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CS242: Lecture 8A Outline

» Beta priors for Bernoulli distributions
» Dirichlet priors for categorical distributions
» Conjugate priors for exponential family distributions
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Bayesian Parameter Estimation

» Suppose | have L independent observations sampled from
some unknown probability distribution: . — {a:(l), o 7$(L)}

» We have a likelihood mode/ with unknown parameters:

p(x|0) H p(z®) | )
» We have a prior d/str/but/on on parameters (possible models):

p(0)

» Posterior distribution on parameters given data:

p(0 | 2) = Hp 20| 6)



Bayesian Parameter Estimation

» Maximum a Posteriori (MAP) parameter estimate:
Choose the parameters with largest posterior probability

) _ (£)
0= arg max p(@|x)= arg max p(0 Hp | 0)

» Conditional Expectation parameter estlmate.
Set the parameters to the mean of the posterior distribution.

9:E[9\x]:/ﬁp(9\x)d9

» Posterior distribution on parameters given data:

p(0 | 2) = Hp 20| 6)



Bayesian Parameter Estimation

» Maximum a Posteriori (MAP) parameter estimate:
Choose the parameters with largest posterior probability

) _ (£)
0= arg max p(@|x)= arg max p(0 Hp | 0)

» Conditional Expectation parameter estlmate.
Set the parameters to the mean of the posterior distribution.

9:E[9\x]:/ﬁp(9\x)d9

» Both estimators pick parameters with high posterior probability
» Choice of estimator can be formalized via decision theory
(conditional expectation minimizes expected squared error)



Bayesian Learning of Binary Distributions

Bernoulli Distribution: Single toss of a (possibly biased) coin
Ber(z | 0) = 0% (1 — 0)*~* 0<6<1 z € {0,1}
p(xzM, .. )| 9) =N (1 —0)N

— 25:1 ) No = 2521(1 — x(g)) =L —-MN;

Uniform Prior Distribution: p((g) — 1 for O S 0 § 1.
Posterior Distribution:

1
p(9 ’ SU) — p(ﬂj ‘ (9)]?(9) _ 6)N1(1 . 6))Ng for 0 S 0 S 1
p(x) p(:ﬁ)
fo p(z | 6)p(9) db. What is this distribution?
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Beta Distributions
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Beta Distributions
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Beta Distributions

=1.0

___a=1‘B=1 '-'0(=1.0,B
—_—=2p3=2| I w— . = 1.0, = 3.0
& —=5p=3 8> —=1.0,8=03
(x:4,B:9 (X=0.3,B=0.3
3r 13

2.5¢ 4 2.5

| 2_

1 151

-1

1 051

00 012 0i4 0i6 018 1 O0 012 014 016 018 1
There is a unique mode assuming « > 1,8 > 1
a—1

Mode|f]| = arg Qrg[(aﬁ] Beta(0 | o, 8) = (@a—1)+ (B-1)

Otherwise the mode may be degenerate (9 =0 or 1) or be undefined.



Bayesian Learning of Binary Distributions

Bernoulli Distribution: Single toss of a (possibly biased) coin
Ber(z | 0) = 6%(1 —0)'~* 0<6<1 z € {0,1}
p(zM, . . 2| 9) =N (1 — 9)No

Ni= 3, e No =3 (1—2®) = L-N,

Beta Prior Distribution: p(0) = Beta(f | o, f) x 9@-1(1 _ 9)5—1
Beta Posterior Distribution:

p(0 | z) oc V1 re=1(1 — g)NoTP=1  Beta(f | N1 + o, Ny + f5)

Prior is conjugate to likelihood because posterior distribution in same family.



Bayesian Learning of Binary Distributions

Recommended Estimator: Posterior mean

A N1—|—Oé
0 =1IE|0 =
01 = N Ta TN T3

With uniform prior:

A Ny +1 ) ,
9 _ E[@ | :E] _ 1 + add one” to

Nl i NO i 9 observed counts

Beta Prior Distribution: p(0) = Beta(d | o, B) x (904—1(1 _ 9)5—1
Beta Posterior Distribution:

p(0 | z) oc V1 re=1(1 — g)NoTP=1  Beta(f | N1 + o, Ny + f5)

Prior is conjugate to likelihood because posterior distribution in same family.




A Sequence of Beta Posteriors
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Estimators for Beta Posteriors

Prior:  p(0) = Beta(0 | a, §)

p(@) = Beta(6 | 1,1) =1

" N1+ « A N1—|—1
0 =E[O = 0 =K | x| =

01 = N ot s 01zl = N1

MAP: v ) v

N . 1t o — A _ i

e—afgmeaxp(em)—NJraJrﬁ_Z G—argmeaxp(ﬁlx)_N
assuming Ny +« > 1, Ng + 3 > 1| equivalent to maximum likelihood (ML)

N
Ny =) i T

p(0 | x) = Beta(f | N1 + a, No + f)

No =N — N,



CS242: Lecture 8A Outline

» Beta priors for Bernoulli distributions
» Dirichlet priors for categorical distributions
» Conjugate priors for exponential family distributions
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Dirichlet Probabillity Distributions

o=10.00

Simplex: Set of possible categorical distributions
O=1{0:0<6,<1,5 0 0 =1} =

Dirichlet: Probability distribution on simplex

K
. 1 o —1 ar > 0
Do) = gy L™ s,
k=1 R =1

0=0.10

. Normalizer: B(q) £ k;z F()O%)
o7y
5 ) a
Mean: E[Qk] _ %k
= g

Variance: Inversely proportional to «



Samples from Dirichlet Prior Distributions

Samples from Dir (alpha=0.1)

Dir( | 0.1,0.1,0.1,0.1,0.1)

Mean weights classes equally, but
biased towards sparse distributions

Samples from Dir (alpha=1)

1. 2 k ! >
—_—-___—
1. : k ! >
J__
1. 2 k ! >
I |
T w4
J—l—

1 2 3 4 5
Dir(@ \ 1.0,1.0,1.0, 1.0, 1.0)
Uniform distribution on
probability simplex



Bayes Learning of Categorical Distributions

Categorical Distribution: Single roll of a (possibly biased) die

Cat(z | 0) = [[1_, 07 vy € 0,1}, K 2 = 1.

p(x® . 2P 0) =T, 00 Np=>SF 2l

. . i - i K
Dirichlet Prior Distribution: p(6) = Dir(0 | @) H 9,‘3"“_1

k=1
Dirichlet Posterior Distribution:

K
p(0 | x) x H ot~ o Dir( | Ny + ay, ..., Nk + ax)
k=1
Prior is conjugate to likelihood because posterior distribution in same family.



Bayes Learning of Categorical Distributions

Recommended Estimator: Posterior mean

A N,
Or = Elf) | x] = Lk—Hyk
. . i —+ 870

With uniform prior:

Op = E[6y | 2] = 1

p— €T =

k k L+ K )

Dirichlet Prior Distribution: p(6) = Dir(d | a) x H Hzék—1

k=1
Dirichlet Posterior Distribution:

K
p(0 | x) x H ot~ o Dir( | Ny + ay, ..., Nk + ax)
k=1
Prior is conjugate to likelihood because posterior distribution in same family.



Possible Dirichlet Priors & Posteriors

Prior:
K
p(0) = Dir(0 | a) H gt
k:l R:N R:N
» K parameters (positive numbers) ‘
» K-1 degrees of freedom define mean:
_— ak p— K s T
E[ek] o a_o @0 Zk:l k 7r~Dir(11,1,1) 7r~Dir(ﬁ1l,4,4)

> Variance proportional to 1/
> Favors sparsity as ag — 0

Posterior:
p(@ | z) xDir(0 | Ny +a1,..., Ng + ak)

L

» Posterior mean is weighted average of
prior mean and observed counts

» As N grows, posterior variance shrinks . Dir(’lg‘.,.) . Dir(o.;‘jo_m_g)




Estimators for Dirichlet Posteriors

Prior: p(#) = Dir(0 | aq,...,ak)
:Eleak
A N 4+ ay,
0, =E|6
= Elbk | 2] = N T+ o
MAP: . Ni+ox—1
" T Ntag- K

assuming Ni + o > 1 for all k

p(@) =Dir(d|1,...,1) =1
_Nk—l—l
Qk—E[ek‘ZE]—N_I_K
R Ny,
f=—2
N

equivalent to maximum likelihood (ML)

p(@’ZC)IDII'(HINl—FOq,

Nk + ag)

Nj = Zgzl Lnk
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Learning Directed Graphical Models

X,

X X Q
i ? p(x) = Hp(:z:‘z | (i), 0i)
s v @ ® i€V
X, Q\ /@ X, Intuition: Must learn a good predictive model
2 . of each node, given its parent nodes

 Directed factorization allows likelihood to locally decompose:
p(z | 0) = p(z1 | 01)p(z2 | z1,02)p(x3 | ©1,03)p(7s | 22,23, 04)
log p(z | 0) =logp(x1 | 01) + logp(z2 | ¥1,02) +logp(xs | z1,03) + logp(zy | 22,23, 04)
» We often assume a similarly factorized (meta-independent) prior:
p(0) = p(01)p(02)p(03)p(64)
log p(0) = logp(61) + log p(f2) + log p(6s) + log p(6s)
« We thus have independent Bayesian learning problems at each node



BayeS|an Learnln with Complete Data

3 3 3 X3 L

» Directed graph encodes statlstlcal structure of single training examples:

p(z | 0) = HHP (ﬁ)‘xg())a i)

£=11=1
« Given completely observed training data, nodes have independent posteriors:

p<9|x>o<p<e>p<x|e>o<[[1 Hp (237 | 2y, 0)



Bayesian Learning with Complete Data

For discrete variables with no parents, parameters define some
Bernoulli/categorical distribution with a beta/Dirichlet conjugate prior
More generally, there are multiple categorical distributions per node,

one for every combination of parent variables
» Learning objective decomposes into multiple terms, one for

subset of training data with each parent configuration
» Apply independent Bayesian learning to each
How can we generalize to continuous variables? Exponential families.

Given completely observed training data, nodes have independent posteriors:

p<9|w>o<p<e>p<x|e>ocg Hp (237 | 2y, 0)



Exponential Families of Distributions
P 0) = @ enld 6w 20) = [ via)exp(6 o(a)) do
= v(z) exp{07 ¢(z) — ®(0)}  B(9) = log Z(6)

¢ ( ) c Rd fixed vector of sufficient statistics (features),
L specifying the family of distributions

unknown vector of natural parameters,
determine particular distribution in this family

normalization constant or partition function
Z (‘9) >0 > (for discrete variables, integral becomes sum)

HcO CR'—s

reference measure independent of parameters
V(m) > 0 > (for many models, we simply have v(z) = 1)

O={0ecR?| Z(0) < oo} ensureswe construct a valid distribution



ML Estimation for Exponential Families
log p(z'” | 0) = logv(z)) + 60" ¢(z'")) — ®(6)
» Given L observations, the log-likelihood function equals:

L(O) = C+ |1, 07 (zD) | — Lo(0)
C = Zle log v(z(9)

* Note that the negative log-likelihood function is convex!
» Gradients of the log-likelihood function have a simple form:

VL(0) = |1 630)| - LEy[6()]

At unique global optimum, gradient is O: E@[ ( )] _ 1 Ze ) ¢( (5))



Exponential Families: Inference & Learning
log p(z' | 8) = log v(z)) + 67 ¢(2)) — @(6)

» Canonical parameters & moments:

O2HecRY| D) < +oo) . il
M = {p € R | I p such that E,[¢(z)] = p} ‘
* Inference: Find moments of model with known

parameters (joint distribution). Computable from marginals!

p=Vo®(0) = Eplo(z)] = 2_» o(x)p(x | 0)

Find model parameters matching data moments N
Eslo(x)] = p

$(z)

] =

1
=T

(=1



Parametric & Predictive Sufficiency

Posterior distribution: I

O 2D e N p(6 ] A
. . . . i @p VAR 9 p ezl
Predictive likelihood:

p@ |z, 2PN Z/p(a_j 10)p(0] =M, ... 2" X) db
©

Theorem 2.1.2. Let p(x | ) denote an exponential family with canonical parameters 6,
and p(6 | \) a corresponding prior density. Given L independent, identically distributed
samples {x)}E_ | consider the following statistics:

L Sample moments
M genall (0 '
Pz, ... ) {L ;%(ﬂﬁ ) ‘ “c “4} @24 o sample size are:

These empirical moments, along with the sample size L, are then said to be parametric
sufficient for the posterior distribution over canonical parameters, so that

p0 2™, 2PN =p@ | ¢z, ... 2P), L, N) (2.25)
FEquivalently, they are predictive sufficient for the likelihood of new data T:

p(@ ] 2D, 2PN = p(z | $aV,... e 1), L,N) (2.26)



Learning with Conjugate Priors
p(z | 0) = v(z)exp {Z Outa(T) — q)(@)} ®(0) = log/Xv(@ exp {Z Haqba(:c)} da

acA acA
p(0 | A) =exp {Z Oa ora — Ao @(0) — Q(A)} Q(\) = log/ exp {Z OaNoNa — )\OCD(H)} do
O
acA acA
Conjugate priors have matched functional forms. A& {A e RAIFL 1 Q()) < oo}

Proposition 2.1.4. Let p(x | 8) denote an exponential family with canonical param-
eters 0, and p(0 | \) a family of conjugate priors defined as in eq. (2.28). Given L
independent samples {:U(E)}eLzl, the posterior distribution remains in the same famaily:

(0 | AN COR A) = p(9 \ 5\) (2.31)

_ Aoda + 3 ¢a(29)
Ao+ L
For an exponential family, the conjugate prior is defined by:
* Prior expected values A\, of the d sufficient statistics
* A measure of confidence in those prior expectations,
expressed as a positive number of pseudo-observations g

Mo=X+ L Aa aeA (2.32)



Learning with Conjugate Priors

p(x | 0) =v(x)exp Z Outa(z) — P(0) (0) = log/Xz/(a:)
acA
p(9 ’ )\) = exp Z OB oAg — )\0(13(9) — Q()\) QN = log/Gexp{
acA

Proposition 2.1.4. Let p(x | 0) denote an exponential family with canonical param-
eters 0, and p(0 | \) a family of conjugate priors defined as in eq. (2.28). Given L
independent samples {x(z)}g‘:l, the posterior distribution remains in the same famaily:

p(0 | M, 2B\ = p(6 |\ (2.31)

L AoAa+ 0 Gal=?)

N = L a 2.32
Ao = Ao + A o+ L ace A ( 3)

Integrating over ©, the log-likelihood of the observations can then be compactly written
using the normalization constant of eq. (2.29):

L
logp(z™, ...,z | X) = Q(X) — Q)+ logw () (2.33)
/=1

exp {Z Oada(x)

acA

D Barora — Ao® ()
acA

}dx
b



Bayes Learning of Categorical Distributions

Categorical Distribution: Single roll of a (possibly biased) die

Cat(z | 0) = [[1_, 07 vy € 0,1}, K 2 = 1.

p(x® . 2P 0) =T, 00 Np=>SF 2l

. . i - i K
Dirichlet Prior Distribution: p(6) = Dir(0 | @) H 9,‘3"“_1

k=1
Dirichlet Posterior Distribution:

K
p(0 | x) x H ot~ o Dir( | Ny + ay, ..., Nk + ax)
k=1
Prior is conjugate to likelihood because posterior distribution in same family.



Normal (Gaussian) Random Variables

LN LR RN L I L

1 1 T— U 21.0-

= 2y = 3% ) |

pla) = Mo | 0) = Z—se 35"
ElX]=p

Var[X] = E[(X — p)?] = o

v/ Var[X] = o is the standard deviation =

» Standard deviations provide pto

2 a4
confidence intervals: N(x | p,0%) dz ~ 0.68

n—o
dovton p+20
= N (x| p,0?) dx ~ 0.95
i)
S pt3o
L L [ Nelse oo
I“.; 2 -1 cl: 1 2 3‘r_'z= M_BU




Bayesian Learning of Gaussians

Scalar Gaussian Likelihood Function:

_ 2\ _ 1 _(55—,“)2
p(a?|u)—N(£U|/L,O)—WeXP{ 252 }

is known and fixed.

Assume variance o2

Gaussian Prior Distribution:

1 . 2
P = N | o) = o { R0
0

Gaussian Posterior Distribution:  Prior is conjugate to likelihood.

pu a2 = N pryod) Lok
o2 Lo? L
— = S E : 14
AL = Lot 5210 I Lo o2 UL = T Zu= 1$( )




Posterior Mean versus Empirical Mean

Optimal Estimator: °
Posterior mean, Posterior given varying
Posterior mode, & amounts of data N=L
Posterior median ,Lzb = 0.8
. = 0.1
,IL:,UL:E[,LL|ZC] N=0
pr — xr as L — oo o - 1
Gaussian Posterior Distribution:
1 L 2 1 1 L
(,u|x() .,.CC( )):N(M‘ML70L> i )
0_2 LO-2 O'L O'O o)
— | 0 = = — 1 \L (€)
S v s S PIEE




Impact of Prior Variance

prior variance = 1.00

7 o Posteriors given same single
osl o observation, for two different priors.

. 0S' _ 2
ol A W — g as oz — OO

—4 3

Gaussian Posterior Distribution:

1 1
pul 2@, Py =N | pp,o?) Lo L
9 2 O'L O'O o
— 200 5 T =+50  z®




Probability density in multiples of A

1.0

Aside: Sums of Exponential Variables

00 T

e
=
o
=]
a8
=]

=
=]
]

L

=
e

=
]
o
(=]

Y = Z?:l X

exponential (1)

L)

Distribution of T:
exponential (1)

3 10 15 20

time in multiples of 1/A

Approximately
% (aussian for large n!



Bayesian Learning of Variances

Scalar Gaussian Likelihood Function: \ A\
pla |3 = Na | i) = o exp{ =5 e = w?

Assume mean u is known and fixed.
Gamma Prior Distribution on Inverse Variance (precision):

bo?
p(A) = Gamma(\ | ag, by) = =22 texp{—boA}
I(ao)

S 2
T
o




Bayesian Learning of Variances

Scalar Gaussian Likelihood Function: \ A\
pla |3 = Na | i) = o exp{ =5 e = w?

Assume mean u is known and fixed.
Gamma Prior Distribution on Inverse Variance (precision):

p(A) = Gamma(A | ag, bg) = b A0~ exp{—boA}
I(ao)

Gamma Posterior Distribution: Prior is conjugate to likelihood.

p(A |z, .. 2P)) = Gamma()\ | ar, br)

L L _ L
CLL:CLO‘|‘§ bLZbo-l-EU2 02:%26:1(5’?(@_,“)2



Multivariate Gaussian Distribution

1 1 1 _— zof
N | 1.D) = i o 5l = w7 - |

Moment Parameterization: Mean & Covariance
p=E[z] € RV*!

Y =E[(z - p)(z—p)']=Ezz"] - pp’ e RV 21
For simplicity, assume covariance positive definite & invertible. A
v

2—1
Z_l

Information Parameterization: Canonical Parameters

L

- [Z Ast%ﬂ?t] }

Recall general exponential family form:  p(x | ) = eXp{HTgb(.CE) — ®(0)}

1 1
N(x | p,X) < exp {—szzlx + ut'E e — 2,uT21,u}

1 N
N7z |9, A) o exp {—iazTAa: + z?Tsr:} x exp{ [Z Pt = o’
s=1




Normal-Inverse-Wishart Prior Distributions

| A~ W, A)
i o u~NWAR)

“l 1L Q%@Q%@ A

@@Q

) » 0 1 > 26 4 2 0 2 4 6
W %

» The Wishart distribution generalizes gamma to positive definite matrices
» For multivariate normal, conjugate prior is Wishart on inverse covariance,

and multivariate Gaussian (with dependent covariance) on mean

0.5f —4r




Normal-Inverse-Wishart Prior Distributions

wt L A~ W, A)
T p~ N A K)

v+ L ol

L Q%@Q%@

@@Q

%6 —4 -2 0 2 4 6
X

K

|
I

L
g) = kU + Z Al
/=1

L
A =vA+ Z 220" 4 9T — 99T
(=1

v 1
(i, A |k, 9,0, A) o |A]7CFHY exp {—§tr<uAA1> — =) A (u - ﬁ)}



