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CS145: Lecture 15 Outline
ØCovariance and Correlation
Ø Linear Functions & Bivariate Normal Distributions
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Variance of Sums of Random Variables
Ø If Z=X+Y for (possibly dependent) random variables X and Y:

E[Z] = E[X] + E[Y ]

Ø The variance of Z is equal to: 

Var[Z] = Var[X] + Var[Y ] + 2Cov[X,Y ]
Ø The covariance of X and Y is defined as: 
Cov[X,Y ] = E[(X � E[X])(Y � E[Y ])] = E[XY ]� E[X]E[Y ]

V ar[Z] = E[(Z � E[Z])2] = E[((X � E[X]) + (Y � E[Y ]))
2
]

= E[(X � E[X])
2
] + E[(Y � E[Y ])

2
] + 2E[((X � E[X])(Y � E[Y ])]

C
¯
auchy–Schwarz inequality:

P
i
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pP
i
a2
i

pP
i
b2
i

P (|µ̃� µ|  a) = Pr(
|µ̃� µ|
�(µ̃)

 a

�(µ̃)
) = �(

a

�/
p
n
)� �(� a

�/
p
n
) � 1� �

Let T such that �(T ) = 1� �

2 , or T = �
�1
(1� �

2)

We have a tradeo↵ between Confidence Level 1� �, interval length 2a,
and number of samples n:

a

�/
p
n
=

a
p
n

�
� �

�1
(1� �

2)

µ = E[X] and �2
= V ar[X]

µ̃ =
1
n

P
n

i=1 Xi is a point estimate of µ.

We want a Confidence Interval for µ:

P (µ̃� a  µ  µ̃+ a) = P (|µ̃� µ|  a) � 1� �.

Assume that the CLT holds:

Pr(
|µ̃� µ|
�(µ̃)

 a

�(µ̃)
) = �(

a

�(µ̃)
)� �(� a

�(µ̃)
) = �(

a

�/
p
n
)� �(� a

�/
p
n
)

Let X1, . . . , Xn be n independent observations of a random variable X.

µ = E[X] and �2
= V ar[X].

µ̃ =
1
n

P
n

i=1 Xi is a point estimate of µ

E[µ̃] = µ - an unbiased estimate

How good is this estimate? We want to specify a Confidence Interval
for µ - or constant a such that

P (µ̃� a  µ  µ̃+ a) = P (|µ̃� µ|  a) � 1� �.

For any random variable X and constant t > 0,

1



Covariance
By definition, the covariance of random variables X and Y equals:

Cov(X,Y ) = E[(X � E[X])(Y � E[Y ])] = E[XY ]� E[X]E[Y ]

Intuition via “centered” random variables:
X̃ = X � E[X], E[X̃] = 0.

Ỹ = Y � E[Y ], E[Ỹ ] = 0.

Cov(X,Y ) = E[X̃Ỹ ]

Two independent normal r.v.s The sum of independent normal r.v.’s

• X ⌅ N( 2µx, ⇧x),
2Y ⌅ N( 2µy, ⇧y), • X ⌅ N(0, ⇧x),

2Y ⌅ N(0, ⇧y),
independent independent

fX,Y (x, y) = fX(x)fY (y) Let
1

⌃ W = X + Y
( � )2 ( � )2

•
x µ

= exp � x y µy
2 � 2

⌥

fW (w) =
� ⌥

fX(x)fY (w � x) dx2⇤⇧x⇧y 2⇧x 2⇧y �⌥
1 � 2x /2 2

=
⌥ 2 2⇧ �x)x �(w /2⇧e e y dx

• PDF is constant on the ellipse where 2⇤⇧x⇧y
2

�

�⌥

(x� 2µx) ( (algebra) = cey
+

2⇧2
� µy)2

��w

x 2⇧2
y

Conclusion:is constant • W is normal

– mean=0, variance= 2⇧x + 2⇧y• Ellipse is a circle when ⇧x = ⇧y
– same argument for nonzero mean case

Covariance Correlation coe�cient

• cov(X, Y ) = E
⇥
(X � E[X]) · (Y � E[Y ])

⇤
• Dimensionless version of covariance:

⌅
(X E[X]) (Y E[Y ])• Zero-mean case: cov(X, Y ) = E [XY ] ⌅ = E
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• independent ⇧ cov(X, Y ) = 0
(converse is not true)

�

2

Cov(X,Y ) > 0

Two independent normal r.v.s The sum of independent normal r.v.’s

• X ⌅ N( 2µx, ⇧x),
2Y ⌅ N( 2µy, ⇧y), • X ⌅ N(0, ⇧x),

2Y ⌅ N(0, ⇧y),
independent independent

fX,Y (x, y) = fX(x)fY (y) Let
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• independent ⇧ cov(X, Y ) = 0
(converse is not true)
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2

Cov(X,Y ) < 0

Independent variables have zero covariance:
Cov(X,Y ) = E[X̃Ỹ ] = E[X̃]E[Ỹ ] = 0
if fXY (x, y) = fX(x)fY (y)



Correlation Coefficient
Ø The covariance depends on units of variables X and Y
Ø Often convenient to use standardized variables:

X̃ =
X � µx

�x
Ỹ =

Y � µy

�y

µx = E[X], µy = E[Y ]
�2
x = Var(X),�2

y = Var(Y )

Ø For these standardized variables, we have changed the
“coordinate system” or “units” so that:

E[X̃] = 0, Var(X̃) = 1

E[Ỹ ] = 0, Var(Ỹ ) = 1



Correlation Coefficient
Ø The covariance depends on units of variables X and Y
Ø Often convenient to use standardized variables:

X̃ =
X � µx

�x
Ỹ =

Y � µy

�y

µx = E[X], µy = E[Y ]
�2
x = Var(X),�2

y = Var(Y )

Ø The correlation coefficient “rho” is defined to equal:

⇢(X,Y ) = E[X̃Ỹ ] = E

✓
X � µx

�x

◆
·
✓
Y � µy

�y

◆�
=

Cov(X,Y )

�x�y

Ø For any joint distribution, we have �1  ⇢(X,Y )  1

C
¯
auchy–Schwarz inequality:
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We have a tradeo↵ between Confidence Level 1� �, interval length 2a,
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µ = E[X] and �2
= V ar[X]

µ̃ =
1
n

P
n

i=1 Xi is a point estimate of µ.

We want a Confidence Interval for µ:

P (µ̃� a  µ  µ̃+ a) = P (|µ̃� µ|  a) � 1� �.

Assume that the CLT holds:

Pr(
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Let X1, . . . , Xn be n independent observations of a random variable X.

µ = E[X] and �2
= V ar[X].

µ̃ =
1
n

P
n

i=1 Xi is a point estimate of µ

E[µ̃] = µ - an unbiased estimate

How good is this estimate? We want to specify a Confidence Interval
for µ - or constant a such that

P (µ̃� a  µ  µ̃+ a) = P (|µ̃� µ|  a) � 1� �.

For any random variable X and constant t > 0,

P (X � a) = P (etX � eta)  E[etx]

eta

Markov I
Let X1, . . . , Xn, independent, with Pr(X = �1) = Pr(X = 1) = 1/2.

E[Xi] = 0. V ar[Xi] = �[Xi] = 1
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Empirical Correlation Coefficients

�2
x =

1

N

NX

i=1

(xi � µx)
2µx =

1

N

NX

i=1

xi

⇢ =
1

N

NX

i=1

(xi � µx)(yi � µy)

�x�y

Correlation coefficient of empirical distribution of N observations:



Empirical Correlation Coefficients
Correlation coefficient of empirical distribution of N observations:

Ø Dependence grows stronger as      approaches -1 or +1:⇢

If ⇢ = +1 then (X � µx) = c(Y � µy) for some c > 0.

If ⇢ = �1 then (X � µx) = c(Y � µy) for some c < 0.



Empirical Correlation Coefficients
Correlation coefficient of empirical distribution of N observations:

Ø Example empirical statistics of real data:

Example 1. 

Problem 1. 

Solution. 

Section 6.5. Bivariate Normal 455 

Examples 
The point of the following examples is to show how any problem involving random 
variables U and V with a bivariate normal distribution can be solved by a simple 
three-step procedure: 

• Step 1. Express U and V in terms of the standardized variables X and Y. 

• Step 2. Write Y = pX + to reduce the problem to one involving 
two independent standard normal variables X and Z. 

• Step 3. Solve the reduced problem involving X and Z by exploiting indepen-
dence or rotational symmetry. 

Fathers and sons. 
Galton's student Karl Pearson carried out a study on the resemblances between 
parents and children. He measured the heights of 1078 fathers and sons, and found 
that the sons averaged one inch taller than the fathers: 

Sons: 

mean height: 5'9" 

mean height: 5'10" 

correlation: 0.5 

SD: 2" 

SD: 2" [:
athers: 

Predict the height of the son of a father who is 6'2" tall. 

Assume that the data are approximately bivariate normal in distribution. Then the 
parameters can be estimated by the corresponding empirical measurements. 

Let X be the father's height in standard units, and Y be 
the son's height in standard units. The assumption of a y = px = 0.5J; 
bivariate normal distribution makes / 

where Z is standard normal independent of X. The nat-
ural prediction for Y given X = x is 

E(YIX = x) = px 

Here the given value of X is 

x = 6'2" converted to standard units 

= (6'2" - 5'9")/2" = 2.5 standard units 

So the predicted value of Y is 

E(YIX = x) = 0.5 x 2.5 = 1.25 standard units, 

.7:= 2.5 

Karl Pearson’s study of 1078
father, son pairs (~1900).

Data from Pitman Sec. 6.5.



Empirical Correlation Coefficients
Correlation coefficient of empirical distribution of N observations:

WARNING:  Zero correlation does not imply independence!!!
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Normal Random Variables
fX(x)fX(x) =

1p
2⇡�2

e�
1
2 (

x�µ
� )2

E[X] = µ

Var[X] = E[(X � µ)2] = �2

p
Var[X] = � is the standard deviation

fY (y) =
1p
2⇡�̄2

e�
1
2 (

y�µ̄
�̄ )2

µ̄ = aµ+ b, �̄ = |a|�

Theorem: A linear function of a Gaussian variable is Gaussian!

Y = aX + b

How to find them The continuous case

• Discrete case • Two-step procedure:

– Obtain probability mass for each
– Get CDF of Y : FY (y) = P(Y y)

possible value of Y = g(X)
⇥

– Di�erentiate to getpY (y) = P(g(X) = y)

=
X

dFp YX(x) fY (y) = (y)
x: g(x)=y dy

x y

.
g(x)

.
Example

. . • X: uniform on [0,2]

. . • Find PDF of = 3Y X

. . • Solution:

. . 3FY (y) = P(Y ⇥ y) = P(X ⇥ y)

. . = 1 3 1 1 3P( /X ⇥ y ) = /y
2

. . dF
fY ( Y 1

y) = (y) =
dy 6 2y /3

Example The pdf of Y=aX+b

• Joan is driving from Boston to New York.
Her speed is uniformly distributed be- Y = 2X +5:
tween 30 and 60 mph. What is the dis-
tribution of the duration of the trip? fX

faX faX+b

200
• Let T (V ) = .

V

• Find fT (t) - 2 - 1 2 3 4 9

f (v  )v 0

1/30 1 y b
fY (y) = f

|a| X

✓ �
a

◆

30 60 v0 • Use this to check that if X is normal,
then Y = aX + b is also normal.

2



Standard Normal Random Variables

Standard Normal Random Variable

• If X ⇠ N(µ,�2
) then for any constants a and b the random

variable aX + b is distributed N(aµ+ b, a2�2
).

• If X ⇠ N(µ,�2
) then Z =

X�µ
� is distribution N(0, 1)

• N(0, 1) is the standard Normal distribution.

Pr(Z  z) = �Z (z) =
1p
2⇡

Z z

�1
e
�t2/2

dt

�Z (z) =
1p
2⇡

e
�z2/2



Two Independent Normal Variables
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Var[X] = Var[Y ] = �2

=
1

2⇡�2
exp

⇢
� (x� µx)2 + (y � µy)2

2�2

�
fXY (x, y) = fX(x)fY (y)

The set of points where fXY(x,y)=c, 
for any constant c, is a 

circle centered at the mean.



Two Independent Normal Variables
diagonal
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fXY (x, y) = fX(x)fY (y)

=
1

2⇡�x�y
exp

⇢
� (x� µx)2

2�2
x

� (y � µy)2

2�2
y

�

The set of points 
where fXY(x,y)=c, 

for any constant c, is 
an ellipse centered at 

the mean.
Var[X] = �2

x < �2
y = Var[Y ]Var[X] = �2

x = �2
y = Var[Y ]



Bivariate Normal Distribution

Ø A bivariate normal distribution is any joint distribution defined 
as a linear function of two independent normal distributions

Ø First consider the following particular linear function:

X =

r
1 + ⇢

2
U +

r
1� ⇢

2
V

Y =

r
1 + ⇢

2
U �

r
1� ⇢

2
V

�1  ⇢  1

Ø The variables X and Y are Gaussian with statistics:
E[X] = E[Y ] = 0 Var(X) = Var(Y ) = 1

⇢(X,Y ) = Cov(X,Y ) = ⇢

fU (u) =
1p
2⇡

e�u2/2 fV (v) =
1p
2⇡

e�v2/2
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Bivariate Normal Distribution

Ø A bivariate normal distribution is any joint distribution defined 
as a linear function of two independent normal distributions

Ø First consider the following particular linear function:

X =

r
1 + ⇢

2
U +

r
1� ⇢

2
V Y =

r
1 + ⇢

2
U �

r
1� ⇢

2
V

Ø The joint probability density function of X and Y equals:

fU (u) =
1p
2⇡

e�u2/2 fV (v) =
1p
2⇡

e�v2/2

fXY (x, y) =
1

2⇡
p

1� ⇢2
exp

⇢
� x2

2(1� ⇢2)
� y2

2(1� ⇢2)
+

⇢xy

1� ⇢2

�

fXY (x, y) =
1

2⇡
exp

⇢
�x2

2
� y2

2

�
= fX(x)fY (y)⇢ = 0 Independence!



Bivariate Normal Distribution

Ø We construct two new Gaussian variables via a linear function:
X = aU + bV + c
Y = dU + eV + f

Ø The joint probability density of X, Y is then bivariate normal:

fXY (x, y) =
1

2⇡�x�y

p
1� ⇢2

exp

⇢
� (x� µx)2

2�2
x(1� ⇢2)

� (y � µy)2

2�2
y(1� ⇢2)

+
⇢(x� µx)(y � µy)

�x�y(1� ⇢2)

�

µx = E[X], µy = E[Y ] �2
x = Var(X),�2

y = Var(Y ) ⇢ =
Cov(X,Y )

�x�y

Ø Consider two independent “standard” normal variables
fU (u) =

1p
2⇡

e�u2/2 fV (v) =
1p
2⇡

e�v2/2 E[U ] = E[V ] = 0
Var(U) = Var(V ) = 1



Interpreting Normal Parameters
fXY (x, y) =

1

2⇡�x�y

p
1� ⇢2

exp

⇢
� (x� µx)2

2�2
x(1� ⇢2)

� (y � µy)2

2�2
y(1� ⇢2)

+
⇢(x� µx)(y � µy)

�x�y(1� ⇢2)

�

Ø Coordinate system and units for random variable X:
Mean:
Standard deviation:

µx = E[X] P (X  µx) = P (X � µx) = 0.5
�x =

p
Var(X)

Ø Coordinate system and units for random variable Y:
Mean:
Standard deviation: �y =

p
Var(Y )

µy = E[Y ] P (Y  µy) = P (Y � µy) = 0.5

Ø Dependence between X, Y measured by correlation coefficient:
⇢ =

Cov(X,Y )

�x�y
, �1  ⇢  1

For normal variables:  X and Y independent if and only if ⇢ = 0



−10
−5

0
5

10

−10
−5

0
5

10
0

0.05

0.1

0.15

0.2

full

Two Correlated Normal Variables

⇢ = 0 ⇢ > 0

full

−6 −4 −2 0 2 4 6
−6

−4

−2

0

2

4

6

spherical

−4 −2 0 2 4 6
−5

−4

−3

−2

−1

0

1

2

3

4

5

−5

0

5

−5

0

5
0

0.05

0.1

0.15

0.2

spherical

full

−6−4−20246
−6

−4

−2

0

2

4

6

⇢ < 0

fXY (x, y) =
1

2⇡�x�y

p
1� ⇢2

exp

⇢
� (x� µx)2

2�2
x(1� ⇢2)
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Multivariate Normal Distribution
Let XT = (X1, . . . , Xn) be a vector of n independent, standard normal

random variables. E[Xi] = 0 and V ar[Xi] = 1.

Let Y T = (Y1, . . . , Ym) be random variable vector obtained by a linear trans-
formation on the vector XT :

Y1 = a11X1 + a12X2 + · · ·+ a1nXn + µ1;

Y2 = a21X1 + a22X2 + · · ·+ a2nXn + µ2;

. . .

Ym = am1X1 + am2X2 + · · ·+ amnXn + µm.

Let A denote the matrix of coe�cients aij , and µ̄T = (µ1, . . . , µm). Then we
can write

Y = AX + µ̄.

Advanced topic not covered in homeworks or exams! 



Mean Vectors & Covariance Matrices
Y1 = a11X1 + a12X2 + · · ·+ a1nXn + µ1;

Y2 = a21X1 + a22X2 + · · ·+ a2nXn + µ2;

. . .

Ym = am1X1 + am2X2 + · · ·+ amnXn + µm.

Y = AX + µ̄, E[Yi] = µi, V ar[Yi] =
Pn

j=1 a
2
i,j , E[Ȳ ] = µ̄,

Cov(Yi, Yj) =
nX

k=1

ai,kaj,k.

The covariance matrix for Y is given by

⌃ = AAT =

0

BBBB@

V ar[Y1] Cov(Y1, Yi) . . . Cov(Yi, Yn)
Cov(Y1, Y2) V ar[Y2] . . . Cov(Y2, Yn)

... .... ... . . .

... .... ... . . .
(Ym, Y1) Cov(Ym, Y2) . . . V ar[Ym]

1

CCCCA
= E[(Y � µ̄)(Y � µ̄)T ].
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Joint Multivariate Normal Distribution
If A has a full rank, then X = A�1

(Y � µ̄), and we can derive a density

function for the joint distribution.

Pr(Y  y) = Pr(Y � µ  y � µ)

= Pr(AX  y � µ)

= Pr(X  A�1
(y � µ))

=
1

(2⇡)n/2

Z

w̄A�1(y�µ)
e�

w̄T w̄
2 dw1 . . . dwn.

Changing the integration variables to z̄ = Aw̄ + µ̄ we have

Pr(Y  y) =
1q

(2⇡)n|AAT |

Z y1

�1
· · ·

Z yn

�1
e�

1
2 (z̄�µ)T (A�1)TA�1(z̄�µ)dz1 . . . dzn.

Here |AAT | denotes the determinant of AAT
, a term which arises under the

multivariate change of variables.



Joint Multivariate Normal Distribution

Applying (A�1)TA�1 = (AT )�1A�1 = (AAT )�1 = ⌃�1, we can write the
distribution function of Y as

Pr(Y  ȳ) =
1p

(2⇡)n|⌃|

Z y1

�1
· · ·

Z yn

�1
e�

1
2 (z̄�µ)T⌃�1(z̄�µ)dz1 . . . dzn (1)

where, again,

⌃ = AAT = E[(Y � µ)(Y � µ)T ].



Joint Multivariate Normal Distribution
A vector Y T = (Y1, . . . , Yn) has a multivariate normal distribution, de-

noted Y ⇠ N(µ̄,⌃), if and only if there is an n ⇥ k matrix A, a vector
XT = (X1, . . . , Xk) of k independent standard normal random variables, and a
vector µ̄T = (µ1, . . . , µn), such that

Y = AX + µ̄.

If ⌃ = AAT = E[(Y � µ̄)(Y � µ̄)T ] has full rank, then the density of Y is

1p
(2⇡)n|⌃|

e�
1
2 (Y�µ̄)T⌃�1(Y�µ̄).

If ⌃ is not invertible then the joint distribution has no density function.



Multivariate Normal Probability Density

D-dimensional ellipsoids parameterized 
by mean vector & covariance matrix
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Figure 4. Visual object categories learned from stereo images of office scenes containing computer screens (red), desks (green), bookshelves
(blue), and background clutter (black). Covariance ellipses model 3D part geometry, and are positioned at their mean transformed location.
Bar charts show posterior probabilities for all instantiated global categories. Left: Single part TDP, as in Sec. 3.2. We show the seven
visual categories with highest posterior probability (top), and a close–up view of the screen and desk models (bottom). Right: Multiple
part TDP, as in Sec. 3.3. For clarity, we show the most likely parts (those generating 85% of observed features) for the five most frequent
non–background categories (top). The close–up view shows a five–part screen model, and a four–part desk model (bottom).

Note that transformed parts whose mean is farther from the
projection ray are given lower overall weight ωtk. To evalu-
ate the likelihood of new object instances t̄, we integrate
over potential transformations ρjt̄, and evaluate eq. (18)
with an appropriately inflated 3D covariance.

The final term of eq. (15) is the depth likelihood corre-
sponding to stereo–based disparity matches. For monocu-
lar images, we jointly resample (tji, kji, u

z
ji) by using the

prior clustering bias of eqs. (16, 17), and appearance like-
lihood, to reweight the Gaussian mixture of eq. (18). For
stereo training images, we evaluate the likelihood learned
in Sec. 2.3 on a uniformly spaced grid determined by the
largest expected scene geometry. We then evaluate eq. (18)
on the same grid for each candidate instance and part, and
resample from that discrete distribution. Given Z depths,
and Tj object instances with (on average) K parts, this re-
sampling step requires O(ZTjK) operations.

4.2. Inferring Object Categories
In the second phase of each Gibbs sampling iteration,

we fix feature depths u
z and object assignments t, and con-

sider potential reinterpretations of each instance t using a
new global object category ojt. Because parts and trans-
formations are defined with respect to particular categories,
blocked resampling of (ojt, ρjt, {kji | tji = t}) is neces-
sary. Suppose first that ojt = � is fixed. Given ρjt, part
assignments kji are conditionally independent:

p
°
kji = k | wji, uji, tji = t, ojt = �,k\ji, t\ji,o\jt

¢

∝ p (k | k\ji, t,o) η�k(wji)N
°
uji;µ�k,Λ�k

¢
(19)

Here, the first term is as in eq. (17). Alternatively, given
fixed part assignments ρjt has a Gaussian posterior:

p
°
ρjt | ojt = �,

©
kji, uji | tji = t

™¢

∝ N (ρjt; φ�)
K�Y

k=1

Y

i|kji=k

N
°
uji − ρjt; µ�k,Λ�k

¢
(20)

The Gaussian transformation prior N (φ�) is specific to the
visual category (see eq. (14)), while the posterior mean and
covariance follow standard equations [4, 14]. Note that our
use of continuous, Gaussian position densities avoids an ex-
pensive discretization of 3D world coordinates.

For each candidate visual category ojt, we first perform
a small number of auxiliary Gibbs sampling iterations us-
ing eqs. (19, 20). Given the resulting transformations, the
part assignments of eq. (19) may be directly marginalized
to compute the likelihood of ojt. The stick–breaking con-
struction of eq. (14) also induces a clustering prior:

p (ojt | o\jt) ∝
LX

�=1

M
−t
� δ(ojt, �) + γδ(ojt, �̄) (21)

Here, M−t
� denotes the number of object instances assigned

to the L current categories, and �̄ indicates a new visual cat-
egory. Combining these terms, we resample ojt, and condi-
tionally choose (ρjt, {kji | tji = t}) via eqs. (19, 20).

4.3. Inferring Part and Transformation Parameters
The preceding sections assumed fixed values for the

parameters θ�k = (η�k, µ�k,Λ�k) defining part appearance
and position, as well as category–specific transformation

µ = E[X]
⌃ = E[(X � µ)(X � µ)T ]


