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robot control loop

someone please sketch on the board
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Global Localization 

CS1480 – Assignment 4 Robot Localization

Figure 2: Snapshot of the “FC 148” robot soccer field with fiducial landmarks at the corners (such as “green”
over “orange”) and midfield line (as “pink”).
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cs148 overhead system is like a mini GPS

satellite-based
global positioning
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over “orange”) and midfield line (as “pink”).
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cs148 overhead system is like a mini GPS

satellite-based
global positioning

what happens when GPS is not an option?
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One option: Odometry

138 5 Robot Motion

10 meters

Start location

Figure 5.10 Sampling approximation of the position belief for a non-sensing robot.
The solid line displays the actions, and the samples represent the robot’s belief at
different points in time.

odometry, we recall that the relative difference between any two poses is rep-
resented by a concatenation of three basic motions: a rotation, a straight-line
motion (translation), and another rotation. The following equations show
how to calculate the values of the two rotations and the translation from the
odometry reading ut = (x̄t−1 x̄t)T , with x̄t−1 = (x̄ ȳ θ̄) and x̄t = (x̄′ ȳ′ θ̄′):

δrot1 = atan2(ȳ′ − ȳ, x̄′ − x̄) − θ̄(5.34)
δtrans =

√

(x̄ − x̄′)2 + (ȳ − ȳ′)2(5.35)
δrot2 = θ̄′ − θ̄ − δrot1(5.36)

To model the motion error, we assume that the “true” values of the rotation
and translation are obtained from the measured ones by subtracting inde-

Transform wheel rotation 
(measured by encoders) 
to motion of robot

Problems: slip, drift
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Problems with Odometry
(for example)

138 5 Robot Motion

10 meters

Start location

Figure 5.10 Sampling approximation of the position belief for a non-sensing robot.
The solid line displays the actions, and the samples represent the robot’s belief at
different points in time.

odometry, we recall that the relative difference between any two poses is rep-
resented by a concatenation of three basic motions: a rotation, a straight-line
motion (translation), and another rotation. The following equations show
how to calculate the values of the two rotations and the translation from the
odometry reading ut = (x̄t−1 x̄t)T , with x̄t−1 = (x̄ ȳ θ̄) and x̄t = (x̄′ ȳ′ θ̄′):

δrot1 = atan2(ȳ′ − ȳ, x̄′ − x̄) − θ̄(5.34)
δtrans =

√

(x̄ − x̄′)2 + (ȳ − ȳ′)2(5.35)
δrot2 = θ̄′ − θ̄ − δrot1(5.36)

To model the motion error, we assume that the “true” values of the rotation
and translation are obtained from the measured ones by subtracting inde-

Slipping: carpet, slippery 
surfaces, collisions

Drift: small odometry 
errors accumulate

Calibration: finding 
specific values encoder-
to-movement transforms
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Example: SLAM
(Simultaneous Localization and Mapping)

http://robotics.usc.edu/~ahoward/movies/iros2001a_slam.mov

Kidnapped robot problem
Build map and determine position in map

Loop closures (remember previous locations)

map built with odometry map corrected by loop closure
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Example: SLAM
(Simultaneous Localization and Mapping)

http://robotics.usc.edu/~ahoward/movies/iros2001a_slam.mov

Kidnapped robot problem
Build map and determine position in map

Loop closures (remember previous locations)

map built with odometry map corrected by loop closure

Can we use visual information with odometry?
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Onboard Localization 
use onboard visual evidence 
to determine location

where is this location in the world?
assuming a given map
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Onboard Localization 
use onboard visual evidence 
to determine location

where is this location in the world?

Sydney
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Onboard Localization 
use onboard visual evidence 
to determine location

where is this location in the world?
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Onboard Localization 
use onboard visual evidence 
to determine location

where is this location in the world?

Rio de Janeiro
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Onboard Localization 
use onboard visual evidence 
to determine location

where is this location in the world?
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Onboard Localization 
use onboard visual evidence 
to determine location

where is this location in the world?
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Onboard Localization 
use onboard visual evidence 
to determine location

where is this location in the world?

ambiguity: no clear answer

maintain a “distribution” over possibilities
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Onboard Localization 
use onboard visual evidence 
to determine location

where is this location in the world?
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Onboard Localization 
use onboard visual evidence 
to determine location

where is this location in the world?

Just in North America:
Portland?
Charlotte?

San Antonio?
Chicago?

San Diego?
and other possibilities
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Onboard Localization 
use onboard visual evidence and 
odometry to determine location

where is this location in the world?

travel 20 km east 
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Onboard Localization 

where is this location in the world?

travel 20 km east 

Most probable:
Des Moines

use onboard visual evidence and 
odometry to determine location
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CS1480 – Assignment 3 Path Planning

• Potential fields (Choset Ch. 4) and Wavefront planning3

• Probablistic roadmaps [1] (Kavraki et al. 1996)

• RRT-Connect [2] (Kuffner et al. 2000)

There is pseudocode available for Dijkstra’s and A* search on Wikipedia as well as many other sources.
There are many verisons of Dijkstra’s and A* available on the internet, you are free to use these just be sure
to cite anything that is not your own.

4 Physical Soccer Environment

Figure 1: Coarse dimensions of the “FC 148” field in
centimeters.

Shown in Figure 2, the course staff has set up the
“FC 148” robot soccer field within the Roomba
Lab for this assignment’s games and individ-
ual challenges. The dimensions of this field are
roughly 3.8m in width and 2.6m in height, as
coarsely illustrated in Figure 1 4. The field’s ori-
gin (0, 0) is in the corner opposite the desk with
the lab computers. The direction a robot is fac-
ing (yaw, or θ) is defined in radians and 0 if the
robot is facing the wall opposite the desk with the
lab computers. Turning to the right increases the
angle of yaw until π, turning to the left decreases
the angle of yaw until −π. That is, as the robot
turns to the right the angle of yaw increases to-
wards π until the robot is facing the wall with the
desk. If the robot turns even more the angle will
not increase up to 2π but rather start decreasing
from −π. The collective field of view for these cameras is shown in Figure 2. Localization for these robots
within the field of view is handled by a client-server based application written by the course staff. How to
incorporate such localization information in your client program is explained in the next section. The goals
are roughly 0.7m in width and slightly extend past the end boundary. A goal will consider being scored if
the ball touches the goal material.

4.1 Localization Interface

4.1.1 Infrastructure

As mentioned above, a total of four cameras were installed on the ceiling. The cameras labeled 1 and 2 are
connected to the computer sandworm and the ones labeled 3 and 4 are connected to foxwood. The course
staff wrote a program called tdlocc (Top-Down Localization Client) that connects to a specific camera and
analyzes the pictures taken by it. That is, it does two things: First, it uses the ARToolkitPlus library to find
the robots with the black and white pattern on top of it and estimate their location and bearing. Second, it
uses the CMVision library to find the yellow ball and determine its position. It then constructs a data packet
which contains pose estimates on all the objects it has spotted and sends it to the localization server over
the network using UDP. tdlocc repeats this process several times a second and thus delivers up-to-date pose
information to the server. The localization server program, called tdlocs (Top-Down Localization Server),
listens on network port 8855 for incoming pose estimates from localization clients and fuses those estimates

3http://playerstage.sourceforge.net/doc/Player-2.0.0/player/classPlayerCc 1 1PlannerProxy.html
4The actual dimensions of the field vary slightly from these dimensions due to issues with ceiling mounting of the cameras.

2

In global field coordinates:
* field dimensions
* goal (locations, dimensions)
* landmarks (locations, 
dimensions, appearance)

for our robots, assume a map of the soccer field
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In global field coordinates:
* field dimensions
* goal (locations, dimensions)
* landmarks (locations, 
dimensions, appearance)

for our robots, assume a map of the soccer field

CS1480 – Assignment 4 Robot Localization

• Kalman filtering: Markovian linear dynamics with parametric Gaussian-distributed unimodal noise

• Particle filtering: probablistic Markovian dynamics with nonparametric noise distributions and impor-
tance sampling

However, you will find that defining proper likelihood and dynamics terms are not explicitly covered
by the algorithms. Specifically, your dynamics should use odometric information about the robot’s pose
given by Player’s position2d proxy. Your likelihood function should evaluate the plausibility of perceiving
information from the blobfinder and bumper proxies given a hypothesis that you are in a particular pose.
You will spend some time and careful consideration in defining these terms.

Additionally, you will need to consider how to extract a single localization decision if you have a multi-
modal posterior distribution. As discussed in class, maximum a posteriori (maximum), expectation (mean),
and robust mean are options for extracting such pose estimates.

Active localization: It should be noted that your decision making can help resolve ambiguity for your
localiztion system. That is, you can decide to move your robot towards locations that would make its location
more clear.

4 Desired Pose Determination

Also, you are not restricted to using only your path planner for decision making, but it is highly recommended.
At the very least, you should consider using some combination of your planner and other control heuristics.

In addition to estimating the current pose of your robot, you will also need to determine desired poses
for your path planning system. Your calculation of desired pose can (and probably should) use estimates
of your robot’s pose along with recognition of the ball. It is not necessary to perform localization on the
ball’s location, but this is not necessarily a bad idea. You may want to try to estimate the depth of the ball
from blob dimensions, which is (again) not necessary. Note: the ball will not be occluded during the skills
challenges, but may be occluded during gameplay due to the other player.

Given our current soccer setup, localization of the other player will be difficult and is discouraged.

5 Soccer Skills Challenges and Competition

The goal scoring challenges and inter-group soccer competition from Assignment 4 (Path Planning) will be
used for this competition in addition to a modified navigation challenge. In this navigation challenge, you
will be given a set of locations on the field to visit in sequence along with regions on the field to avoid.

5.1 Map File Format

The pitch map will be given to you as file in the following space-delimited format:

Landmarks
<color_top> <color_bottom> <x_location> <y_location>
...
<color_top> <color_bottom> <x_location> <y_location>

Visit
<x_location> <y_location>
...
<x_location> <y_location>

Avoid
<x_location> <y_location> <radius>

2
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CS1480 – Assignment 3 Path Planning

• Potential fields (Choset Ch. 4) and Wavefront planning3

• Probablistic roadmaps [1] (Kavraki et al. 1996)

• RRT-Connect [2] (Kuffner et al. 2000)

There is pseudocode available for Dijkstra’s and A* search on Wikipedia as well as many other sources.
There are many verisons of Dijkstra’s and A* available on the internet, you are free to use these just be sure
to cite anything that is not your own.

4 Physical Soccer Environment

Figure 1: Coarse dimensions of the “FC 148” field in
centimeters.

Shown in Figure 2, the course staff has set up the
“FC 148” robot soccer field within the Roomba
Lab for this assignment’s games and individ-
ual challenges. The dimensions of this field are
roughly 3.8m in width and 2.6m in height, as
coarsely illustrated in Figure 1 4. The field’s ori-
gin (0, 0) is in the corner opposite the desk with
the lab computers. The direction a robot is fac-
ing (yaw, or θ) is defined in radians and 0 if the
robot is facing the wall opposite the desk with the
lab computers. Turning to the right increases the
angle of yaw until π, turning to the left decreases
the angle of yaw until −π. That is, as the robot
turns to the right the angle of yaw increases to-
wards π until the robot is facing the wall with the
desk. If the robot turns even more the angle will
not increase up to 2π but rather start decreasing
from −π. The collective field of view for these cameras is shown in Figure 2. Localization for these robots
within the field of view is handled by a client-server based application written by the course staff. How to
incorporate such localization information in your client program is explained in the next section. The goals
are roughly 0.7m in width and slightly extend past the end boundary. A goal will consider being scored if
the ball touches the goal material.

4.1 Localization Interface

4.1.1 Infrastructure

As mentioned above, a total of four cameras were installed on the ceiling. The cameras labeled 1 and 2 are
connected to the computer sandworm and the ones labeled 3 and 4 are connected to foxwood. The course
staff wrote a program called tdlocc (Top-Down Localization Client) that connects to a specific camera and
analyzes the pictures taken by it. That is, it does two things: First, it uses the ARToolkitPlus library to find
the robots with the black and white pattern on top of it and estimate their location and bearing. Second, it
uses the CMVision library to find the yellow ball and determine its position. It then constructs a data packet
which contains pose estimates on all the objects it has spotted and sends it to the localization server over
the network using UDP. tdlocc repeats this process several times a second and thus delivers up-to-date pose
information to the server. The localization server program, called tdlocs (Top-Down Localization Server),
listens on network port 8855 for incoming pose estimates from localization clients and fuses those estimates

3http://playerstage.sourceforge.net/doc/Player-2.0.0/player/classPlayerCc 1 1PlannerProxy.html
4The actual dimensions of the field vary slightly from these dimensions due to issues with ceiling mounting of the cameras.
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if the robot sees this landmark, where could it be?

CS1480 – Assignment 4 Robot Localization

Figure 2: Snapshot of the “FC 148” robot soccer field with fiducial landmarks at the corners (such as “green”
over “orange”) and midfield line (as “pink”).

3

visual 
observation
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not increase up to 2π but rather start decreasing
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the ball touches the goal material.
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centimeters.

Shown in Figure 2, the course staff has set up the
“FC 148” robot soccer field within the Roomba
Lab for this assignment’s games and individ-
ual challenges. The dimensions of this field are
roughly 3.8m in width and 2.6m in height, as
coarsely illustrated in Figure 1 4. The field’s ori-
gin (0, 0) is in the corner opposite the desk with
the lab computers. The direction a robot is fac-
ing (yaw, or θ) is defined in radians and 0 if the
robot is facing the wall opposite the desk with the
lab computers. Turning to the right increases the
angle of yaw until π, turning to the left decreases
the angle of yaw until −π. That is, as the robot
turns to the right the angle of yaw increases to-
wards π until the robot is facing the wall with the
desk. If the robot turns even more the angle will
not increase up to 2π but rather start decreasing
from −π. The collective field of view for these cameras is shown in Figure 2. Localization for these robots
within the field of view is handled by a client-server based application written by the course staff. How to
incorporate such localization information in your client program is explained in the next section. The goals
are roughly 0.7m in width and slightly extend past the end boundary. A goal will consider being scored if
the ball touches the goal material.

4.1 Localization Interface

4.1.1 Infrastructure

As mentioned above, a total of four cameras were installed on the ceiling. The cameras labeled 1 and 2 are
connected to the computer sandworm and the ones labeled 3 and 4 are connected to foxwood. The course
staff wrote a program called tdlocc (Top-Down Localization Client) that connects to a specific camera and
analyzes the pictures taken by it. That is, it does two things: First, it uses the ARToolkitPlus library to find
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the network using UDP. tdlocc repeats this process several times a second and thus delivers up-to-date pose
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Bayes Rule
relates one conditional probability to its inverse

posterior is proportional to likelihood * prior

A: possible robot pose, B: given robot observation

prior: previous 
knowledge/bias 

about robot poses

likelihood: consistency of an assumed pose with given observations

posterior: resultant 
distribution of poses 

considering observations normalization: distributions 
must sum to 1
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Bayesian Filtering
note: Z is y in control loop

assume constant denominator,
becomes constant α

prior: predict new belief from 
previous belieflikelihood

posterior

restate prior into dynamics 
and recursive prior

“predict”“update”

prior: belief from 
previous time step

dynamics: predict new belief 
from previous belief
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Bayesian Filtering is...

Markovian: future 
depends on only 
current state

recursive inference 
in time

expressible as a 
“graphical model”
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Bayesian Filtering for Robot 
Localization

Assumes a map m

metric

topological 

Choice of belief 
distribution

Grid

Gaussian

Multi-hypothesis

192 7 Mobile Robot Localization: Markov and Gaussian
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Figure 7.1 Graphical model of mobile robot localization. The value of shaded nodes
are known: the map m, the measurements z, and the controls u. The goal of localiza-
tion is to infer the robot pose variables x.

the robot has to integrate data over time to determine its pose. To see why
this is necessary, just picture a robot located inside a building where many
corridors look alike. Here a single sensor measurement (e.g., a range scan) is
usually insufficient to identify the specific corridor.

Localization techniques have been developed for a broad set of map rep-
resentations. We already discussed two types of maps: feature-based and
location-based. An example of the latter were occupancy grid maps, which
are subject to a later chapter in this book. Some other types of maps are
shown in Figure 7.2. This figure shows a hand-drawn metric 2-D map, a
graph-like topological map, an occupancy grid map, and an image mosaic
of a ceiling (which can also be used as a map). Later chapters will inves-
tigate specific map types and discuss algorithms for acquiring maps from
data. Localization assumes that an accurate map is available.

In this and the subsequent chapter, we present some basic probabilistic
algorithms for mobile localization. All of these algorithms are variants of
the basic Bayes filter described in Chapter 2. We discuss the advantages and
shortcomings of each representation and associated algorithms. The chapter
also goes through a series of extensions that address different localization
problems, as defined through the following taxonomy.

7.1 A Taxonomy of Localization Problems 193

(a) (b)

(c) (d)

Figure 7.2 Example maps used for robot localization: (a) a manually constructed 2D
metric layout, (b) a graph-like topological map, (c) an occupancy grid map, and (d)
an image mosaic of a ceiling. (d) courtesy of Frank Dellaert.

7.1 A Taxonomy of Localization Problems

Not every localization problem is equally hard. To understand the difficulty
of a localization problem, let us first briefly discuss a taxonomy of localiza-
tion problems. This taxonomy divides localization problems along a number
of important dimensions pertaining to the nature of the environment and
the initial knowledge that a robot may possess relative to the localization
problem.

Local Versus Global Localization Localization problems are characterized
by the type of knowledge that is available initially and at run-time. We dis-
tinguish three types of localization problems with an increasing degree of
difficulty.

Position tracking assumes that the initial robot pose is known. LocalizingPOSITION TRACKING

the robot can be achieved by accommodating the noise in robot motion. The
effect of such noise is usually small. Hence, methods for position tracking of-
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1D Hallway Robot 
Example [Thrun et al 2005]28 2 Recursive State Estimation

Figure 2.3 A mobile robot estimating the state of a door.

assigns zero probability anywhere else. If one is entirely ignorant about the
initial value x0, bel(x0) may be initialized using a uniform distribution over
the domain of x0 (or a related distribution from the Dirichlet family of dis-
tributions). Partial knowledge of the initial value x0 can be expressed by
non-uniform distributions; however, the two cases of full knowledge and
full ignorance are the most common ones in practice.

The algorithm Bayes filter can only be implemented in the form stated here
for very simple estimation problems. In particular, we either need to be able
to carry out the integration in line 3 and the multiplication in line 4 in closed
form, or we need to restrict ourselves to finite state spaces, so that the integral
in line 3 becomes a (finite) sum.

2.4.2 Example

Our illustration of the Bayes filter algorithm is based on the scenario in Fig-
ure 2.3, which shows a robot estimating the state of a door using its camera.
To make this problem simple, let us assume that the door can be in one of
two possible states, open or closed, and that only the robot can change the
state of the door. Let us furthermore assume that the robot does not know
the state of the door initially. Instead, it assigns equal prior probability to the
two possible door states:

bel(X0 = open) = 0.5

bel(X0 = closed) = 0.5

Let us furthermore assume the robot’s sensors are noisy. The noise is charac-
terized by the following conditional probabilities:

p(Zt = sense_open | Xt = is_open) = 0.6

6 1 Introduction
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Figure 1.1 The basic idea of Markov localization: A mobile robot during global local-
ization. Markov localization techniques will be investigated in Chapters 7 and 8.

Robot can sense “door” or “wall” at location

Evolution of continuous Bayes Filter

Can we infer this distribution 
on our robots?
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Grid-based Filter
28 2 Recursive State Estimation

Figure 2.3 A mobile robot estimating the state of a door.

assigns zero probability anywhere else. If one is entirely ignorant about the
initial value x0, bel(x0) may be initialized using a uniform distribution over
the domain of x0 (or a related distribution from the Dirichlet family of dis-
tributions). Partial knowledge of the initial value x0 can be expressed by
non-uniform distributions; however, the two cases of full knowledge and
full ignorance are the most common ones in practice.

The algorithm Bayes filter can only be implemented in the form stated here
for very simple estimation problems. In particular, we either need to be able
to carry out the integration in line 3 and the multiplication in line 4 in closed
form, or we need to restrict ourselves to finite state spaces, so that the integral
in line 3 becomes a (finite) sum.

2.4.2 Example

Our illustration of the Bayes filter algorithm is based on the scenario in Fig-
ure 2.3, which shows a robot estimating the state of a door using its camera.
To make this problem simple, let us assume that the door can be in one of
two possible states, open or closed, and that only the robot can change the
state of the door. Let us furthermore assume that the robot does not know
the state of the door initially. Instead, it assigns equal prior probability to the
two possible door states:

bel(X0 = open) = 0.5

bel(X0 = closed) = 0.5

Let us furthermore assume the robot’s sensors are noisy. The noise is charac-
terized by the following conditional probabilities:

p(Zt = sense_open | Xt = is_open) = 0.6

Robot can sense “door” or “wall” at location

Evolution of discrete 
grid-based Bayes Filter

240 8 Mobile Robot Localization: Grid And Monte Carlo
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Figure 8.1 Grid localization using a fine-grained metric decomposition. Each pic-
ture depicts the position of the robot in the hallway along with its belief bel(xt),
represented by a histogram over a grid.
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Grid-based Filter
28 2 Recursive State Estimation

Figure 2.3 A mobile robot estimating the state of a door.

assigns zero probability anywhere else. If one is entirely ignorant about the
initial value x0, bel(x0) may be initialized using a uniform distribution over
the domain of x0 (or a related distribution from the Dirichlet family of dis-
tributions). Partial knowledge of the initial value x0 can be expressed by
non-uniform distributions; however, the two cases of full knowledge and
full ignorance are the most common ones in practice.

The algorithm Bayes filter can only be implemented in the form stated here
for very simple estimation problems. In particular, we either need to be able
to carry out the integration in line 3 and the multiplication in line 4 in closed
form, or we need to restrict ourselves to finite state spaces, so that the integral
in line 3 becomes a (finite) sum.

2.4.2 Example

Our illustration of the Bayes filter algorithm is based on the scenario in Fig-
ure 2.3, which shows a robot estimating the state of a door using its camera.
To make this problem simple, let us assume that the door can be in one of
two possible states, open or closed, and that only the robot can change the
state of the door. Let us furthermore assume that the robot does not know
the state of the door initially. Instead, it assigns equal prior probability to the
two possible door states:

bel(X0 = open) = 0.5
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terized by the following conditional probabilities:
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Kalman Filter
28 2 Recursive State Estimation

Figure 2.3 A mobile robot estimating the state of a door.

assigns zero probability anywhere else. If one is entirely ignorant about the
initial value x0, bel(x0) may be initialized using a uniform distribution over
the domain of x0 (or a related distribution from the Dirichlet family of dis-
tributions). Partial knowledge of the initial value x0 can be expressed by
non-uniform distributions; however, the two cases of full knowledge and
full ignorance are the most common ones in practice.

The algorithm Bayes filter can only be implemented in the form stated here
for very simple estimation problems. In particular, we either need to be able
to carry out the integration in line 3 and the multiplication in line 4 in closed
form, or we need to restrict ourselves to finite state spaces, so that the integral
in line 3 becomes a (finite) sum.

2.4.2 Example

Our illustration of the Bayes filter algorithm is based on the scenario in Fig-
ure 2.3, which shows a robot estimating the state of a door using its camera.
To make this problem simple, let us assume that the door can be in one of
two possible states, open or closed, and that only the robot can change the
state of the door. Let us furthermore assume that the robot does not know
the state of the door initially. Instead, it assigns equal prior probability to the
two possible door states:

bel(X0 = open) = 0.5

bel(X0 = closed) = 0.5

Let us furthermore assume the robot’s sensors are noisy. The noise is charac-
terized by the following conditional probabilities:

p(Zt = sense_open | Xt = is_open) = 0.6

Robot can sense “door” or “wall” at location

Evolution of unimodal 
Gaussian-based Kalman Filter

202 7 Mobile Robot Localization: Markov and Gaussian
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Figure 7.6 Application of the Kalman filter algorithm to mobile robot localization.
All densities are represented by unimodal Gaussians.

density in Figure 7.6c visualizes p(zt | xt,m, ct) for this observation—again a
Gaussian. Folding this measurement probability into the robot’s belief yields
the posterior shown in Figure 7.6c. Note that the variance of the resulting
belief is smaller than the variances of both the robot’s previous belief and
the observation density. This is natural, since integrating two independent
estimates should make the robot more certain than each estimate in isola-
tion. After moving down the hallway, the robot’s uncertainty in its position

variance of mode corresponds to uncertainty
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Kalman Filter
28 2 Recursive State Estimation

Figure 2.3 A mobile robot estimating the state of a door.

assigns zero probability anywhere else. If one is entirely ignorant about the
initial value x0, bel(x0) may be initialized using a uniform distribution over
the domain of x0 (or a related distribution from the Dirichlet family of dis-
tributions). Partial knowledge of the initial value x0 can be expressed by
non-uniform distributions; however, the two cases of full knowledge and
full ignorance are the most common ones in practice.

The algorithm Bayes filter can only be implemented in the form stated here
for very simple estimation problems. In particular, we either need to be able
to carry out the integration in line 3 and the multiplication in line 4 in closed
form, or we need to restrict ourselves to finite state spaces, so that the integral
in line 3 becomes a (finite) sum.

2.4.2 Example

Our illustration of the Bayes filter algorithm is based on the scenario in Fig-
ure 2.3, which shows a robot estimating the state of a door using its camera.
To make this problem simple, let us assume that the door can be in one of
two possible states, open or closed, and that only the robot can change the
state of the door. Let us furthermore assume that the robot does not know
the state of the door initially. Instead, it assigns equal prior probability to the
two possible door states:

bel(X0 = open) = 0.5

bel(X0 = closed) = 0.5

Let us furthermore assume the robot’s sensors are noisy. The noise is charac-
terized by the following conditional probabilities:

p(Zt = sense_open | Xt = is_open) = 0.6

Robot can sense “door” or “wall” at location
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density in Figure 7.6c visualizes p(zt | xt,m, ct) for this observation—again a
Gaussian. Folding this measurement probability into the robot’s belief yields
the posterior shown in Figure 7.6c. Note that the variance of the resulting
belief is smaller than the variances of both the robot’s previous belief and
the observation density. This is natural, since integrating two independent
estimates should make the robot more certain than each estimate in isola-
tion. After moving down the hallway, the robot’s uncertainty in its position
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density in Figure 7.6c visualizes p(zt | xt,m, ct) for this observation—again a
Gaussian. Folding this measurement probability into the robot’s belief yields
the posterior shown in Figure 7.6c. Note that the variance of the resulting
belief is smaller than the variances of both the robot’s previous belief and
the observation density. This is natural, since integrating two independent
estimates should make the robot more certain than each estimate in isola-
tion. After moving down the hallway, the robot’s uncertainty in its position

unimodal “Gaussian” distribution 
with linear dynamics and noise
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identifiable doors
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Tangent: 1D Gaussian 
distribution

variance: expected 
difference from 
mean, squared

evaluate along x

mean

variance

mean: average or 
expected value

Note: x here is only 
for this example

Wednesday, October 20, 2010



Multivariate Gaussian

covariance: “elliptical coordinates” defining variance 
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Kalman Filter
28 2 Recursive State Estimation

Figure 2.3 A mobile robot estimating the state of a door.

assigns zero probability anywhere else. If one is entirely ignorant about the
initial value x0, bel(x0) may be initialized using a uniform distribution over
the domain of x0 (or a related distribution from the Dirichlet family of dis-
tributions). Partial knowledge of the initial value x0 can be expressed by
non-uniform distributions; however, the two cases of full knowledge and
full ignorance are the most common ones in practice.

The algorithm Bayes filter can only be implemented in the form stated here
for very simple estimation problems. In particular, we either need to be able
to carry out the integration in line 3 and the multiplication in line 4 in closed
form, or we need to restrict ourselves to finite state spaces, so that the integral
in line 3 becomes a (finite) sum.

2.4.2 Example

Our illustration of the Bayes filter algorithm is based on the scenario in Fig-
ure 2.3, which shows a robot estimating the state of a door using its camera.
To make this problem simple, let us assume that the door can be in one of
two possible states, open or closed, and that only the robot can change the
state of the door. Let us furthermore assume that the robot does not know
the state of the door initially. Instead, it assigns equal prior probability to the
two possible door states:

bel(X0 = open) = 0.5

bel(X0 = closed) = 0.5

Let us furthermore assume the robot’s sensors are noisy. The noise is charac-
terized by the following conditional probabilities:

p(Zt = sense_open | Xt = is_open) = 0.6

Robot can sense “door” or “wall” at location

Evolution of unimodal 
Gaussian-based Kalman Filter
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Figure 7.6 Application of the Kalman filter algorithm to mobile robot localization.
All densities are represented by unimodal Gaussians.

density in Figure 7.6c visualizes p(zt | xt,m, ct) for this observation—again a
Gaussian. Folding this measurement probability into the robot’s belief yields
the posterior shown in Figure 7.6c. Note that the variance of the resulting
belief is smaller than the variances of both the robot’s previous belief and
the observation density. This is natural, since integrating two independent
estimates should make the robot more certain than each estimate in isola-
tion. After moving down the hallway, the robot’s uncertainty in its position

variance of mode corresponds to uncertainty
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Filtering with Topological Map
28 2 Recursive State Estimation

Figure 2.3 A mobile robot estimating the state of a door.

assigns zero probability anywhere else. If one is entirely ignorant about the
initial value x0, bel(x0) may be initialized using a uniform distribution over
the domain of x0 (or a related distribution from the Dirichlet family of dis-
tributions). Partial knowledge of the initial value x0 can be expressed by
non-uniform distributions; however, the two cases of full knowledge and
full ignorance are the most common ones in practice.

The algorithm Bayes filter can only be implemented in the form stated here
for very simple estimation problems. In particular, we either need to be able
to carry out the integration in line 3 and the multiplication in line 4 in closed
form, or we need to restrict ourselves to finite state spaces, so that the integral
in line 3 becomes a (finite) sum.

2.4.2 Example

Our illustration of the Bayes filter algorithm is based on the scenario in Fig-
ure 2.3, which shows a robot estimating the state of a door using its camera.
To make this problem simple, let us assume that the door can be in one of
two possible states, open or closed, and that only the robot can change the
state of the door. Let us furthermore assume that the robot does not know
the state of the door initially. Instead, it assigns equal prior probability to the
two possible door states:

bel(X0 = open) = 0.5

bel(X0 = closed) = 0.5

Let us furthermore assume the robot’s sensors are noisy. The noise is charac-
terized by the following conditional probabilities:

p(Zt = sense_open | Xt = is_open) = 0.6

Robot can sense “door” or “wall” at location Evolution of discrete 
topological filter

244 8 Mobile Robot Localization: Grid And Monte Carlo

(a)

(b)

Figure 8.5 Application of a coarse-grained, topological representation to mobile
robot localization. Each state corresponds to a distinctive place in the environment
(a door in this case). The robot’s belief bel(xt) of being in a state is represented by
the size of the circles. (a) The initial belief is uniform over all poses. (b)b shows the
belief after the robot made one state transition and detected a door. At this point, it is
unlikely that the robot is still in the left position.

update. In particular, when using a beam model, it is common to cache away
the correct range for each center-of-gravity point in each grid cell. Further,
the sensor model can be pre-calculated for a fine-grained array of possible
ranges. The calculation of the measurement model reduces then to two table
lookups, which is much faster.

Sensor subsampling achieves further speed-ups by evaluating the measure-SENSOR SUBSAMPLING

ment model only for a subset of all ranges. In some of our systems, we use
only 8 of our 360 laser range measurement and still achieve excellent results.
Subsampling can take place spatially and in time.

Delayed motion updates applies the motion update at lower frequency thanDELAYED MOTION
UPDATES the control or measurement frequency of the robot. This is achieved by ge-

ometrically integrating the controls or odometry readings over a short time
period. A good delayed motion update technique can easily speed up the
algorithm by an order of magnitude.

Selective updating was already described in Chapter 4.1.4. When updat-SELECTIVE UPDATING

ing the grid, selective techniques update a fraction of all grid cells only. A
common implementation of this idea updates only those grid cells whose
posterior probability exceeds a user-specified threshold. Selective updating
techniques can reduce the computational effort involved in updating beliefs
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Particle Filter
28 2 Recursive State Estimation

Figure 2.3 A mobile robot estimating the state of a door.

assigns zero probability anywhere else. If one is entirely ignorant about the
initial value x0, bel(x0) may be initialized using a uniform distribution over
the domain of x0 (or a related distribution from the Dirichlet family of dis-
tributions). Partial knowledge of the initial value x0 can be expressed by
non-uniform distributions; however, the two cases of full knowledge and
full ignorance are the most common ones in practice.

The algorithm Bayes filter can only be implemented in the form stated here
for very simple estimation problems. In particular, we either need to be able
to carry out the integration in line 3 and the multiplication in line 4 in closed
form, or we need to restrict ourselves to finite state spaces, so that the integral
in line 3 becomes a (finite) sum.

2.4.2 Example

Our illustration of the Bayes filter algorithm is based on the scenario in Fig-
ure 2.3, which shows a robot estimating the state of a door using its camera.
To make this problem simple, let us assume that the door can be in one of
two possible states, open or closed, and that only the robot can change the
state of the door. Let us furthermore assume that the robot does not know
the state of the door initially. Instead, it assigns equal prior probability to the
two possible door states:

bel(X0 = open) = 0.5

bel(X0 = closed) = 0.5

Let us furthermore assume the robot’s sensors are noisy. The noise is charac-
terized by the following conditional probabilities:

p(Zt = sense_open | Xt = is_open) = 0.6

Robot can sense “door” or “wall” at location

Evolution of multi-hypothesis
particle filter

8.3 Monte Carlo Localization 251
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Figure 8.11 Monte Carlo Localization, a particle filter applied to mobile robot local-
ization.Wednesday, October 20, 2010



Particle Filter
28 2 Recursive State Estimation

Figure 2.3 A mobile robot estimating the state of a door.

assigns zero probability anywhere else. If one is entirely ignorant about the
initial value x0, bel(x0) may be initialized using a uniform distribution over
the domain of x0 (or a related distribution from the Dirichlet family of dis-
tributions). Partial knowledge of the initial value x0 can be expressed by
non-uniform distributions; however, the two cases of full knowledge and
full ignorance are the most common ones in practice.

The algorithm Bayes filter can only be implemented in the form stated here
for very simple estimation problems. In particular, we either need to be able
to carry out the integration in line 3 and the multiplication in line 4 in closed
form, or we need to restrict ourselves to finite state spaces, so that the integral
in line 3 becomes a (finite) sum.

2.4.2 Example

Our illustration of the Bayes filter algorithm is based on the scenario in Fig-
ure 2.3, which shows a robot estimating the state of a door using its camera.
To make this problem simple, let us assume that the door can be in one of
two possible states, open or closed, and that only the robot can change the
state of the door. Let us furthermore assume that the robot does not know
the state of the door initially. Instead, it assigns equal prior probability to the
two possible door states:

bel(X0 = open) = 0.5

bel(X0 = closed) = 0.5

Let us furthermore assume the robot’s sensors are noisy. The noise is charac-
terized by the following conditional probabilities:

p(Zt = sense_open | Xt = is_open) = 0.6

Robot can sense “door” or “wall” at location

Evolution of multi-hypothesis
particle filter
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Figure 8.11 Monte Carlo Localization, a particle filter applied to mobile robot local-
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Each “particle” is a guess on the robot’s pose

Particles weighted by pose likelihood
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260 8 Mobile Robot Localization: Grid And Monte Carlo

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 8.16 Monte Carlo localization with random particles. Each picture shows a
particle set representing the robot’s position estimate (small lines indicate the orien-
tation of the particles). The large circle depicts the mean of the particles, and the true
robot position is indicated by the small, white circle. Marker detections are illustrated
by arcs centered at the detected marker. The pictures illustrate global localization (a)–
(d) and relocalization (e)–(h).

Issues and soccer example

How to get an 
estimate from a 
distribution?

Will the distribution 
converge?

How to recover if 
there is an incorrect 
convergence?

More next topic
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