CS145: Probability & Computing

Lecture 15: Covariance and Bivariate Normal
Distributions

Figure credits:
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Variance of Sums of Random Variables

> If Z=X+Y for (possibly dependent) random variables X and Y-
F|Z] = F|X|+ E|Y]

» The variance of Z is equal to:

Var(Z] = E[(Z - E[Z])’] = B[(X — E[X]) + (Y — E[Y]))’]
E[(X — E[X])°] + E[(Y - E[Y])QHZE[((X EX])(Y — E[Y])]

Var|Z| = Var| X| 4+ Var|Y| 4+ 2Cov| X, Y
» The covariance of X and Y is defined as:
Cov|X,Y]| = FE[(X — EF[X])(Y — E|Y])]| = E|XY]| - F|X|E|Y]



Covariance

By definition, the covariance of random variables X and Y equals:
Cov(X,Y)=F|(X — E[X])(Y — E|Y])] = F|XY] - E|X|E|Y]

Intuition via “centered” random variables:

X =X-E[X], E[X]=0.

Y =Y — EY? E[Y = 0. | :.C'OV(X»yY) >0
COV(X7 Y) — E[X?] Cogx

.. | Cov(X,Y) <O

Independent variables have zero covariance: Lk
Cov(X,Y) = E[XY]=EX]E[Y] =0 — [




Correlation Coefficient

» The covariance depends on units of variables X and Y
» Often convenient to use standardized variables:

X — g ?:Y_Uy Mw:E[X]aﬂy:E[Y]
o oy 02 = Var(X),a§ = Var(Y)

» For these standardized variables, we have changed the
“coordinate system” or “units” so that:

E[X]=0, Var(X)=1

~ ~

E[Y]=0, Var(Y)=1

X =




Correlation Coefficient

» The covariance depends on units of variables X and Y
» Often convenient to use standardized variables:

X — Ho Y:Y_Ny po = E1X], py = E|Y]
o oy 02 = Var(X),ai = Var(Y)

» The correlation coefficient “rho” is defined to equal:
-~ X —u, Y — Cov(X,Y

Oy Oy 050y

X =

» For any joint distribution, we have —1 < p(X,Y) <1

Cauchy—Schwarz inequality: > a;b; < \/ > a? \/ > . b7



Empirical Correlation Coefficients

Correlation coefficient of empirical distribution of N observations:
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Empirical Correlation Coefficients

Correlation coefficient of empirical distribution of N observations:
1.0 0.8 0.4 0.0 —0.4 0.8 -1.0
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» Dependence grows stronger as p approaches -1 or +17:

If p=+41 then (X — pp) = (Y — py) for some ¢ > 0.
If p=—1then (X — py) = c(Y — py) for some ¢ < 0.



Empirical Correlation Coefficients

Correlation coefficient of empirical distribution of N observations:
1.0 0.8 0.4 0.0 —0.4 0.8 -1.0
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» Example empirical statistics of real data:

Fathers:  mean height: 5’9" SD: 2" Karl Pearson’s study of 1078
Sons: mean height: 510"  SD: 2" father, son pairs (~1900).
correlation: 0.5 Data from Pitman Sec. 6.5.




Empirical Correlation Coefficients

Correlation coefficient of empirical distribution of N observations:

1.0 0.8 0.4 —-0.4 —0.8 ~-10
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WARNING: Zero correlation does not imply independencel!!!
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Normal Random Varlables

fx(x) = 1 6_%(930“)2 | hx) /

'!;:'!’:'E'!:

2102 ]
- L Iy
Var[X] = E[(X — p)?] = o

0_0- %

v/ Var[X] = o is the standard deviation "=+ L
Theorem: A linear function of a Gaussian variable is Gaussian!
1 1(y—i)2
Y = aX +b fy(y) = e 3(*5")
2752

—b _ _
fy(y) = |—|fx< - ) n=ap—+0b, o= |a|o




Standard Normal Random Variables

o If X ~ N(u,o?

variable aX + b is distributed N(apu + b, a%0?).

o If X ~ N(u,o?
e N(0,1) is the standard Normal distribution.

) then Z =

X—p

is distribution N(0,1)

) then for any constants a and b the random

Gaussian cdf




Two Independent Normal Variables
- |V fxy(@y) = fx (@) fy (y)

= 1 (= )+ (Y — )’
| 202 202

, The set of points where fyy(X,y)=c,
’ for any constant c, is a
circle centered at the mean.
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Two Independent Normal Variables

spherical diagonal

The set of points
where fy(X,y)=C,
for any constant c, is
an ellipse centered at
the mean.
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Bivariate Normal Distribution

fU(U):\/lz—WG_UZ/Q fv(v)Z\/;_ﬂef"z/2

» A bivariate normal distribution is any joint distribution defined
as a linear function of two independent normal distributions
» First consider the following particular linear function:

V 2 V 2 _1§,0§1
i Fp J1=p
Y = — U 5 V

» The variables X and Y are Gaussian with statistics:
E[X]=FE[Y]=0 Var(X) = Var(Y) =1
p(X,Y)=Cov(X,Y) =p




Bivariate Normal Density Functions

p = 10 0.8 0.4 0.0 —0.4 —0.8 -1.0




Bivariate Normal Distribution

fU(u)Z\/12_7T<f3_“2/2 fv(v)Z\/;_ﬂef"z/2

» A bivariate normal distribution is any joint distribution defined
as a linear function of two independent normal distributions
» First consider the following particular linear function:

1+p 1—p 1+p IL—0p
X =\—F \——V Y =\ —7U—\—
5 U + 5 5 U 5 V

» The joint probability density function of X and Y equals:

_ 1 oy pay
Frv(@y) = o/l T 20-p%) 20-p?)  1-p?
1 1132 y2
p=0=fxv(z,y) = %GXP{—E - } = fx(x)fy (y)



Bivariate Normal Distribution

» Consider two independent “standard” normal variables

u) = L e /2 v) = LG—UQ/Q E[U] — E[V] =0
fU( ) \/ﬂ fV( ) \/ﬂ Var(U) _ Var(v) _ 1

» We construct two new Gaussian variables via a linear function:
X =aU +bV + ¢
Y=dU +eV+f

» The joint probability density of X, Y is then bivariate normal:

o) — 1 o J @) () p(r )y — )
For(ey -2 p{ 203(1—p%)  202(1—p) | a0, (1— ) }

2MO L0y
te = B[X], 1y = B[Y] 02 = Var(X),02 = Var(Y)  p= S2&Y)

Y O30y



Interpreting Normal Parameters

_ ! exp < — (z — p1e)” _ (y — p1y)’ plr — pra)(y = p1y)
fxv(z,y) = QWOnyﬂ p{ 202(1 — p?) 20'5(1 — p?) " Oxay(l — p?) }

» Coordinate system and units for random variable X:
Mean: p, = E[X] P(X <pz)=P(X >pu;) =05
Standard deviation: o, = +/Var(X)

» Coordinate system and units for random variable Y-
Mean: p, = EY] P(Y < pu,)=PY >p,) =05
Standard deviation: o, =+/Var(Y)

» Dependence between X, Y measured by correlation coefficient:

Cov(X,Y
,0: OV( ) )’ _1§,0§1
Ox0y

For normal variables: X and Y independent if and only if p = 0




Two Correlated Normal Variables
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Multivariate Normal Distribution

Advanced topic not covered in homeworks or exams!

Let X1 = (Xy,...,X,,) be a vector of n independent, standard normal
random variables. E[X;] =0 and Var|[X;] = 1.

Let Y1 = (Y1,...,Y,,) be random variable vector obtained by a linear trans-
formation on the vector X7

Yi = anXi+apXe+-+ain Xy + p;
Yo = a91 X1+ a0Xe 4+ aonXn + po;
Ym — aflel + am2X2 + -+ aman + Hom, -

Let A denote the matrix of coefficients a;;, and g’ = (u1,..., ). Then we

can write
Y =AX + L.



Mean Vectors & Covariance Matrices

Yi = auXi +aeXo+ -+ an Xy + p;
Yo = ao1 X1 +aXo+ -+ asn Xy + po;
Ym — alel + am2X2 S aman + M, -

Y=AX+p, EN]=p, VarlVi]=3,_,ai; EY]=5

j=1% 5>

n

Cov(Y:,Yj) = ) airaju.
k=1

The covariance matrixz for Y is given by

( Var(Y:] Cov(Y1,Y;) ... Cov(Y;,Y,)
Cov(Y1,Ys) Var[Ys] ... Cou(Y3,Y,)
> =AAT = = E[(Y —p)(Y —p)T].

\ V) Cou(Vu,Ya) ... VarlYal



Joint Multivariate Normal Distribution

If A has a full rank, then X = A~Y(Y — i), and we can derive a density
function for the joint distribution.

Pr(Y <y) = Pr(Y —pu<y—p)
= Pr(AX <y—up)
= Pr(X <A7'(y—p))

1 ol w

= T2 d ... dw,.
(2m)"/2 /w<A1<y_u>€ e A

Changing the integration variables to z = Aw + & we have

Y1 Yn 1 1
Pr(Y <y) = / / FATNIATG Mgy L day,
27r |AAT

Here |[AA”| denotes the determinant of AA”, a term which arises under the
multivariate change of variables.




Joint Multivariate Normal Distribution

Applying (A"HTA™L = (AT)7TA7L = (AAT)"! =371 we can write the
distribution function of Y as

Pr(Y < §) = e 2GmIETGE gy da, (1)

1 /yl /yn
NCORD F .
where, again,

= AAT = E[(Y - u)(Y — )"



Joint Multivariate Normal Distribution

A vector Y' = (Y3,...,Y,) has a multivariate normal distribution, de-
noted Y ~ N(p,X), if and only if there is an n x k matrix A, a vector
X1 = (Xy,...,X}) of k independent standard normal random variables, and a
vector il = (u1,...,n), such that

Y =AX+[.
If ¥ = AAT = E[(Y — p)(Y — 1)?] has full rank, then the density of Y is

L iv-p™sv-p)
Vv (2m)n[X

If 3 is not invertible then the joint distribution has no density function.




Multivariate Normal Probability Density

4 _
N(zlp,0?) L2 :

1 1 ,
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p= EX]
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D-dimensional ellipsoids parameterized
by mean vector & covariance matrix

N (|, 0%) =

0.5 meter




