CS145: Probability & Computing
Lecture 16: Monte Carlo Methods
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CS145: Lecture 16 Outline
» Monte Carlo Methods




The (Weak) Law of Large Numbers

X1, Xo,...i.i.d. M X1+ -+ Xn  sample mean or
finite mean p and variance o2 " n empirical mean
2 2
no o)
E|M,| = Var[M,] = — = —
H n? n

» Chebyshev’s inequality bounds distance between the
true mean and the “empirical” or “sample” mean:

Var(Mp) o

P(|M, —ul>e) < = —
(l n :u|_)_ 62 ’I’L€2

» The empirical mean converges to the true mean in probability
lim P(|M,, —u|>¢€¢) =0
n— oo

» True even if variance not finite, but proof more challenging.




Example: Monte Carlo Estimation of &

@®Fori=1to N

@ Choose X and Y uniformly at random from [0, 1]
@A If X? +Y?><1then Z: =1else Z; = 0.

(2] Z:Z,I'V:14Zi
© 52%2&142

Z;isa 0-1rv. with Pr(Z = 1) = T,

Elz]=5  Verlz]=(1-7)




Example: Monte Carlo Estimation of
Ziisa0-1r.v. with Pr(Z; =1) =

™
4 -

N
Var[Z] = Y Var[4Z)] = 16N%(1—%)
=1

E[Z — Nx] =0 Var[Z — Nx] = Var[Z] = 16N%(1 - %)

o[Z] = 4\/N%(1 - %) ~ 1.64VN




Example: Monte Carlo Estimation of

s

E[Z — Nx] =0 Var[Z — Na] = Var[Z] = 16N (1 - 7)

o[Z] = 4\/N%(1 . %) ~ 1.64v/N




Example: Monte Carlo Estimation of &

INE

Ziisa 0-1rv. with Pr(Z; =1) =

1 N
E[S] = Y 4E[Z] =
=1

Averaging many observations maintains the average but reduces
the variance (standard deviation).

octave:1> S=12; a=rand(S,2); 4*mean(sum(a.*a,2)<1)

ans = 3.3333
octave:2> S=1e7; a=rand(S,2); 4*mean(sum(a.*a,2)<1)

ans = 3.1418

I. Murray, MLSS 2009



How Good is the Estimate?
Chebyshev’s Inequality:

Theorem

For any random variable X, and any a > 0,

PrlX — E[X]| = a) < V‘ZEX]-
E[S) = xE[4Z;] =
Var|4Z;] <16, since 0 < 4Z; < 4. Var|S] = 1_]\675

For NV > 128, 000,
Pr(|S —w| > 0.05) <0.05



How Good is the Estimate?

Theorem (Hoeffding's Inequality)

Let Xi,...,X, be independent random variables such that for all
1<i<n, E[Xj] =p and Pr(a < X; < b)=1. Then

1 n
AL S 2 ) < 26057
i=1

ElS|=+> i E[4Z]=m, and 0 <4Z; <4

P(|S — 7| > €) < 2e~2n</4

Fore:\/w, P(|S—m>¢) <)

For n = 12,000, P(|S —«]| > 0.05) <0.05



Numerical Integration

We can also estimate 7 as 4 fol V1 — 2x2dx

Let a:t() S I S tl S L9 S tl,....,g Tn S tn — b. Let Az :tz’_ti—la
and A = MaxlSiSnAi

f; f(x)dx =lima 0>, f(z;)A; (when exists and unique..)

To estimate V' = f; f(x)dx, choose x1,...,x, uniformly at random in
la, b], and compute:

‘7 — % Z?:l f(.CCZ)

E[V] =V, Var[V] = Yol



Monte Carlo Methods
Elg] = / g(x) fx(x) dz

For many complex models, integral is intractable but we can still:
> Simulate the target distribution: P(X; < z;) = Fx(z;)
> Evaluate the target function: g; = g(x;)

A Monte Carlo method uses computer simulation to approximate:
1 n
Elg] ~ - Zg($z) = M, P(X; < x;) = Fx(x;)
i=1

Selecting x1, ..., x, according to the distribution F'x(x)



Monte Carlo Methods
Elg] = / g(x) fx(x) dz

Desirable properties of Monte Carlo estimates:
» Unbiased for any sample sizen:  E|M,| = F|g]

> Law of large numbers: Var[M,,] = L Var(g(X))

T n

lim P(|M, — Elg]| > ¢€) =0
n—oo
A Monte Carlo method uses computer simulation to approximate:

Bld~ S gle) =M, P(Xi < @) = Fx(w)

PROBLEM: How do we simulate the target distribution on a computer?



Monte Carlo: The Standard Input

» Assumption: We have a source of independent Fur(wi)
random variables which follow a continuous b 5
uniform distribution on [0,1]: Uy, Uy, Us, . ..

» In Matlab, the rand function provides this 0 1 B

Coming later: Methods for generating uniform variables...



Discrete Random Number Generation
> Input: Independent uniform variables U;,Us, Us, .. .

Assume that the distribution has k values, a; a, .

Ay, with
probabilities p; py, ...,pr. Xxpi=1

el

Partition the interval [1,0] to k segments of lengths FX(x)
p1, D2, ---Dk- If U; is in the k segment output a, |

Fx(ai) = 21 Di - Segment | = [Fx(ai—1) Fx(ai)) ﬂ plxl(:v
a=h(u) =min{z | Fx(z) >u}
P(Xz = k) = P(FX(k — 1) < Uz < Fx(k‘)) — FX(]‘C) _ Fx(k _ 1) :px(k)

This function transforms uniform variables to our target distribution!



Discrete Random Number Generation
> Input: Independent uniform variables U7, Uy, Us, . ..

» We can use these to exactly sample from any discrete
distribution using the cumulative distribution functlon

Fx(z)=P(X < x) ZPX FX(CE)f
k<x 2
> Define the “inverse” of this discrete CDF: px (&)
. 025 ] X
h(u) = min{x | Fx(x) > u} AL
X; = h(U;)

P(Xi=k)=PFx(k—1) <U; < Fx(k)) = Fx(k) — Fx(k—1) =px(k)

This function transforms uniform variables to our target distribution!



Discrete Random Number Generation

Example: FX(SU)H
Generating Binomial random variables : X; X, X3 ..

Input: Independent U[0,1]: Uy, Uy, Us, ... C FH px ()
B(8, 0.25): RE= RN
n= 0 1 2 3 4 5 6 7 8

P(n)= 0.100 0.267 0.311 0.208 0.087 0.023 0.003 0.001 0.000
Fy(n) = 0.100 0.367 0.678 0.886. 0.973. 0.996 0.999. 1.000 1.000

If 0.367 < U; < 0.678,then X; =2 Pr(X; = 2)= 0.678 - 0.367=0.311
h(u) = Fx*(u)
P(Xi=k)= P(Fx(k—1) < U; < Fx(k)) = Fx(k) — Fx(k — 1) = px (k)



Continuous Random Number Generation
> Input: Independent uniform variables U7, Uy, Us, . ..

» We can use these to exactly sample from any continuous
distribution using the cumulative distribution functlon

Fx( ) P(X<£IZ‘ / fX dZ

» Assuming continuous CDF is invertible:
h(u) = Fx (u)

X; = h(U;) |

1

P(X; < z) = P(h(U;) < z) = P(U; < Fx(2)) = Fx(z)

This function transforms uniform variables to our target distribution!



Continuous Random Number Generation

Input: Independent U[0,1] random values U, Uy, Us, ...
Output: Independent Exp(f) random values X; X, X3

Weuse [; =1-e 9% tocompute:

w= Fy(z) = / fx(z




Uniform Random Number Generation

» Assumption: We have a source of independent Fur(wi)
random variables which follow a continuous b 5
uniform distribution on [0,1]:  U;,Us, Us, . ..

» In Matlab, the rand function provides this 0 1 B

» Chaotic dynamical systems are used to generate sequences
of pseudo-random numbers whose distribution is
approximately uniform on [0,1]

» Simplest examples are linear congruential generators,
but try to use more sophisticated methods!

;1 = (au; + ¢) mod m Uu; = —U;
m
¢ and m should be relatively prime and large (plus more).



Examples of Uniform Generators

Linear Congruential Generator ::;; 7 % i i de' ? g

=0
d 1 tpt2 tpt4 tpt8 tpt7 output 5 tpt1

U1 = (aui T C) mod m ’223154\5 @p %

c =0
seed =3 output6 tp t3

The seed determines starting point.
mig 73 ? 12 78 |7®2 78 : 88888 3
Wikipedia + ..t 0 v Bk T A g da ek A

seed=0 output1 output5 tpt3 output 4 tpt8 tpt6 tpt7 tpt2 tptO

RANDU: A catastrophically bad random number generator
that was fairly widely used in the 1970’s

,am = 65539 - @; mod 23!
S 31
T ’L
. Constants picked for ease of

hardware implementation, BUT AN
« Strong correlations among triples of values




