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Sec. 1 provides the detailed formulas for the mean field approximation algorithm and discusses alternative temporal update
schemes. Sec. 2 provides screen shots of the evaluation tables on Middlebury and MPI Sintel datasets.

1. Detailed Derivation Using Mean Field Approximations

1.1. Energy Function
Given the flow fields for each layer, the distribution for the binary masks is
1
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in which the energy function is
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The potential function for the spatial term is
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where pp is a robust penalty function.
1.2. Mean Field Approximation

The mean field approximation solves for an approximate distribution that minimizes the K-L divergence
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The mean field approximation assumes that the approximate distribution can be factorized as

g)=[[T[@¢ D). (11)

t=1 p
The general mean field iteration update formula is [1]
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where scope[¢)] contains all the pixels that are affected by the potential function ¢ and Z? is a normalization constant.
We can obtain the detailed mean field update equation as
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Table 1.2 provides the detailed algorithm for the mean field algorithm for two-layer case.
1.3. Temporal Message Update Schemes

There are various possible schedules for updating temporal messages. Our experiments use parallel updates based on all
frames in the preceding iteration, as illustrated in Figure 1. We also tested a forward-backward schedule inspired by optimal
temporal filtering algorithms, but found it performed slightly worse in practice.

2. Additional Results
2.1. Results on the MPI Sintel Data Set

Figure 2 shows the screen shot of the evaluation table at the time of writing (April, 2013). Note that MDP-Flow2 was
the previous best published method on the data set. Deep-Matching-Flow and Complex-Flow are anonymous submissions.
Figures 3-6 show per-sequence results on the Sintel test set. For each sequence, the image is given in the top left, the ground
truth flow (obtained from the website) in the top right, the segmentation in the bottom left, and the estimated flow in the
bottom right. Our method performs well if the two-layer assumption holds (see market_1, top in Fig. 5, and wall, bottom in
Fig. 6. It fails, on the other hand, if objects are moving very fast (ambush_1, top in Fig. 3), or are very small (the dragon in
temple_1, Fig. 6 top). However, these are problems that are common to all current methods for optical flow computation.



Algorithm 1 Mean field for non-local layers
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Figure 1. Temporal update schedule for the mean field algorithm. Each frame uses the marginal estimates for its temporal and spatial
neighbors at the previous iteration.
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Table 1. Average end-point error (EPE) on the Middlebury training set. The fast version uses a faster flow computation method but achieves
very closer performance.

Avg. Venus  Dimetrodon  Hydrangea  RubberWhale  Grove2  Grove3  Urban2  Urban3
FC-2Layers-FF  0.205 | 0.228 0.143 0.155 0.072 0.094 0.362 0.199 0.391
Fast version 0212 | 0.227 0.139 0.159 0.077 0.095 0.383 0.214 0.405

2.2. Results on the Middlebury Data set

Figure 7 shows the top 15 methods on EPE and AAE from the Middlebury hidden table at the time of submission (Novem-
ber 2012). With FlowFusion, the proposed method (FC-2Layers-FF) is ranked 8" in EPE and 5" in AAE. Without FlowFu-
sion, the proposed method (FC-2Layers-FF) is ranked 9" in EPE and 11" in AAE.

FC-2Layers-FF achieves similar performance as the local layered model nLayers, but more than 10 times faster (about
45 minutes vs 10 hours). The main computational bottleneck is in computing the initial flow field by Classic+NL in MAT-
LAB. We have developed a fast version of Classic+NL by using preconditioned conjugate gradient and reduced the total
computational time to about 10 minutes, with very slight loss in accuracy, as shown in Table 1.



EPE all EPE matched EPE unmatched d0-10 d10-60 d60-140 s0-10 s1040 sd0+

GroundTruth '] 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Deep-Matching-Flow 2 7223 3338 38 868 5651 3146 2210 1293 4109 44 159
Complex-Flow & 7.249 2973 42.088 4,895 2817 2218 1.159 4.183 44 866
FC-LayersFF ] 8.137 4.261 39.723 6.537 4.257 2.946 1.034 4.835 51.349
MDP-Flow2 7 8 445 4150 43430 5703 3925 3 406 1420 5449 50 507
EP-PM F 3499 4.369 42139 5993 3.977 369 1.534 5551 50150
LDOF 11 9.116 5037 42.344 6.849 4.928 4.003 1.485 4.839 57.296
Classic+NL (2] 9153 4814 44 509 7215 4822 3427 1113 4 496 60 291
Horn+Schunck 9610 5419 43734 7.950 5658 3.976 1.882 5335 £8.274
Classic++ [17] 9.959 5410 47.000 8.072 5.654 3.750 1.403 5.098 64.135
Classic+NL fast ['] 10.088 5659 46.145 3.010 5738 4.160 1.092 4,866 §7.801
AnisoHuber.L1 '] 11.927 7.323 49.366 9.464 7.692 5.929 1.155 7.966 74.796
AtrousFlow [12] 14173 9673 51648 11611 10.027 8092 2011 12 052 79 484
EPE all EPE matched EPE unmatched d0-10 d10-60 d60-140 s0-10  s1040 s40+
GroundTruth ['! 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Deep-Matching-Flow & 5385 1.771 34.823 4518 1.534 0.836 0.963 2729 33752
Complex-Flow ! 5336 1.397 37,895 2722 1341 1.004 0.683 2245 36,342
EP-PM I 5573 1.949 35.099 3.804 1.907 1.390 0.661 2.643 I7.043
MDP-Flow?2 [ 5837 1.869 38.158 3.210 1.913 1.441 0.640 2,603 39.459
FC-Layers.FF [ 6.781 3.063 37144 5.841 3.390 1688 0580 3308 45 962
LDOF 71 7.563 3432 41170 5.353 3284 2454 0.936 2.908 51696
Classic+HL 121 7.961 1770 42.079 5191 3911 2509 0.573 2694 57.374
Classic++ 1! 8721 4259 45047 5983 4494 2753 0902 3295 60 645
Horn+Schunck ['7] 8739 4525 43.032 7.542 5.045 2.891 1141 3.860 58.243
Classic+NL fast ['"! 9129 47285 44.956 7157 4.974 3.3 0.558 2812 66.935
AnisoHuber.L1 12! 12 642 7.983 50 472 10 457 8675 6320 0753 9976 77835
AtrousFlow [ 14.200 9.584 51758 11.964 10.338 7.926 1.702 12.440 80.185

Figure 2. Screen shots of the methods from the MPI Sintel evaluation table (April 2013). Top: Final set; bottom: clean set. The
proposed method is FC-Layers-FF in the table.

Figures 8, 9, 10, and 11 show the estimated flow and segmentation on the Middlebury training and test sets. Note the sharp
motion boundaries recovered by FC-2Layers-FF, such as in “Schefflera” (third row in Figure 8), “Teddy” (bottom row in
Figure 9), and “Grove3” (second row in Figure 11).

Table 2 shows the KL divergence (up to a constant) between the approximate distribution and the true distribution, for the
proposed method with and without FlowFusion. Using FlowFusion consistently produces results with lower K-L divergence
to the actual distribution.
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Figure 3. MPI-Sintel test results I. From top to bottom, the groups of images show the sequences PERTURBED _market_3, PER-
TURBED _shaman_1, and ambush_1. Within each group, the top left image shows a frame from the sequence, the top right image shows
the ground truth optical flow, the bottom left image shows the segmentation, and the bottom right image shows the estimated flow.



Figure 4. MPI-Sintel test results II. From top to bottom, the groups of images show the sequences ambush_3, bamboo_3, and cave_3. Within
each group, the top left image shows a frame from the sequence, the top right image shows the ground truth optical flow, the bottom left
image shows the segmentation, and the bottom right image shows the estimated flow.



Figure 5. MPI-Sintel test results III. From top to bottom, the groups of images show the sequences market_1, market_4, and mountain_2.
Within each group, the top left image shows a frame from the sequence, the top right image shows the ground truth optical flow, the bottom
left image shows the segmentation, and the bottom right image shows the estimated flow.



Figure 6. MPI-Sintel test results IV. From top to bottom, the groups of images show the sequences temple_1, tiger, and wall. Within each
group, the top left image shows a frame from the sequence, the top right image shows the ground truth optical flow, the bottom left image
shows the segmentation, and the bottom right image shows the estimated flow.



Average Army Mequon Schefflera Wooden Grove Urban Yosemite Teddy
endpoint (Hidden texture) (Hidden texture) (Hidden texture) (Hidden texture) (Synthetic) (Synthetic) (Synthetic) (Stereo)
error avg GT im0 im1 GT im0 im1 GT im0 im1 GT im0 imi GT im0 iml im0 im1 GT im0 im1 GT im0 im1
rank| all  disc untext di nte all  disc unt all  disc untext| al d ntext disc unfext| all disc untext| al disc untext
MDP-Flow?2 [70] 54| 0084 021200710 1 0.481 0111 0202 0402 0.141|0151008019 0.085 06311 093120431 0762 0233 0119 012601710/ 0382 0792 0442
NN-field [73] 60| 0084 0225 0.051 4 0554 0135 0191 0391 0.153| 0.091 0.48+1 0.051| 0.411 0.611 0.201 05233 0.641 026501323013200.2010( 0.351 0833 0.211
ADF [67] 115/ 0084 0225 0062 506210 0.1490.29180.7122 0.178(016210.9131 0.072/0.6919 1.03190.4714/04312 0915 028701215 01260.2019) 0434 0885063 10
Layers++ [37] 11.5[ 0.084 0.2120.07 10 9 0.5650.1719 0.202 040201812 0132 0.583 0.072 0482 0.70z 0.334/0.4721 1.0180.3322/0.15400.14350.2434) 0469 08850.7222
LME [72] 12.0{ 0.084 0.22g 0.062 1 0.492 0.111/0.3021 0.64 15 0.31 54/0.15 10 0.78 17 0.09 17|0.66 14 0.96 14 0.5321) 0.333 1.1821 0.2870.1215 0.1250.1813| 0.445 091z 0.61¢e
IROF++ [58] 12.2| 0.0840.23130.07 10 uws 0.68180.1719/0.28 15 0.631240.1921|/0.15100.73110.0917) 0.60s 0.89s 042904312 1.08140.3115 0104 0.126 0.1224(0.47110.98 15068 18
nLayers [57] 125/ 0071 0.191 0.062/0.2224 05960.1933/0.2510 0.5490.2030/0.1510 0.8422 0.086 0533 0.784 0.345/0.4415 0.8430.3013/0.1323 0.13200.20 19/0.47 11 0.97 14 0.67 15
FC-Layers-FF [77] 13.9) 0084 0.2120.070/0.2118 0.70210.1719 0.202 0.4020.1812/0.15100.7615 0.085 0.533 0.772 0.376/0.4925 1.0290.3322/0.1648 0.13200.2953| 0445 0.8750.64 12
FC-Layers [78] 165 0084 022:800710021120702101719 0215 043501812/0.151007514 0.085 0585 0845 0429/05130112180.34280.1648 0.13200.3058/0.4814 09410068 18
ALD-Flow [68] 167 0071 0212 0062 019906415 0.135/030210.7323 0.153/0.1726 09235 0.072/0.7826 1.1426 0.5925 0.333 13028 0.211{0.1215 01256028 45/0.5426 1.1925 0.73 25
FESL [75] 168| 0.084 0.2120.0710/0.2540 0.75320.1933/0.27 11 0.61120.18 12| 0.144 0684 0.086/0.6110 0.8920.44120.4721 1.03110.3218/0.1431 0.15440.2537/0.50 20 0.96 12 0.63 10
COFM [59] 169 008402620 0062 018506210 014903021 0742501921|/0151008624 0072/07927 1142607441 0356 0874 0287/01431 012602845/04916 0941007121
SCR[74] 169 00840231300710022240712401719027410601101921| 014407311 008606311 0921104412/051301081403322/015400132002953/04711 0933067 15
TC-Flow [46] 170/ 0.071 0212 0062 0.151 0596 0.111/0312507828 0.141/0 162108624 008607524 1.112505422/04211 14035 0254/ 0119 012602953/06230 13530093 41
Efficient-NL [60] 17.3| 0084 0228 0062/0.2118 0.67170.1719/0.31250.73230.1812| 0144 0718 0.086/ 0597 0.887 0.397/1.3057 1.35310.6753/0.14310132002639| 0458 0854 0555
Average Army Mequon Schefflera Wooden Grove Urban Yosemite Teddy
angle (Hidden texture) (Hidden texture) (Hidden texture) (Hidden texture) (Synthetic) (Synthetic) (Synthetic) (Sterea)
error avg GT im0 im1 GT im0 im1 GT im0 im1 GT im0 im1 GT im0 im1 GT im0 im1 GT im0 im1 GT im0 im1
rank| all disc untext | all disc untext | all disc untext | all disc untext| all disc untext | all disc untext | all disc untext| all disc untext
NN-field [73] 49| 2893 8138 2111 2102 7.154 1.776 2271 5592 1613 1.681 8521 0.791| 2352 3053 1.601 1.881 5201 1.37124325370251.9520 1.011 2251 0.531
nLayers [57] 85| 2801 7.421 220327115 7.24525534) 2616 624524531 2303 1276 1.163 2301 3.021 1.702 2625 6.952 2.093/2.2949 34613 1.8917| 1.388 3.06 11 1.298
MDP-Flow2 [70] 9.6 (32320 793526012/ 1.921 6.641 15621 2464 5914 1.562/3.0522 15.8251.5122|2.77 13 3.50102.1612| 2.867 858727014/ 200935018 1.598| 1.285 2675 0.893
ADF [67] 12.1| 2.9868.3212 2284 227583511 1817 3.55199.74212.1716/3.1528 16.831 1.297/2.64 3.025 9.089 2385 2.299348152.0723) 1.345 3.039 1114
FC-Layers-FF [77] 12.8) 3.028 7.8742.6113/2.7216 9.35182.20921| 2.362 547121515 2484 1265 1.285 &4 319420310@ 8.9252.8321/2.8341392372.8038) 1.254 2574 1206
Layers++ [37] 14.313.1110 8.22102.7924| 2430 7.0232.2417| 2433 577321819 2132 9712 1.152| 2.352 3.021 1.9683.8128 11.424 3.2232(2.74 37 4.01422.3520/1.4510 3.0510 1.79 19
Efficient-NL [60] 149 299782311 2.284/2.7215 8.95152.2519/3.8123 9.87232.07 13|2.7716 14.3151.4616| 2.617 3.489 1.966/3.3115 8.3352.5910/2.60313.7526 2.5434/1.6015 3.025 1.66 14
LME [72] 153/31514 8047 2317 1952 6652 15934032389311945754/26912 136914211/2.8519 361142 4224/347221282931729/2124233532117311| 1345 2755 1185
FESL [75] 15.7| 2965 7.70225410/3.2638 10.4252.5635/3.25128.39122.17 16| 2566 1327 1.318| 2576 340721211 2604 7.653 2.304|2.64354.2247 2473117519 34917 1.7116
ALD-Flow [68] 158| 2822 7863 2162 284221012318610 3732110424 1676/31024 16831 128526911 36043 1855 279611323 232520710 32553 1054/20326 5112719421
IROF++ [58] 16.5(3.17 16 8.69 16 2.61 13(2.79 19 9.61 20 2.33 23/ 3.43 15 8.86 16 2.38 25| 2.87 18 14.8 18 1.52 23|2.74 12 3.57 122.1913/3.20139.70152.7115/ 1968 34512 1.225/1.8020 4.06212.50 28
FC-Layers [78] 16.5| 3.089 8.16927220/2.7818 9.38192.3022 2.525 6.0552.1819| 2.607 13.58 1.37 10| 2.639 341822214@249.78172.8522 2.8443379292.8845/1.48123.2113 1.359
SCR[74] 16.7/3.12118481225941/29528 1042523524/ 3191080910243 20| 2638 13912 135028115 3644523016 3028 8294 2398/277403792028947[ 1.390 285716013
TC-Flow [46] 18.0[ 2914 8005 2348 2184 8.7712 1.6213.842510.728 1.491/31325 16.630 1.4616/2.78 14 3.7319 1.965/3.08 10 11.424 266 11| 1.946 3.43113.2058/3.0632 7.04 31 4.08 51
Sparse-NonSparse [66] |18.0/3.14 13 8.7518 2.7623/3.0231 10.6 28 2.4328/3.4517 8.96 17 2.36 23|2.66 10 13.7 11 1.4211|2.85 19 3.75202.33 18/3.28 14 9.40122.7315/2.4225 3.3162.69356/1.47 11 3.07 12 1.66 14

Figure 7. Screen shots of the top 15 methods from the Middlebury hidden table (Nov. 2012). Top: EPE; bottom: AAE. The proposed
methods are FC-Layers-FF and FC-Layers.

Table 2. K-L divergence of the solutions by the proposed method with and without FlowFusion on the Middlebury optical flow benchmark
test set. Using FlowFusion consistently produces results with lower K-L divergence to the actual distribution.
Avg. | Army Mequon Schefflera Wooden Grove Urban  Yosemite Teddy
FC-Layers -3.20 -6.46 -5.28 -3.56 -6.65 -5.12 3.34 -1.06 -0.83
FC-2Layers-FF ~ -3.42 -6.48 -5.44 -3.96 -6.74 -5.58 2.88 -1.04 -0.97




(a)First frame (b) Layer segmentation (c) Estimated flow field
Figure 8. Estimated flow fields and scene structure on the Middlebury fest sequences. Left to right: first frame, layer segmentation, and
estimated flow field. Top to bottom: “Army”, “Mequon”, “Schefflera”, and “Wooden”. Depth ordering: blue is foreground and red is
background.



(a)First frame (b) Layer segmentation (c) Estimated flow field
Figure 9. Estimated flow fields and scene structure on the Middlebury fest sequences. Left to right: first frame, layer segmentation,
and estimated flow field. Top to bottom: “Grove”, “Urban”, “Yosemite”, and “Teddy”. Depth ordering: blue is foreground and red is
background.



(a)First frame (b) Layer segmentation (c) Estimated flow field
Figure 10. Estimated flow fields and scene structure on the Middlebury training sequences. Left to right: first frame, layer segmentation,
and estimated flow field. Top to bottom: “Venus”, “Dimetrodon”, “Hydrangea”, and “RubberWhale”. Depth ordering: blue is foreground
and red is background.



(a)First frame (b) Layer segmentation (c) Estimated flow field
Figure 11. Estimated flow fields and scene structure on the Middlebury training sequences. Left to right: first frame, layer segmentation,
and estimated flow field. Top to bottom: “Grove2”, “Grove3”, “Urban2”, and “Urban3”. Depth ordering: blue is foreground and red is
background.



