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We introduce quantiles, and show that sampling a quantile uniformly
at random, and then inverting a distribution F at that sample value, is
equivalent to sampling from F itself.

1 Quantiles

A quantile q ∈ [0, 1] is the relative strength of a value v ∈ T:

q(v) = 1− F(v).

Likewise,
F(v) = 1− q(v).

The value F(v) is the probability that the value of a random
draw from the distribution F is less than or equal to v. Accord-
ingly, the quantile v is the probability that the value of a random
draw is greater than v. Thus, lower quantiles correspond to higher
types/values, and higher quantiles correspond to lower types/values.

To map a quantile back to a value, we invert F at 1− q:

v(q) = F−1 (1− q) .

2 Probability Integral Transform

Let X be a random variable with arbitrary CDF F. Now define the
random variable Y = F(X). Note that the range of Y is [0, 1]. One
interesting question is, how is Y distributed? That is, what is the CDF
of an arbitrary CDF? The answer is straightforward to derive, but
surprising nonetheless: for 0 ≤ y ≤ 1,

Pr(Y ≤ y) = Pr(F(x) ≤ y)

= Pr(x ≤ F−1(y))

= F(F−1(y))

= y.

What this says in words is that Y is uniformly distributed on [0, 1]!
That is, the CDF of an arbitrary CDF is uniform. Finally, since a
quantile associated with a value is 1 less the CDF at that value, quan-
tiles are likewise uniformly distributed.
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3 Inverse Transform Sampling

The inverse of the probabilty integral transform is the following: if
U is a uniform random variable on [0, 1], then the random variable
F−1(U) is distributed according to F:

Pr(F−1(U) ≤ x) = Pr(U ≤ F(x))

= F(x).

An important practical consequence of this observation is a process
for sampling from an arbitrary CDF: first sample from the uniform
distribution to obtain a value of F(x), and then apply F−1 to that
sample to recover x = F−1(F(x)), which is necessarily distributed
according to F. This process is called inverse transform sampling.

Example 3.1. The uniform distribution on [0, k] has CDF F(x) =
x/k. Using inverse transform sampling, we can sample u = F(x)
from U[0, 1], and use as our sample the value x = ku. From the
transform, we know that this is equivalent to sampling x from U[0, k].
Alternatively, and again equivalently, we can sample a quantile q =

1− u from U[0, 1], and then plug q into the function (1− q)k.

Example 3.2. The exponential distribution has CDF F(x) = 1− e−λx.
We invert this CDF as follows:

F(x) = 1− e−λx

e−λx = 1− F(x)

−λx = ln (1− F(x))

x = −ln(1−F(x))/λ.

Now, using inverse tranform sampling, we can sample from the
exponential distribution by first sampling a value u = F(x) from
U[0, 1], and then plugging the sampled value u into the function
− ln(1−u)/λ. Equivalently, we can sample a quantile q = 1− u
from U[0, 1], and then plug q into the function − ln(q)/λ.
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