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 ANNALS OF MATHEMATICS

 Vol. 54, No. 2, September, 1951

 AN ITERATIVE METHOD OF SOLVING A GAME

 BY JULIA ROBINSON

 (July 28, 1950)

 A two-person game' can be represented by its pay-off matrix A = (aij). The
 first player chooses one of the m rows and the second player simultaneously

 chooses one of the n columns. If the ith row and the jth column are chosen, then
 the second player pays the first player aij.

 If the first player plays the ith row with probability xi and the second player

 plays the jth column with probability yj , where xi _ 0, EZx = 1, yj > 0, and
 Eyj = 1, then the expectation of the first player is Zaijxiyj. Further-
 more,

 (1) mmin Eaixi < max Eaiyj,,
 j i i j

 since

 min Eaij xi < E Eai xi Ayj < max Eaij y,.
 j i i i i j

 The minimax theorem of game theory (see [1] page 153) asserts that for some

 set of probabilities X = (x1 , ***, X,) and Y = (yi , .**, yn) the equality
 holds in (1). Such a pair (X, Y) is called a solution of the game. The value v

 of the game is defined by

 v = min Eai xi = max Eaijyj,
 i i i j

 where (X, Y) is a solution of the game.
 In this paper, we shall show the validity of an iterative procedure suggested

 by George W. Brown [2]. This method corresponds to each player choosing in
 turn the best pure strategy against the accumulated mixed strategy of his
 opponent up to then.

 Let A = (aij) be an m X n matrix. Ai. will denote the ith row of A and A.j,
 the jth column. Similarly, if V(t) is a vector, then vj(t) is the jth component.
 Let max V(t) = maxj vj(t) and min V(t) = mini vj(t). In this notation, (1) can
 be rewritten as follows:

 (2) min EA .xi < max EA.jyj,
 i .7

 whenever xi_ 0, Exi = 1, y, _ 0, and Zyj = 1.
 DEFINITION 1. A system (U, V) consisting of a sequence of n-dimensional

 vectors U(O), U(1), * * * and a sequence of m-dimensional vectors V(O), V(1), *
 is called a vector system for A provided that

 min U(O) = max V(O),

 1 More technically, a finite two-person zero-sum game. See [1] in the bibliography at the
 end of the paper.
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 AN ITERATIVE METHOD OF SOLVING A GAME 301

 some row or column of A is not eligible. From Lemma 3 and the choice of s, we
 have

 (5) max V((O + s)t*) - min U((O + s)t*) ? 4at*.

 From (4) and (5), we obtain

 max V(t) - min U(t) < 4at* + 1e(q - s)t* < (4a + 2eq)t*.
 CASE 2. If there is no such s, then in each interval ((0 + r - 1)t* , (O + r)t*)

 some row or column of A is not eligible. Hence

 max V(t) - min U(t) < max V(Ot*) - min U(Ot*) + leqt* < 2aOt* + leqt*.
 Therefore, in either case,

 max V(t) - min U(t) < (4a + 'eq)t* < 4at* + let < et for t _ 8at*/e.

 From Lemmas 1 and 4, we see that

 lim max V(t) - min U(t)
 t- oo t

 But from (1),

 lim sp min U(t) <
 t- oo t

 lim inf max V(t) > v.
 tf-oo t

 Hence

 lm nin V (t) =lmmax V(t)
 t b oo t t bCoo t

 which completes the proof of the theorem.

 THE RAND CORPORATION,
 SANTA MONICA, CALIFORNIA
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