CS145: Probability & Computing

Lecture 20: Properties of Estimates and Bayesian
Parameter Estimation
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Statistical Inference Problems

Hypothesis Testing: How do | categorize “test data”?

» Two (or more) mutually exclusive hypotheses: H=0 or H=17?

» The distribution of the data under each hypothesis is known:
pxia(*|0), pxg(z]|1) fxia(z10),  fxjp(r]1)

» @Goal: Choose between hypotheses

Estimation: How do I learn from “training data”?

» We have n independent observations sampled from some
unknown probability distribution: T1,Z2,...,Tp

» We assume the distribution of our data lives in some family,
but don’t know the right parameter values ¢

» @Goal: Learn parameters that best “explain” the observations



Example: Bernoulli Distribution

» A Bernoulli or indicator random variable X has one parameter:

px(1) =6, px(0)=1-0, x={01

» The probability mass function for an observation x; equals:
px(zi;0) = 6% (1 — )~

logpx(x;;0) = x;log(8) + (1 — ;) log(1 — 0)

» Goal: Estimate 6 from n independent observations:

P(than c ooy Iy (9) — HpX(:C’M (9)
1=1



Example: Uniform Distribution

> A continuous uniform distribution between 0 and 6
has the following probability density function:

fX(ZC?;;H):% lfOSZIZ‘ZS@,
fx(x;;0) =0 ifx; <0orx; >0.

» Goal: Estimate 6 from n independent observations:

f($17$27" 7337179) — HfX(me)H)
1=1



Example: Gaussian Dlstrlbutlon

» A univariate Gaussian distribution is

parameterized by its mean and variance:

1 1(xz—p\2

z;;0) = em2(5F)7
fx (x5 0) N
0 ={p,o0°}

TERE
L ooo ||

............
————————————————

» Goal: Estimate 6 from n independent observations:

flx1,22,. ..

i 0) = || fx (@0
1=1




Maximum Likelihood (ML) Estimation

» Suppose | have n independent observations sampled from
some unknown probability distribution: x* = {x1,x2,..., 2}

» Suppose | have two candidate parameter estimates where:

px(x;01) > px(x;02)

» The parameter estimate is defined as:
mn mn
A L0\ . Discrete
0 = arg mglx H px (7 0) = arg mglx Z log px (4; 0) Observations
1 —1
7Jn Z n Conti
N ontinuous
0 = arg mQaX 1_[1 fx(xs;0) = arg meax Z log fx(zi;0)  Observations
1=

1 =1



Finding ML Estimates

» For many practical models, the log-likelihood is a
smooth and continuous function of the parameters:

L(0) = > i—; log px (zi;0) L(O)=>"_,log fx(x;;0)

» The parameter estimate is defined as:
mn mn
A Discrete
0 = arg mglx H px(x;;0) = arg mglx Z log px (24;0) Olbservations
1 —1
7Jn ‘ n Conti
N ontinuous
0 = arg mQaX 1_[1 fx(xs;0) = arg meax Z log fx(zi;0)  Observations
1=

1 =1



Example: Bernoulli Distribution

» A Bernoulli or indicator random variable X has one parameter:
px (2i;0) = 67 (1 —0) z; €1{0,1;

» The maximum likelihood (ML) estimate maximizes:

L(0) = Za: log(0) + (1 — ;) log(1 — 6)

-1 . .
0 =— > x;  ML: Empirical fraction of successes!
1=1



Example: Exponential Distribution

» A geometric random variable X has parameter. .| T s

fx(@if) =0e~0%,  mz0. A"

» The maximum likelihood (ML) estimate maximizes:‘éﬁi \

L(6) =) log(f) — ba; E[X] =
1=1

n

—1

. 1 L

0 = (E Z sz> ML: Match model to empirical mean!
1=1




Example: Gaussian Dlstrlbutlon

> A univariate Gaussian distribution is:
]. 1 x—pn

fx(zi:0) = Tmze_ﬁ(T)Q

> The ML estimate maximizes:

TERE
L ooo ||

............
————————————————




Example: Uniform Distribution

> A continuous uniform distribution between 0 and 6 :
r .
fx(ilfz,(g):g 1f0§$i<6),

fx(xz;;0)=0 ifx; <0orxz; >0.

» The maximum likelihood (ML) estimate maximizes:
n

_ y Cannot take logarithm because
L(9) = H fx(2i;0) density can equal exactly zero.
1=1

» Optimal to choose smallest 6 under which the data
has positive probability: .
0 = max{zi,x2,...,Tn}



Reminder: Convergence in Probability

Convergence in Probability

Let Y7,Ya2,... be a sequence of random variables (not necessarily indepen-
dent), and let a be a real number. We say that the sequence Y;, converges
to a in probability, if for every € > 0, we have

lim P(|Y, —a| >¢€) =0.

n—oo

Weak Law of Large Numbers:
X1, Xo,...0.i.d. M,

_ X144 X

finite mean p and variance o n

E\M,] = p

» The “empirical mean” converges to true mean in probability:

lim P(|M, —u| >¢) =0 for any € > 0
n—oo



Consistency of ML Estimators

n n
0, = arg maXH fx(x;;0) = arg maleog fx(x;;0)
/ i=1 / i=1 A
> An estimator is consistent if the sequence of estimates 0,,
converges to the true parameter in probability, for any true @

lim P(|6, — 6] >¢€) =0 for any € > 0
n—oo

» Under “mild conditions” that are true for most distributions,
the ML parameter estimates are always consistent
Examples: Gaussian distribution, uniform distribution, ...

» The ML estimator also satisfies a central limit theorem,
and for large n has provably small variance (“efficiency”)



Characterization of estimations

> iid samples {z;,,,...,,} obtained from distribution D

> We want to estimate a parameter @ of D

> Let 6’An be an estimate of ¢ obtained using n i.i.d.
samples from D (e.g. sample mean, ML estimators)

> 6’An iIs a Random Variable

» What are desirable properties of the estimator én?



Consistency

» An estimator is consistent if the sequence of estimates én
converges to the true parameter in probability, for any true ¢

lim P(|6,, — 0] > ¢€) =0 for any € > 0
n—oo

» Under “mild conditions” that are true for most distributions,
the ML parameter estimates are always consistent
Examples: Gaussian distribution, uniform distribution, ...

» Mild conditions = log likelihood is a smooth function with
unique maximum



Unbiased estimator

» An estimator is unbiased if its expected value corresponds to
the actual correct value, that is iff

Eplf] =6

» An estimator is asymptotically unbiased if its expected value
for converges to the actual correct value asn — oQ, that is iif

hm EDn[e ] — 9

n—o0

» Any unbiased estimator is also asymptotically unbiased but
NOT viceversa



Example: sample average

> iid samples {z1,19,...,z,} obtained from distribution D

> Sample average g — 1 .
v " ; x;
> Is it unbiased? «f"
» |s it asymptotically unbiased? V'
» |s it consistent? s/




Example: modified sample average

> iid samples {z1,,,..., 1, obtained from distribution D

» Sample average j _ 1 T -+ 1
, 2"

, n
1=1

> Is it unbiased? K

> |s it asymptotically unbiased? s/

> Is it consistent? 4




Example: single sample estimate

> lid samples {z,,z,,...,z,obtained from distribution

» Single sample estimate é — I

> Is it unbiased? 4/
> |s it asymptotically unbiased? s/

> Is it consistent? x Unless Var = 0



Example: ML estimators Bernoulli

» iid samples {z;,1,,...,z,} obtained from a Bernoulli dist.

. N 1
» Estimate probability of head p= - E T
n 1

> |s it unbiased? ~/
» Is it asymptotically unbiased? s/
> |s it consistent? «



Example: ML estimator uniform distribution

> iid samples {z;,z,,...,z,}obtained from z/{(()7 A)
» Estimate for 4 givenby YV — max{xi}

> Is it unbiased?



Example: ML estimator uniform dist

» Sample {z1,1,,...,z,}obtained from Z/[(()7 A)
> Estimate Y = max{x;}

> Is it unbiased? x

oo A A
B(maa(a) = B(Y) = [ ysv@dy= [ yn(prytdy= [ n(kydy-

n+l n 1 n

JA< A



Example: ML estimator uniform dist

» Sample {z1,1,,...,z,}obtained from 2/1(07 A)
> Estimate Y = max{x;}

» |s it asymptotically unbiased?

oo A A
B(maa(a) = B(Y) = [ ysv@dy= [ yn(prytdy= [ n(kydy-

n+l n 1 n

NG at = (=

JA< A



Example: ML estimator uniform dist
» Sample {z1,z,,...,z,}obtained from Z/[(()7 A)
> Estimate YV — max{gjz-}
> s it asymptotically unbiased? 4

lim ElY]= lim " A=A




Example: ML estimator uniform dist

> iid Samples {z1,1,,...,z,obtained from U, A)
» Estimate V — max{a:i}

> Is it consistent?



Example: ML estimator uniform dist

> i.i.d. samples {z;,1y,...,1,} obtained from //((0, A)
> Estimate V' — max{gji}

. . ),
> Is It consistent” 0 ¥ t<0

Note that P(max<j<, X; <t) = { (Z)" if te]l0,A] 4
1 if t>A «
Fore > 0,
A-eyn .
P(| max X; —A| > ¢) =P(max X; >A+¢) + P(max X; <A—¢) = { (A ) if e<A
1<i<n 1<i<n 1<i<n 0 If € ZA

which goestoOasn — .



Relation between properties

» If an estimate is unbiased, is it also consistent?



Relation between properties

» If an estimate is unbiased, is it also consistent?

A

From Weak Law of large numbers
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Statistical Inference Problems

Hypothesis Testing: How do | categorize “test data”?

» Two (or more) mutually exclusive hypotheses: H=0 or H=17?

» The distribution of the data under each hypothesis is known:
pxia(*|0), pxg(z]|1) fxia(z10),  fxjp(r]1)

» @Goal: Choose between hypotheses

Estimation: How do I learn from “training data”?

» We have n independent observations sampled from some
unknown probability distribution: T1,Z2,...,Tp

» We assume the distribution of our data lives in some family,
but don’t know the right parameter values ¢

» @Goal: Learn parameters that best “explain” the observations



Maximum Likelihood (ML) Estimation

» Suppose | have n independent observations sampled from
some unknown probability distribution: x* = {x1,x2,..., 2}

» Suppose | have two candidate parameter estimates where:

px(x;01) > px(x;02)

» The parameter estimate is defined as:
mn mn
A L0\ . Discrete
0 = arg mglx H px (7 0) = arg mglx Z log px (4; 0) Observations
1 —1
7Jn Z n Conti
N ontinuous
0 = arg mQaX 1_[1 fx(xs;0) = arg meax Z log fx(zi;0)  Observations
1=

1 =1



Degeneracies in ML Estimation

A

0,, = arg mth[[l fx(zi|0) = arg meax; log fx (zi | 0)

» The theory justifying ML estimates is asymptotic:
they have good properties as n becomes very large

» But they can have poor properties with small datasets.
Example: ML estimate of Bernoulli with no observed heads.

mn
1 assumes observin
_ . — ; R . g heads
n Z z; =0 it z; =0 for all ¢ in future is impossible!

1=1

0

» More generally, ML estimates can often give parameter
estimates that are too “extreme” (too large or too small)



Bayesian Parameter Estimation

» Suppose | have n independent observations sampled from
some unknown probability distribution: x* = {x1,x2,..., 2}

» We have a likelihood model with unknown parameters:
fxie(z|0) HfX|@ x; | 0)

» We have a prior d/str/but/on on parameters (possible models):

fe(0)

» Posterior distribution on parameters, given data, is then:
mn

forx(6 | 2) = = fo® [ frialai 6




Types of priors: proper vs improper

> Proper prior if /f@(H)dQ =1

» Improper prior if /f@w)de 7 1

Improper priors sometimes used for uninformative priors



Types of priors: informative vs uninformative

» Uninformative priors express “vague” or “general” information about a
variable
» the variable is positive
» the value of the variable is within a limit
«  Principle of indifference all possible values of © are equally likely

» Weakly Informative priors express partial information about a variable to
loosely constrain the value of ®into a range — Used for regularization

» Informative priors express specific, definite information about a variable

which significantly constrains the ranges of values of ©
* An example: a prior distribution for the temperature at noon tomorrow selected as a normal
distribution with expected value equal to today's noontime temperature, with variance equal
to the day-to-day variance of atmospheric temperature



Bayesian Parameter Estimation

» Maximum a Posteriori (MAP) parameter estimate:
Choose the parameters with largest posterior ,orobab/llty

0 = arg Imax foix (8| x) = alg HLAX fol(0 HfX|@ z; | 0)

» Conditional Expectation parameter estlmate.
Set the parameters to the mean of the posterior distribution.

0 =E[0|x] = /Hf@|X(0 | ) df

» Posterior distribution on parameters, given data, is then:
mn

forx(6 | 2) = = fo® [ frialai 6




Bayesian Parameter Estimation

» Maximum a Posteriori (MAP) parameter estimate:
Choose the parameters with largest posterior ,orobab/llty

0 = arg Imax foix (8| x) = alg HLAX fol(0 HfX|@ z; | 0)

» Conditional Expectation parameter estlmate.
Set the parameters to the mean of the posterior distribution.

0 =E[0|x] = /Hf@|X(0 | ) df

» Both estimators pick parameters with high posterior probability
» Choice of estimator can be formalized via decision theory
(generalization of earlier analysis of hypothesis testing)



Example: Bernoulli Distribution

» A Bernoulli or indicator random variable X has one parameter:
i l—x;
pX(a:Z- |(9):933 (1—(9) * 5132'6{0,1}
» Suppose we place a uniform prior distribution:

fe(8) =1, 0<6<1.

» The posterior distribution is then:

forx (0| ) = —— fo () [T pxio(: | 0)  [[ pxje(zi | 6)
fx () i—1 i—1




Example: Bernoulli Distribution

» A Bernoulli or indicator random variable X has one parameter:

pX(a:Z- | (9) — 9337’(1 — (9)1_% €Xr; © {O, 1}
» The posterior distribution given n observation equals:
foix (0| z) oc 8™ (1 —0)" L= i

This is an example of a beta distribution.

» The posterior distribution is then:

forx(t | 2) = 5= fo(®) [ pxie(z: 1) x [T xiefe |




The Beta Distribution

— =

..................................

0.5f
0/
0.2




Bayesian Estimators for Bernoulli

» A Bernoulli or indicator random variable X has one parameter:
i l—x;
pX(a:Z- | (9) — f* (1 — (9) * €X; © {O, 1}

» The posterior distribution given n observation equals:

n1 — 7-1_ iy
foix (0| z) oc 8™ (1 —0)" L= i

Nog — N — N1
foix (0| z) = Beta(0 | n1 +1,n0 + 1)

» This gives the following Bayesian parameter estimates:

A ’]’Ll A ]_
H— 1 L s
n n—+ 2
Maximum a Posteriori (MAP) Conditional Expectation

= ML with uniform prior = “add one” to counts



Bayesian Estimators for Bernoulli

- 1,

,p=1.0

BRG]
™™ ™ ™
o
© W N

woo
T ™ ™
mw nn
o o

0.5
0/
0

ny = 2?21 Lg

f@|X(9 | r) = Beta(f ‘ n1 —|-1,77JO_|‘1) ng =n — Ny

» This gives the following Bayesian parameter estimates:
A 1 A nyp + 1
0= — 0 =
n n + 2
Maximum a Posteriori (MAP) Conditional Expectation

= ML with uniform prior = “add one” to counts




A Sequence of Beta Posteriors

10 truth
— =5

9r| = = = = n=50 i\
= == =100

o - \o} w e (&) » ~ (0]
T T T T T T T T
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Example: Uniform Distribution

> A continuous uniform distribution between 0 and 6 :

1

fx(xz;|0) =0 ifx; <0orx; >0.
» Suppose we place a uniform prior distribution:
fo@) =1, 0<6<1.
» The posterior distribution, given one observation x, is then:

fox @l = —Jo@ixe@®) e 1o

: ’ / /_ ll ,_9°|logx|,
/ fe(0') fxe(z|6°)do / 5d9
0 T




Example: Uniform Distribution

> Maximum a Posteriori (MAP) estimate: /[ Smmamum "
(= Maximum Likelihood with uniform prior) .| -~
é _ assumes observing larger | -

=& data is impossible! of

» Conditional expectation estimate: of
1 - ; . . .
1 1 - T 00 0.2 0.4 0.6 0.8

E[9|X=z]=/0 dg=—-——% x
. 0-|logz| | log z|

» The posterior distribution, given one observation x, is then:
fe(6) fxie(z|6) _1/6 1

1 - 1 1 — lf I S 9 S 1,
/ fe(6') fxie(z|6') do’ / 5 4
0 T

foix(6]z) = ~0-|logz|’



Example: Gaussian distribution

» Gaussian distribution with fixed variance but uncertain mean:

fx(z; ] 0) = \/;Tyexp{_(a:i;ye)z}

» Suppose we place a zero-mean Gaussian prior distribution:

fe(0) = : QGXP{—H—Z}

2mog 204

» The Gaussian ,ooster/or distribution given n observations:

Jorx(®1) = o5 fol@) [T fo (o] ) = s exp { - C e

|
@
P4
o




Posterior Mean versus Empirical Mean

Optimal Estimator:  °
Posterior mean, Posterior given varying
Posterior mode, & amounts of data n
Posterior median 0 = 0.8
A B v = 0.1
0=pn=FE[0]z] | "

0 i
-1 0

» The posterior mean approaches emp/r/cal mean (ML) as n — oo
» The posterlor variance shrinks (law of large numbers) as n — oo

foix(@|z) = fol(0 )HfX|@(fl?z' 1 0) = 1 = €XP 1 _gn)
( ) /2702 20

fx
2 n 1 1
o <U§+V/”) (n sz) o2 o} i




Impact of Prior Variance

prior variance = 1.00
0.7r

orir Posteriors given same single
o8 e | observation, for two different priors.




Food for thought

» Are the example Bayesian ML estimates unbiased?
» Asymptotically unbiased?

» Consistent?



Brain State Classification from fMRI

HEAN11

“fish,” “four-legged animals,” “trees,”
“flowers,” “fruits,” “vegetables,” “family
members,” “occupations,” “tools,” “kitchen
items,” “dwellings,” & “building parts.”

f : fMRI(t) — WordCategory

025 single-voxel accuracy (red high, blue low)
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Table 1. Error rates for classifiers across all studies.
Examples Feature
Study per class selection GNB SVM INN 3NN SNN 9NN
Picture vs. 40 Yes 0.18 0.11 0.22 0.18 0.18 0.19
Sentence 40 No 0.34 0.34 0.44 0.44 0.41 0.38
Semantic 32 Yes 0.08 N/A 0.31 0.21 0.17 0.14
Categories 32 No 0.10 N/A 0.40 0.40 0.40
Syntactic 10 Yes 0.25 0.28* 0.39 0.39 0.38 0.34
Ambiguity 10 No 0.41 0.38 0.50 0.46 0.47 0.43

Gaussian Naive Bayes Classifiers, Mitchell et al., Machine Learning 2004.



Naive Bayes for Continuous Features

» Every feature has class-specific mean, variance: m«; _
_ . S nL i
Mkd — E[ajnd | Yn = k] |
= = -
Vid = Var [37 nd ‘ Yn — k] i ST
B o e
: : : . EEEE g B
» Maximum likelihood estimates would compute L ah . N
the empirical mean and variance of every N scans, D voxels, z,4 € R
voxel/pixel, for every every class . .
> Because there are many voxels and only a yn = k it data n is class k
limited number of scans, performance N digits, D pixels, 2,4 € R
improves by placing appropriate priors on Ol *232456b5§ 9

(especially the variance) parameters




