let Cn denote the set of all circulant matrices in the elliptope:

Cn “ tM P Ln : M circulantu.

Elements of Cn are circulant and symmetric. They are thus in the form

circulantpm0,m1,m2, . . . ,m2,m1q “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

m0 m1 m2 . . . m2 m1

m1 m0 m1 . . . m3 m2

m2 m1 m0 . . . m4 m3

...
...

...
. . .

...
...

m1 m2 m3 . . . m1 m0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

.
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For circulant matrices, we use the notation in which the lowercase letter denotes the first row of the matrix. For

example, m denotes the first row of M and is given by
´

m0 m1 m2 . . . m2 m1

¯

. We then write

M “ circulantpmq.

We begin by examining the eigenvalues of symmetric circulant matrices in the elliptope, followed by their application

to the map T .

Definition 3.4.2. (Fourier matrix) The Fourier matrix F is the n ˆ n unitary matrix whose kth column is given

by

vk “
1

?
n

´

1 ωk
n ω2k

n . . . ω
pn´1qk
n

¯T

where ωn “ e
2πi
n is the primitive nth root of unity.

The matrix M is diagonalized as

M “ F˚ΛF

where Λ “ diagpλ0, λ1, . . . , λn´1q is the diagonal matrix of eigenvalues.

We know that a circulant matrix M is real and has eigenvalues λk if and only if

λk “ λn´k

for k P t1, . . . , n´ 1u (Chapter 2 Problem 15 in [1]). This implies the following lemma.

Lemma 3.4.3. Let M “ F˚ΛF with eigenvalues λk. Then M P Cn if and only if

λk “ λn´k

for k P t1, . . . , n´ 1u,
řn´1

i“0 λi “ n, and the eigenvalues are nonnegative.

Proof. Let M P Cn. Because M is symmetric, it has real eigenvalues. Hence, M has eigenvalues λk if and only if

λk “ λn´k

for k P t1, . . . , n´ 1u.

If M P Cn, then it has trace n because it has unit diagonal entries. Thus,
řn´1

i“0 λi “ n. The eigenvalues are

also nonnegative because M is PSD, completing one direction.

Now suppose M has nonnegative eigenvalues such that λk “ λn´k for k P t1, . . . , n ´ 1u and
řn´1

i“0 λi “ n.

Then M is a symmetric circulant matrix, as mentioned previously. Also, M is PSD because it has nonnegative

eigenvalues. It now suffices to show that M has unit diagonal entries. We know that trpMq “
řn´1

i“0 λi “ n. Since

M is circulant, it has a constant diagonal, which implies that the diagonal entries of M are one.

In the context of fixed point iteration, circulant matrices are distinguished by their rapid convergence, reaching

a fixed point of T in one iteration.

Proposition 3.4.4. Let M P Cn. Then X “ T 1pMq is circulant and is a fixed point of T .

Proof. We know that M “ fpMq for f P LinSympLnq, where f is conjugation by the n-cycle permutation. By

Lemma 2.2.5, X “ T 1pMq is circulant.

It remains to show that X is a fixed point of T . Let

S :“ argmax
Y PCn

xM,Y y “ T pMq X Cn.
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Then we know that X P S and S is a nonempty subset of argmaxY PLn
xM,Y y. Hence,

X “ argmin
Y PT pMq

}Y }2 “ argmin
Y PS

}Y }2.

For any circulant Y ,

xM,Y y “ nxm, yy.

By Parseval’s Theorem, we have that

xm, yy “
1

n
xFpmq,Fpyqy

where F denotes the discrete Fourier transform (DFT). Hence, we have the following equivalence

S “ argmax
Y PCn

xM,Y y “ argmax
Y PCn

xFpmq,Fpyqy “ argmax
Y PCn

n´1
ÿ

j“0

λjpMqλjpY q.

Let I “ argmaxjPt0,1,...,n´1u λjpMq be the set of indices corresponding to the maximum eigenvalues of M . For

any j R I and Y P S, we show that

λjpY q “ 0.

Suppose not. Then there exists j R I such that λjpY q ą 0. Let j1 P I . We can assume that j, j1 ‰ 0 since these

separate cases can be handled similarly. The case when n is even and j or j1 is n
2 should also be handled separately

using the same argument. Consider Y 1 :“ F˚ΛY 1F where the eigenvalues of Y 1 are the same as Y except

λjpY 1q “ 0,

λn´jpY 1q “ 0,

λj1 pY 1q “ λjpY q ` λj1 pY q,

λn´j1 pY 1q “ λn´jpY q ` λn´j1 pY q.

Clearly, Y 1 P Cn by Lemma 3.4.3. Furthermore,

n´1
ÿ

j“0

λjpMqλjpY 1q ą

n´1
ÿ

j“0

λjpMqλjpY q,

which contradicts Y P S. Hence, λjpY q “ 0 for all j R I .

Next, let A :“
␣

α “ pα0, . . . , αn´1q :
ř

αi “ 1, αi ě 0 @i, αi “ 0 if i R I
(

be the set of convex coefficients such

that for any α P A, αi “ 0 if i R I . For any α P A, let

Yα “ F˚ diagpnαqF.

Then Yα P Cn because it is a real symmetric circulant matrix with trace n, meaning it has unit diagonal entries.

Moreover, Yα P S because
řn´1

j“0 λM,jλYα,j is maximized. This implies that

S “ tF˚ diagpnαqF : α P Au.

As a reminder, X “ argminY PS }Y }22. This implies that X “ Yα for some α P A. We note that

}Yα}22 “ trpY 2
α q “ trppF˚ diagpnαqF q2q “ trpdiagpnαq2q “

n´1
ÿ

i“0

pnαiq
2 “ n2

n´1
ÿ

i“0

α2
i .
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Hence, it suffices to find α P A such that
řn´1

i“0 α
2
i is minimized. Because we know that

řn´1
i“0 αi “ 1 with the

entries of α being nonnegative and αi “ 0 if i R I , then
řn´1

i“0 α
2
i is minimized when αi “

$

’

&

’

%

1
|I |

if i P I ,

0 otherwise
. This

implies that the eigenvalues of X “ Yα “ F˚ diagpnαqF are 1
|I |

if i P I and 0 otherwise. Therefore,

X2 “ F˚ diagpnαq2F “ F˚

ˆ

n

|I |
diagpnαq

˙

F “
n

|I |
X.

By Theorem 3.3.1, we conclude that X is a fixed point of T .

As anticipated from our discussion of symmetries in Section 3.1, Proposition 3.4.4 reveals a significant property

of matrices invariant under cyclic permutations: their rapid convergence to fixed points of T pT 1q after a single

application of T 1. This connection between cyclic symmetry and fixed point behavior motivates us to explore

specific instances where circulant matrices naturally arise in the context of the Max-Cut problem.

3.4.1 Cyclic Graphs

One important class of graphs where circulant matrices naturally emerge, particularly in the context of the Max-

Cut problem, is the family of cycle graphs. The Laplacian matrix of a cycle graph possesses a circulant structure.

In this section, we focus on characterizing the fixed points of T that the cycle graph iterates to.

Let L be the Laplacian of an n-cycle graph. The eigenvalues of the cycle graph are well known:

Fpℓqk “ 4 sin2

ˆ

πk

n

˙

.

Lemma 3.4.5. Let X “ T 1pLq. The DFT of x, the first row of X, is given by

Fpxqk “

$

’

&

’

%

n
2 if k “ n´1

2 or n`1
2

0 otherwise

if n is odd and

Fpxqk “

$

’

&

’

%

n if k “ n
2

0 o.w.

if n is even.

Proof. We know that

Fpℓqk “ λL,k “ 4 sin2

ˆ

πk

n

˙

.

The maximum of 4 sin2
`

πx
n

˘

is attained at x “ n
2 where x P r0, nq. Moreover, 4 sin2

`

πx
n

˘

is strictly increasing in

x P r0, n2 s and strictly decreasing in x P rn2 , nq. We note that

I :“ argmax
kPt0,1,...,n´1u

Fpℓqk “

$

’

&

’

%

tn´1
2 , n`1

2 u if n is odd

tn
2 u otherwise

.

In the proof of Proposition 3.4.4, we saw that

X “ T 1pLq “ Yα “ F˚ diagpnαqF
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where αi “

$

’

&

’

%

1
|I |

if i P I ,

0 otherwise
. Because

nα “ Fpxq,

we conclude the lemma.

Corollary 3.4.6. Let X “ circulantpxq “ T 1pLq. Then x is given by

xk “ p´1qk cos

ˆ

πk

n

˙

if n is odd and

xk “ p´1qk

if n is even.

Proof. By Lemma 3.4.5, we know that

Fpxqk “

$

’

&

’

%

n
2 if k “ n´1

2 or n`1
2

0 o.w.

if n is odd and

Fpxqk “

$

’

&

’

%

n if k “ n
2

0 o.w.

if n is even. By applying the inverse DFT on Fpxq, we obtain the desired form of x.



Chapter 4

Conclusions

In this thesis, we investigated the geometry of the elliptope and its influence on the dynamics of iterated linear

optimization. We established that the iterative map T is equivariant under the linear symmetries of the domain,

ensuring that the structural properties of the initialization are preserved throughout the process. Furthermore, we

characterized the symmetries of the elliptope when n ‰ 4 via a geometric approach, identifying them with those of

the cut polytope.

Building on these geometric insights, we analyzed the specific case of circulant matrices. We demonstrated

that matrices invariant under cyclic permutation converge to a fixed point in a single iteration. While the general

dynamics of the fixed-point iteration remain complex, our results highlight how symmetry constraints simplify the

trajectory of the algorithm.
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Appendix A

Symmetries of the 3-elliptope

This appendix records the full linear symmetry group of the 3-elliptope in an explicit, concrete form. Furthermore,

we list which symmetry each irreducible fixed point is fixed by.

Recall that signed permutation matrices A can always be decomposed as A “ SP where S is a signature

matrix and P is a permutation matrix. We know that LinSympL3q contains 24 elements, which are produced by a

combination of four signature matrices and six permutation matrices.

The four signature matrices are:

S1 “

¨

˚

˚

˝

1 0 0

0 1 0

0 0 1

˛

‹

‹

‚

, S2 “

¨

˚

˚

˝

1 0 0

0 ´1 0

0 0 1

˛

‹

‹

‚

S3 “

¨

˚

˚

˝

1 0 0

0 1 0

0 0 ´1

˛

‹

‹

‚

, S4 “

¨

˚

˚

˝

1 0 0

0 ´1 0

0 0 ´1

˛

‹

‹

‚

The six permutation matrices are:

P1 “

¨

˚

˚

˝

1 0 0

0 1 0

0 0 1

˛

‹

‹

‚

, P2 “

¨

˚

˚

˝

1 0 0

0 0 1

0 1 0

˛

‹

‹

‚

P3 “

¨

˚

˚

˝

0 1 0

1 0 0

0 0 1

˛

‹

‹

‚

, P4 “

¨

˚

˚

˝

0 1 0

0 0 1

1 0 0

˛

‹

‹

‚

P5 “

¨

˚

˚

˝

0 0 1

1 0 0

0 1 0

˛

‹

‹

‚

, P6 “

¨

˚

˚

˝

0 0 1

0 1 0

1 0 0

˛

‹

‹

‚

25
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Stabilizers of Vertices

Symmetry

¨

˚

˚

˚

˝

1 1 1
1 1 1
1 1 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 ´1 ´1
´1 1 1
´1 1 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 1 ´1
1 1 ´1

´1 ´1 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 ´1 1
´1 1 ´1
1 ´1 1

˛

‹

‹

‹

‚

S1P1 O O O O
S2P1

S3P1

S4P1

S1P2 O O
S2P2

S3P2

S4P2 O O
S1P3 O O
S2P3

S3P3 O O
S4P3

S1P4 O
S2P4 O
S3P4 O
S4P4 O
S1P5 O
S2P5 O
S3P5 O
S4P5 O
S1P6 O O
S2P6 O O
S3P6

S4P6

Table A.1: Stabilizers of Vertices
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Stabilizers of Irreducible Fixed Points of Rank 2

Symmetry

¨

˚

˚

˚

˝

1 ´0.5 ´0.5
´0.5 1 ´0.5
´0.5 ´0.5 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 0.5 0.5
0.5 1 ´0.5

´0.5 0.5 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 0.5 ´0.5
0.5 1 0.5

´0.5 0.5 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 ´0.5 0.5
´0.5 1 0.5
0.5 0.5 1

˛

‹

‹

‹

‚

S1P1 O O O O
S2P1

S3P1

S4P1

S1P2 O O
S2P2

S3P2

S4P2 O O
S1P3 O O
S2P3

S3P3 O O
S4P3

S1P4 O
S2P4 O
S3P4 O
S4P4 O
S1P5 O
S2P5 O
S3P5 O
S4P5 O
S1P6 O O
S2P6 O O
S3P6

S4P6

Table A.2: Stabilizers of Irreducible Fixed Points of Rank 2
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Stabilizers of Reducible Fixed Points of Rank 2

Symmetry

¨

˚

˚

˚

˝

1 1 0
1 1 0
0 0 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 ´1 0
´1 1 0
0 0 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 0 1
0 1 0
1 0 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 0 ´1
0 1 0

´1 0 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 0 0
0 1 1
0 1 1

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

1 0 0
0 1 ´1
0 ´1 1

˛

‹

‹

‹

‚

S1P1 O O O O O O
S2P1 O O
S3P1 O O
S4P1 O O
S1P2 O O
S2P2

S3P2

S4P2 O O
S1P3 O O
S2P3

S3P3 O O
S4P3

S1P4

S2P4

S3P4

S4P4

S1P5

S2P5

S3P5

S4P5

S1P6 O O
S2P6 O O
S3P6

S4P6

Table A.3: Stabilizers of Reducible Fixed Points of Rank 2
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