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robot control loop
someone please sketch on the board
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The Robot Control Loop

Motion
Control

Decision
Making

x[t+1]

xd[t]

u[t]=MC(xd[t]-x[t])xd[t]=AI(x[t],G)

Physics
(Plant)

u[t]
x[t+1]=NEXT(x[t],u[t])

SensingPerception
y[t]

x[t]^

^ ^

x[t]=PER(y[1:t]) y[t]=OUT(x[t])^

objective
G

Computation Embodiment

Topic 3: Kinematics 
and Dynamics

Options (not mutually exclusive):
1) Teleoperation: remote control by human user(s)
2) Computer program: executing a procedural model
3) Learning: learned mappings from data/experience

Topic 2: Robot 
Middleware
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Simulation v. Reality
What separates physical simulation (games, 
animation) from physical reality?

partial and noisy sensing of the real world

non-determinism of the real world

Teleoperation: robots as remote control device

users loses situation awareness in teleop

Understanding physics is crucial for 
engineering robotic systems
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Physics
(makes the world go round)

Predict next state (xt+1) from current state (xt)

Δx = f(xt,ut)

xt+1 = xt + delta_x

Questions 

How do we compute f(xt,ut) ?

What is xt?

What is ut?

x[t+1]

Physics
(Plant)

u[t]
x[t+1] = f(x[t],u[t])
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Predict next state (xt+1) from current state (xt)

Δx = f(xt,ut)

xt+1 = xt + delta_x

Questions 

How do we compute f(xt,ut) ? Dynamics

How is xt  defined? Kinematics (motion w/o physics)

How do we compute ut? Motion control

x[t+1]

Physics
(Plant)

u[t]
x[t+1] = f(x[t],u[t])

Physics
(makes the world go round)
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Physics: f(xt,ut)
Do we understand the true nature of the 
universe?
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Physics: f(xt,ut)
Do we understand the true nature of the 
universe?  ....  probably not

But we have good approximations

Newtonian mechanics (3 laws of motion)

Quantum mechanics

Relativity theory

String theory
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Physics: f(xt,ut)
Do we understand the true nature of the 
universe?  ....  probably not

But we have good approximations

Newtonian mechanics (3 laws of motion)

Quantum mechanics

Relativity theory

String theory
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Numerical
Integration

Accumulate
Forces

Detect 
Collisions

Enforce 
Constraints

Adjust world to maintain user constraints 

Responsive 
forces

Equations of
Motion

Updated world
at !t in the future

Figure 15.2. The job of physical simulation engine is to continually update the state
(position and velocity) of each rigid object over time. At a given time, this process
roughly follows four steps: 1) detection of objects in collision, 2) accounting of forces
due to contacts, gravity, motors, etc., 3) using Newtonian equations of motion to
update state one step ahead in time, and 4) adjusting state to conform with specified
constraints, such as making sure bones stay connected in a skeletal hierarchy.

of these implementations, you will find formulations of basic mechanics,
principles and mathematical laws governing the motion of bodies, partic-
ularly with respect to Newton’s laws of motion. Understanding of such
mechanics will aid you in both using existing physics packages but also the
development of your own systems.

This chapter provides an overview of some basic principles and tech-
niques used in simulating physics for games. While not a guide for thor-
ough computational implementation, our coverage is meant to give some
insight into how physical simulation works, coverage over commonly used
techniques, and some tangents into physics in the greater picture. We
outline the basic principles for animating articulated characters (such as
humanoids) using rigid body dynamics to (approximately) simulate real
world physics. This chapter covers the basic principles and computation
of Newtonian physics from a particle to a rigid body, collision handling for
rigid bodies, and enforcing articulation constraints to produce rag dolls and
motor-controlled humanoids. We will briefly touch upon Newtonian simu-
lation of natural phenenomenon using particle systems and finite element
methods.

15.1 Newtonian Mechanics

We starting with some big picture perspective and definitions. Physics
in games often refers to Newtonian mechanics (or classical mechanics),
the physical laws governing and mathematically describing the motion of
macroscopic objects (rigid bodies, in this case) over time. Mechanics refers

Computational approximation (typical):
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Newton’s Laws of Motion

Consider two particles, xA and xB, with 2D position

1. "A body persists its state of rest or of uniform motion unless acted 
upon by an external unbalanced force." 

2.Force equals mass times acceleration

F = ma  = m (dv/dt) = m (d2x/dt2)

3. "To every action there is an equal and opposite reaction."

FB->A = -FA->B
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Newton’s Laws of Motion

Consider two particles, xA and xB, with 2D position

1. "A body persists its state of rest or of uniform motion unless acted 
upon by an external unbalanced force." 

2.Force equals mass times acceleration

F = ma  = m (dv/dt) = m (d2x/dt2)

3. "To every action there is an equal and opposite reaction."

FA->B = -FB->A

Predict next 
state in time

React to 
collisions

Concept of inertia
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14

A

B
c

n

Figure 15.9. When a collision occurs between two geometrical bodies A and B, both
bodies apply equal and opposite response forces to each other, according to Newton’s
Third Law. These response forces occur at a contact c and along a contact normal
n defining a separating plane between the bodies.

• if the relative velocity pushes the bodies outward, no response force
is required to resolve the collision

• if the relative velocity pushes the bodies inward, the contact is collid-
ing or sliding with Coulomb friction forces along the contact normal
and tangential against the relative velocity

• if the relative velocity is zero, the contact is resting with Coulomb
friction forces along the contact normal and tangential within some
tolerance

There are several problems with this simplistic approach to collision
handling.

First, intersection tests between all pairs of triangles is O(N2), for N
triangles. This needlessly wastes precision computation cycles, especially
given the large numbers of triangles used in modern games. Pruning is
typically used to eliminate unnecessary tests using a hierarchy bounding
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Newton’s 2nd Law
ẍ = a
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15.2 Newton’s Laws of Motion for a Particle

The essence of Newtonian mechanics comes from Newton’s Three Laws of
Motion. We consider the example of a volume-less 3D particle as a simple
body for illustrating how these laws are used to state dynamical equations
of motion. Equations of motion express a dynamics function that relates
a particle’s new state in the future given its current state in the form of
a first-order differential equation5. As we discuss in the next section, this
differential equation is numerically integrated over an interval of time to
yield the actual prediction about the particle’s future state.

Newtonian mechanics is founded upon Sir Isaac Newton’s three Laws
of Motion, stated briefly as:

• First law: an object in motion will remain in motion unless acted
upon by external force

• Second law: Force equals mass multiplied by acceleration (F = ma)

• Third law: For every action, there is an opposite and equal reaction

We are principally interested in the Newton’s Second Law because it
allows us to predict the particle’s new state. In its basic form, this law
expresses acceleration ẍ as a function f of forces that depend only on the
particle’s position x, velocity ẋ, and time t:

ẍ = f(x, ẋ, t)/m (15.1)

This equation is a second-order differential equation because acceler-
ation depends on the change in velocity which depends on the change in
position. Because Second-order differential equations can be difficult to
work with, it is better to rephrase this equation into two coupled first-order
differential equations, using velocity v = ẋ as an explicit intermediary:

v̇ = F/m (15.2)
ẋ = v (15.3)

Given the forces acting on the particle, the particle’s new velocity and
position can then be determined at some time ∆t by solving these differ-
ential equations numerically (discussed in the next section). The particle’s
state is then represented as a 6D vector, concatenating position and veloc-
ity. The result is a single first-order differential equation:

5Differential equations involve continuously changing variables and their rates of
change.
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d

dt

[
ẋ
v̇

]
=

[
F/m

v

]
(15.4)

Note, although we present the dynamics with respect to a single par-
ticle, multiple particles can be simulated at the same time as within the
same system by simply maintaining multiple instances of state variables.
If particles need to interact, procedures for collision detection and response
must be present, which we discuss in the context of rigid bodies.

To better understand what these variables mean, let’s breakdown New-
ton’s Second Law into its respective parts, considering mass m first. The
mass of the body is simply a scalar number indicating how much matter is
in an object, or more intuitively, the “heaviness” of the object6. Because
our particle is simply a single point, it can be assigned some arbitrary but
reasonable value. A more general formulation of mass is given as m = pV ,
density p times volume V , which we give more attention later in this chap-
ter.

A particle’s acceleration a = ẍ is derived from the rates of change in
its velocity v = ẋ and position x7. Velocity is generally defined as the
speed of something in a given direction. For our particle, velocity refers to
the change in the particle’s position over some unit of time dt, or the first
derivative of position ẋ:

v = ẋ =
dx
dt
≈ xt − xt+∆t

∆t
(15.5)

∆t is a scalar length of time and xt is the position of the particle at
time t. Computationally, for our 3D particle, x and v are 3 × 1 vectors.
Variable x is the global position of the particle in some external coordinate
system, or world space. The vector v indicates both the particle’s direction
of movement and its magnitude (or speed). Note, as ∆t gets increasingly
small, the discrete approximation of v, xt−xt+∆t

∆t becomes closer to the true
instantaneous velocity dx

dt .
Similarly, acceleration is the first derivative of velocity v̇, referring to

the change in the particle’s velocity over time as a 3× 1 vector:

a = v̇ =
dv
dt
≈ vt − vt+∆t

∆t
(15.6)

Further, acceleration is the second derivative of position ẍ:

a = v̇ =
dv
dt

=
d
dt

dx
dt

=
d2x

dt2
(15.7)

6Weight is not equivalent to mass. Weight is mass under the effects of gravity
7Also, variables for acceleration, force, velocity, and position are expressed as vectors

and, thus, can be added, subtracted, multiplied by scalars, etc.

Note:

Restate f=ma as:
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15

x
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Figure 15.4. Two particles, x and y, can be connected by a spring to constrain
their distance to l. When the particles’ distance is greater than l, the spring applies
opposite corrective (or penalty) forces on each particle to bring them closer to their
equilibrium distance l. Spring-mass systems are constructed by connecting particles
together with a network of springs.

Newton’s Second Law, restated as a = F/m allows us to rephrase and
determine the particle’s change in velocity with respect to force and mass:

a = v̇ = F/m (15.8)

Just as with acceleration, F is a 3× 1 vector referring to the net force
(or resultant force) as the sum of all externally imposed forces fi (also 3×1
vectors) acting on the particle:

F =
∑

i

fi (15.9)

Individual forces are linear and represent the acceleration of the particle
along a particular direction that could result from gravity (fi = mG),
interactions with another particle y connected by a spring of equilibrium
length l, stiffness ks, and damping kd,

fi = ks(||x− y||− l) + kdv, (15.10)

collisions with other objects (as indicated by Newton’s Third Law), or
artificial forces generated by a user, artificial intelligence procedure, or from
a method of your choosing. Discussed later, multiple particles connected by

net force (internal,external):

Restate state as position and velocity:
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of movement and its magnitude (or speed). Note, as ∆t gets increasingly
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instantaneous velocity dx
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the change in the particle’s velocity over time as a 3× 1 vector:

a = v̇ =
dv
dt
≈ vt − vt+∆t

∆t
(15.6)
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6Weight is not equivalent to mass. Weight is mass under the effects of gravity
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and, thus, can be added, subtracted, multiplied by scalars, etc.

!
!

!
!

!
!

!
!

15.2. Newton’s Laws of Motion for a Particle 319

d

dt

[
ẋ
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6Weight is not equivalent to mass. Weight is mass under the effects of gravity
7Also, variables for acceleration, force, velocity, and position are expressed as vectors

and, thus, can be added, subtracted, multiplied by scalars, etc.

Discrete approximation:
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6Weight is not equivalent to mass. Weight is mass under the effects of gravity
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and, thus, can be added, subtracted, multiplied by scalars, etc.

F = gravity + Farbitrary
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springs can be used to simulate various types of articulated and deformable
systems.

15.3 Solving Equations of Motion

Newton’s laws provide only a mathematical description of how our particle
should move, in the form of equations of motion. Equations of motion alone,
however, provide no specific procedure for updating the particle’s state
forward in time. This responsibility falls upon a numerical integrator8 to
accumulate the effects of the equations of motion, expressed in a dynamics
function f(x, v, t), from time t to predict the particle’s future state at time
t+∆t. This process is often referred to as solving the equations of motion,
referring to this integration as an initial value problem. That is, restating
st = [xt and vt], given an initial state st and a velocity field9 ṡ = f(st),
predict the future state st+∆t, which is equivalent to evaluating the integral:

∫ t+∆t

t
f(st)dst (15.11)

Note, that the state variable s could refer to any type of time-evolving
phenomenon, not just a 3D particle. Several numerical integration tech-
niques exist, as discussed in Baraff and Witkin’s course notes and Numeri-
cal Recipes by Press et al. We discuss two of these techniques, Euler Inte-
gration and Verlet Integration, although the Runge-Kutta and Backward
Euler methods are notable omissions.

15.3.1 Euler Integration

Euler’s Method is the simplest approach to this numerical integration. Eu-
ler’s Method prescribes simply adding the derivative from the velocity field
f(st) weighted by the time step duration ∆t to the current state st:

st+∆t = st + ∆tf(st) (15.12)

The problem with using Euler’s Method is finding the proper time step
length ∆t that yields optimal performance. For infinitely small time steps,
Euler’s Method will perform accurately, yielding the proper physical evo-
lution of the particle’s state. However, each update of the state variable
costs time and computation and small time steps mean many updates will

8In specific situations, however, analytical closed-form solutions to the equations of
motion could be formulated instead of a numerical approximation.

9A velocity field outputs state derivatives given any state. This velocity field repre-
sents a first-order ordinary differential equation.
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Euler’s Method will perform accurately, yielding the proper physical evo-
lution of the particle’s state. However, each update of the state variable
costs time and computation and small time steps mean many updates will

8In specific situations, however, analytical closed-form solutions to the equations of
motion could be formulated instead of a numerical approximation.

9A velocity field outputs state derivatives given any state. This velocity field repre-
sents a first-order ordinary differential equation.
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Figure 15.5. From any state st, the dynamics f(st) output a state velocity direction,
forming a vector field (top left). (Top right) proper numerical integration will accu-
rately predict the proper state trajectory (red) by iterating over multiple discrete time
steps (blue). If the step length is too long, simulations tend to “blow up” (such as
the humanoid in the bottom left) due to divergence from the proper state trajectory
(bottom right).

be performed. Games are especially time-critical applications where com-
putationally expensive procedures are not looked upon favorably. In many
situations, a single update with a larger step length will suitably approxi-
mate the accuracy of multiple updates with a smaller step size. While eas-
ing the computational burden, however, this approximation breaks down
as the step length increases. If the step size is too large, the integrator
can overshoot the proper state trajectory, causing crude approximations or
instability (i.e., divergence from the proper state trajectory). These arti-
facts will appear in a particle’s motion as jittering or, at worst, complete
dissappearance from the screen. In humanoids, integrator instability is of-
ten responsible for the character “exploding”, where body parts violently
fly apart from each other. Guaranteed, players of your games will not be
happy with such unintended behavior.

One reason why Euler’s Method often fails is due to treating the change
in state from f(st) as a linear translation10 when the actual dynamics

10Remember, state dynamics f(st) is a first-order system because position and veloc-

Note: generalized vs. constrained dynamics
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springs can be used to simulate various types of articulated and deformable
systems.

15.3 Solving Equations of Motion

Newton’s laws provide only a mathematical description of how our particle
should move, in the form of equations of motion. Equations of motion alone,
however, provide no specific procedure for updating the particle’s state
forward in time. This responsibility falls upon a numerical integrator8 to
accumulate the effects of the equations of motion, expressed in a dynamics
function f(x, v, t), from time t to predict the particle’s future state at time
t+∆t. This process is often referred to as solving the equations of motion,
referring to this integration as an initial value problem. That is, restating
st = [xt and vt], given an initial state st and a velocity field9 ṡ = f(st),
predict the future state st+∆t, which is equivalent to evaluating the integral:

∫ t+∆t

t
f(st)dst (15.11)

Note, that the state variable s could refer to any type of time-evolving
phenomenon, not just a 3D particle. Several numerical integration tech-
niques exist, as discussed in Baraff and Witkin’s course notes and Numeri-
cal Recipes by Press et al. We discuss two of these techniques, Euler Inte-
gration and Verlet Integration, although the Runge-Kutta and Backward
Euler methods are notable omissions.

15.3.1 Euler Integration

Euler’s Method is the simplest approach to this numerical integration. Eu-
ler’s Method prescribes simply adding the derivative from the velocity field
f(st) weighted by the time step duration ∆t to the current state st:

st+∆t = st + ∆tf(st) (15.12)

The problem with using Euler’s Method is finding the proper time step
length ∆t that yields optimal performance. For infinitely small time steps,
Euler’s Method will perform accurately, yielding the proper physical evo-
lution of the particle’s state. However, each update of the state variable
costs time and computation and small time steps mean many updates will

8In specific situations, however, analytical closed-form solutions to the equations of
motion could be formulated instead of a numerical approximation.

9A velocity field outputs state derivatives given any state. This velocity field repre-
sents a first-order ordinary differential equation.
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The problem with using Euler’s Method is finding the proper time step
length ∆t that yields optimal performance. For infinitely small time steps,
Euler’s Method will perform accurately, yielding the proper physical evo-
lution of the particle’s state. However, each update of the state variable
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motion could be formulated instead of a numerical approximation.

9A velocity field outputs state derivatives given any state. This velocity field repre-
sents a first-order ordinary differential equation.

!
!

!
!

!
!

!
!

322 15. Physical Simulation

x0

x1

x2
x3

x4
x5

x6

x0

x2

x4 x6

x0

x1

x2
x3

x4
x5

x6

x0

x2

x4 x6

Figure 15.5. From any state st, the dynamics f(st) output a state velocity direction,
forming a vector field (top left). (Top right) proper numerical integration will accu-
rately predict the proper state trajectory (red) by iterating over multiple discrete time
steps (blue). If the step length is too long, simulations tend to “blow up” (such as
the humanoid in the bottom left) due to divergence from the proper state trajectory
(bottom right).

be performed. Games are especially time-critical applications where com-
putationally expensive procedures are not looked upon favorably. In many
situations, a single update with a larger step length will suitably approxi-
mate the accuracy of multiple updates with a smaller step size. While eas-
ing the computational burden, however, this approximation breaks down
as the step length increases. If the step size is too large, the integrator
can overshoot the proper state trajectory, causing crude approximations or
instability (i.e., divergence from the proper state trajectory). These arti-
facts will appear in a particle’s motion as jittering or, at worst, complete
dissappearance from the screen. In humanoids, integrator instability is of-
ten responsible for the character “exploding”, where body parts violently
fly apart from each other. Guaranteed, players of your games will not be
happy with such unintended behavior.

One reason why Euler’s Method often fails is due to treating the change
in state from f(st) as a linear translation10 when the actual dynamics

10Remember, state dynamics f(st) is a first-order system because position and veloc-

Note: generalized vs. constrained dynamics
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13

!t

error

xt

Figure 15.6. The dynamics velocity field provide a linear direction along which to
step the simulation forward, much like the tangent vector of a circle. However, the
system dynamics may actually be nonlinear, causing the predicted linear dynamics at
state x to drift away from the actual nonlinear dynamics. In the case of the circle,
as the step length ∆t increases, divergence between linear prediction and the circle’s
parabolic curvature increase to introduce greater error in the step.

may be nonlinear. Consider the case where the dynamics follow a set
of concentric circles, or rings of increasingly larger radius with the same
center. When starting directly on one of these rings, f(st) will output a
vector that is tangent to the ring. Even for a small ∆t, integrating using
Equation 15.12 will diverge from the ring11 due to the ring’s nonlinear
curvature. This divergence gets worse in a single step as ∆t increases and,
over multiple steps, accumulates to drifting further and further away from
the initial ring.

Euler integration divergence raises two important points. First, Newto-
nian mechanics is primarily suited to a world with continuous time. Time,
in reality, is not broken up into large discrete steps and is more naturally
modeled as ∆t, allowing for faithful second-order computation. Second, to
get the benefit of unnaturally large time steps, better prediction is needed
to avoid divergence. One approach, as taken in Verlet and Runge-Kutta
methods, is to increase the scope of time derivatives by expanding to higher-
order differential equations.

ity were concatenated into the particle’s state. These dynamics are still second-order
systems with respect to the particle’s position xt.

11Unless ∆t is infintesimally small

Note: increasing timestep, 
increases numerical error
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matlab particle sim

http://www.cs.brown.edu/courses/cs148/pub/
particle_sim_multi.m

Far from perfect, 
but illustrates the 
basic idea
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Physics Engines
Physical simulation is now a commodity technology

Simulate new plant/systems by defining state

Available engines include

Open Dynamics Engine (used in Gazebo)

Newton

Havoc

Bullet
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Defining State
State comprised 
of degrees-of-
freedom (DOFs)

DOFs describe 
translational and 
rotational axes 
for joints

Particle DOFs?

Airplane DOFs?
Note: particles vs. rigid bodies, COM, geom, 

inertia
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DOFs and Coordinate Spaces
Each body has its own coordinate 
system

Joints connect two rigid bodies

Hinge (1 rotational DOF)

Prismatic (1 translational DOF)

Ball-socket (3 DOFs)

A motor force exerts on a DOF axis

Linear transformations used to relate 
coordinate systems of bodies and joints
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Defining State

State comprised 
of degrees-of-
freedom (DOFs)

DOFs describe 
translational and 
rotational axes 
of system

Humanoid DOFs?

joint angles
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Figure 15.11. Humanoid characters are composed of rigid bodies connected by
joints. Rotations about joints allow the character to pose in a variety of configurations
(top). The character’s kinematics define degrees-of-freedom, specifying how joints
can rotate. Early research into physics-based animation by Hodgins et al. used
dynamics that explicitly held the bones of humanoid character together (bottom
left). However, most dynamics engines used in modern games have independent
rigid bodies that are held together by constraints, similar to how magnetism holds
Geomag structures together (bottom right).

a Lagrangian formulation24 or a Newton-Euler formulation25.
Implicitly constrained dynamics, in contrast, does not explicitly enforce

constraints. Instead, constraints are expressed as implicit functions on the
state of the rigid bodies. Such constraints are satisfied when its function
evaluates to zero. The states where a constraint function evaluates to
zero form an equilibrium region of state space. As states move further
from this equilibrium region, their values, as evaluated by the constraint
function, increase. Forces are generated from these constraint functions by

24The temporal derivative of the partial derivative of kinetic minus potential energy
with respect to each generalized coordinate.

25At each time step, velocities and accelerations are propagated “forward” from the
root to outboard bodies and corrected “backward” to the root with forces and torques
backward.

Note: types of joints, global vs. local DOFs
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Defining State

State comprised 
of degrees-of-
freedom (DOFs)

DOFs describe 
translational and 
rotational axes 
of system

Biped hopper 
DOFs?
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Defining State

State comprised 
of degrees-of-
freedom (DOFs)

DOFs describe 
translational and 
rotational axes 
of system

Create DOFs?
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Collision detection
Articulated bodies (hierarchies of joints)

Denavit-hartenberg parameters
Matrix stack

Constraints
Specifying constraints between bodies

Enforcing constraints during integration

Additional issues
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Mechanics of sensing
proprioception, exteroception

Dynamical stability: 
Given xt and xgoal, solve for ut

Inverse dynamics - Lyapunov analysis
Inverse kinematics: 

Given hand location, solve for joint angles

Additional issues
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