
Normal Distribution



● A bell-shaped curve, whose shape depends on two things
○ Mean, Median, and Mode: the center of the curve
○ Variance: the spread (i.e., the height and width) of the curve

The Normal Distribution
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https://www.mathsisfun.com/data/standard-normal-distribution.html
http://www.varsitytutors.com/hotmath/hotmath_help/topics/normal-distribution-of-data


Are data normally normally distributed?
46 students in a statistics class
at Simon Fraser University.

Image source

Image source

https://introductorystats.wordpress.com/
https://introductorystats.wordpress.com/


Are data normally normally distributed?
Sample mean: 66.78
Sample standard deviation: 3.37

● (66.78 - 1 x 3.37, 66.78 + 1 x 3.37)
● (66.78 - 2 x 3.37, 66.78 + 2 x 3.37)
● (66.78 - 3 x 3.37, 66.78 + 3 x 3.37)

How many of the measurements 
lie within these intervals?

● 30 lie in (63.4, 70.2) = 65.2 %
● 45 lie in (60.0, 73.5) = 97.8%
● 46 lie in (56.7, 76.9) = 100%

Image source

https://introductorystats.wordpress.com/


Standard Normal



Women’s heights in the US
● In the US, women’s heights are normally distributed with a mean of 65 inches 

and a standard deviation of 3.5 inches.

● I am 63.25 inches tall. How many standard deviations below the mean am I?
● How many standard deviations above the mean is 6 feet (72 inches)?

● What percentage of women in the US are shorter than me?
● What percentage of women in the US are taller than 6 feet?



Women’s heights in the US (cont’d)
● To find the percentages, all we have to do is integrate.

○ The percentage of women in the US who are shorter than me is simply the area under the 
normal curve N(65, 3.5) from -∞ to 63.25. 

○ Likewise, the percentage of women in the US who are taller than 72 inches is simply the 
area under the normal curve N(65, 3.5) from 72 to ∞. 

● Big problem: Integrating a normal distribution is not easy!

● Strategy: to answer queries such as the ones about women’s heights,
pose the equivalent query in terms of the standard normal instead.



● Mean is 0. 

● Standard deviation is 1.

● The data are symmetrically 
dispersed around the bell

● About 68% of the data lie 
within 1 standard deviation of 
the mean. About 95% of the 
data lie within 2 standard 
deviation of the mean.

The Standard Normal Distribution
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http://www.statisticshowto.com/probability-and-statistics/normal-distributions/


Standard Normal Table

Image Source

In the olden days (back when I was a 
student), we used the standard normal 
table to answer queries.

● P[-1 ≤ Z ≤ 1] = 
P[Z ≤ 1] - P[Z ≤ -1] = 
P[Z ≤ 1] - (1 - P[Z ≤ 1])

● P[-1 ≤ Z ≤ 1] = .8413 - (1 - .8413) = 68.26%
● P[-2 ≤ Z ≤ 2] = .9773 - (1 - .9773) = 95.46%
● P[-3 ≤ Z ≤ 3] = .9986 - (1 - .9986) = 99.72%

https://www.boundless.com/statistics/textbooks/boundless-statistics-textbook/continuous-random-variables-10/the-normal-curve-39/finding-the-area-under-the-normal-curve-193-2641/


Image Source

z-transformation

https://www.slideshare.net/kkong/demonstration-of-a-z-transformation-of-a-normal-distribution


● Standard units are the number of standard deviations away from the mean
○ Some values will be negative, corresponding to values below the mean
○ Some values will be positive, corresponding to values above the mean

● The z-transformation transforms a normally distributed random variable with 
mean 𝝁 and standard deviation σ into a standard normal random variable, 
meaning it has mean 0 and standard deviation 1.

● First shift the value, by computing how far away it is from the mean, and then 
compute the ratio of that deviation to the standard deviation.

● The resulting z-score represents the number of standard deviations away 
from the mean (0) that a shifted value is.

z-transformation



Standardization Example
● In the 2016 summer Olympics:

○ Usain Bolt won the gold medal in the men’s 100M race with a time of 9.81 seconds.
○ Elaine Thompson won the gold medal in the women’s 100M race with a time of 10.71 

seconds. 

● Statistics for the races:
○ The average time for men was 9.94 seconds, with a standard deviation of 0.08 seconds. 
○ The average time for women was 10.98 seconds, with a standard deviation of 0.34 seconds.

● Which racer did better in comparison to the rest of their field?



9.94
Mean

Visualizing Runner Times

9.81 
Bolt

10.98
Mean

10.71
Thompson

Standard deviation = 0.08 Standard deviation = 0.34



● We cannot compare these data easily unless we first standardize them.

● Indeed, by applying the z-transformation, all the units cancel, so we are 
comparing “apples to apples” instead of “apples to oranges.”

● First, we can see how Usain Bolt did relative to his competition.
○ Z = (9.81 sec - 9.94 sec) / 0.08 sec = -1.63

● Second, we can see how Elaine Thompson did relative to her competition.
○ Z = (10.71 sec - 10.98 sec) / 0.34 sec = -0.79

● More extreme z-scores imply rarer events. So, the runner with the more 
extreme z-score performed better comparatively.
○ As measured by z-scores, Usain Bolt performed better relative to his field than Elaine 

Thompson did relative to hers. 

2016 Olympic Runners (cont’d)



Apply the z-transformation:
● Z = (63.25 - 65) / 3.5 = -½ 
● Z = (72 - 65) / 3.5 = 2

Therefore, I am ½ a standard deviation below the mean.
Women who are 6 feet tall are two standard deviations above the mean.

Back to Women’s heights in the US



Standard Normal Table
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The probability a woman in the US is 
shorter than me at 63.25 inches is equal 
to the probability a z-score is less than or 
equal to -½.

● In the textbook, P[Z ≤ -½] = 1 - P[Z ≤ ½] =
1 - 0.6915 = 0.3085.

● In R: pnorm(-½) = 0.31

Hence, about 31% of women in the US 
are shorter than me.

https://www.boundless.com/statistics/textbooks/boundless-statistics-textbook/continuous-random-variables-10/the-normal-curve-39/finding-the-area-under-the-normal-curve-193-2641/


Standard Normal Table
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The probability a woman in the US is 
taller than 72 inches is equal to the 
probability a z-score is greater than 2. 

https://www.boundless.com/statistics/textbooks/boundless-statistics-textbook/continuous-random-variables-10/the-normal-curve-39/finding-the-area-under-the-normal-curve-193-2641/


Standard Normal Table
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The probability a woman in the US is 
taller than 72 inches is equal to the 
probability a z-score is greater than 2. 

● In the textbook, P[Z ≤ 2] = 0.9773.
So P[Z > 2] = 1 - .9773 = .0227

● In R: pnorm(2, lower.tail = 
FALSE) = 0.023

Hence, about 2.3% of women in the US 
are taller than 72 inches.

https://www.boundless.com/statistics/textbooks/boundless-statistics-textbook/continuous-random-variables-10/the-normal-curve-39/finding-the-area-under-the-normal-curve-193-2641/


What percentage of women in the US are shorter than you?

Exercise:


