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1. Overview of Claim

Vazwani et. al.1 claim that for positional encodings defined by:

PE(pos,2i) = sin(pos/100002i/dmodel )

PE(pos,2i+1) = cos(pos/100002i/dmodel )

the model can easily learn relative positions, since "for any fixed offset k, PE pos+k can be represented as a
linear function of PE pos."

2. Examination of Claim

Let us consider a model where dmodel = n and n is even. For clarity of the notation, we will treat the defini-
tion of the entire positional encoding vector PE(pos) ∈ℜn as follows:

PE(pos) = Π(p) =
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where p is the word position and Π(p) is the encoding vector in that word position.

Given this definition, it is claimed that Π(p + k) can be represented as a linear function of Π(p). In other
words:

1 There exists a vector-valued function T such that T (Π(p)) = Π(p + k)

2 T is linear

3. Proof of Claim

3.1. Definition of T

Given the definition of Π(p), we know that:
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by the identities:

sin(A + B) = sin A cos B + cos A sin B

cos(A + B) = cos A cos B − sin A sin B
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If we then let Π(p) = 
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and if we also let ai = sin ci k and bi = cos ci k, then:

Π(p + k) = T (Π(p)) = T
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3.2. Linearity of T

Since T corresponds to multiplying by the matrix T, then

Π(p + k) = T ⋅ Π(p) =
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and T is a linear function, since any function represented as matrix multiplication is linear.2 Thus the claim
is valid.
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