The Polytope of Context-Free Grammar Constraints
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Abstract. Context-free grammar constraints enforce that a sequdnvegiables
forms a word in a language defined by a context-free gramnta.cbnstraint
has received a lot of attention in the last few years as itesgmts an effective
and highly expressive modeling entity. Its application bagen studied in the
field of Constraint Programming, Mixed Integer Programmiengd SAT to solve
complex decision problems such as shift scheduling. Inttf@sretical study we
demonstrate how the constraint can be linearized effigidntparticular, we pro-
pose a lifted polytope which has only integer extreme poBésed on this result,
for shift scheduling problems we prove the equivalence aftBig’s original set
covering model and a lately introduced grammar-based model
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1 Introduction

Global constraints capture natural substructures of commombinatorial optimization
or satisfaction problems. They facilitate the modelinggess and, at the same time,
offer the solver awareness of structures that it can exjgldibost performance. In con-
straint programming, global constraints allow greateeffiftg effectiveness. In integer
programming, they offer the possibility to linearize sfiiecstructures more effectively
than a non-expert is able to achieve. Systems like SCIP [A]SAMPL [12] linearize
entire substructures automatically and effectively.

In this short theoretical study, we show how context-freengmar constraints can
be linearized effectively. We prove that the linearizatmoposed in [3] results in a
polytope which has integer feasible corners only, thushgivis the convex hull of all
integer feasible points and allowing us to obtain tight éineclaxation models when
grammar constraints are used in combination with othertcainss.



2 Basic Concepts

We start by reviewing some well-known definitions from thedty of formal languages
and the existing algorithm for filtering context-free graamgonstraints. For a full in-
troduction, we refer the interested reader to [5] and [11¢rehall the proofs that are
omitted in this paper can be found.

Definition 1 (Alphabet and Words). Given setsZ, Z;, and Z,, with Z; Z, we denote
the set of allsequencesr stringsz = 2129 with 2y € Z; andzy, € Z,, and we call
7175 the concatenatiomf Z; and Z,. Then, for alln € IN we denote by" the set

of all sequences = z125...z, with z; € Z forall 1 < i < n. We callz a word of
lengthn, andZ is called analphabebr set ofletters The empty word has length 0 and
is denoted by. It is the only member aZ®. We denote the set of all words over the
alphabetZ by Z* := J, . Z"- In case that we wish to exclude the empty word, we
write Zt :=J,,», 2"

Definition 2 (Context-Free Grammars). A grammaris a tupleG = (X, N, P, Sy)
where X' is the alphabet)V is a finite set ofnon-terminalsP? C (N U X)*N(N U
2)* x (N U X)* is the set ofproductionsand.S, € N is the start non-terminal. We
will always assume thav N 3’ = ). Given a grammars = (X, N, P, Sp) such that
P C Nx(NUX)*, we say that the gramm&¥ and the languagé.; are context-free
A context-free grammat = (X, N, P, Sy) is said to be inChomsky Normal Fornif
and only if for all production§A — «) € P we have thatr € X* U N2. Without loss
of generality, we will then assume that each liteiak X' is associated with exactly
one unigue non-literal, € N such that(B — a) € P implies thatB = A, and
(A, — b) € Pimplies thata = b.

Remark 1.Throughout the paper, we will use the following conventiGapital letters
A, B, C, D, and E denote non-terminals, lower case letters, &, b, and e denote
letters inX, Y and Z denote symbols that can either be letters or nonitails) u, v,
w, X, ¥, and z denote strings of letters, and3, and~ denote strings of letters and
non-terminals. Moreover, productiofrs, 3) in P can also be written as — £.

Definition 3 (Derivation and Language).
— Given a grammars = (X, N, P, Sy), we writea51 :G> afyy if and only if there

exists a productiori3; — 32) € P. We writea; :;> a,,, if and only if there exists
a sequence of strings;, . . . , a;,—1 such thaty; ? ;41 forall 1 <i < m. Then,

we say thatv,,, can bederivedfrom a; .
— The language given b is L := {w € X* | Sy :;> w.

2.1 Context-Free Grammar Constraints

Based on the concepts above, we review the definition of gbftee grammar con-
straints introduced in [11]:
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Fig. 1. The picture shows sef$; in Algorithm 1.

Definition 4 (Grammar Constraint). For a given grammaG = (X, N, P, Sp) and
variables X1, ..., X,, with domainsD; := D(X4),...,D, := D(X,,) C X, we say
that Grammarg (X1, ..., X,) is true for an instantiationX; «— wy,..., X, «— w,
if and only if it holds thatw = w;...w, € Lg N D; x --- x D,,. We denote a
given grammar constrainframmarq(Xa, ..., X,,) over a context-free grammay
in Chomsky Normal Form b FGCq (X7, . .., X,).

The filtering algorithm foiIC FGC¢ presented in [11] is based on the parsing algo-
rithm from Cooke, Younger, and Kasami (CYK). CYK works addals: Given a word
w € X", letus denote the subsequence of letters starting at@ositiith lengthy (that
IS, wiw;y1 ... witj—1) by w;;. Based on a gramma&¥ = (X, N, P,Sy) in Chomsky
Normal Form, CYK determines iteratively the set of all n@nrtinals from which we
can derivew;;, i.e.S;; = {Ae N | A :;> wiitforalll <i<nandl <j<n-—i.
It is easy to initialize the setS;; just based om; and all production$A — w;) € P.
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Fig. 2. The left picture shows the sef;; in Algorithm 1. We see that the constraint filtering
algorithm determines that the word may not start with a algsinor end with an opening bracket.




Algorithm 1 CFGC Filtering Algorithm

1. We run the dynamic program based on recursion equatiowith) initial sets S;1 :=
{A] (A —wv)e Pve D;}.

2. We define the directed gragh = (V, E') with node setV’ := {v;;j4 | A € S;;} and arc
setl := Fy U Es with By = {(vijA,vikB) | 1C ¢ Sprk#jfk : (A — BC) S P} and
FEs = {(vijA,ka,j,k}c) | dB € S : (A — BC) S P} (see Figure l)

3. Now, we remove all nodes and arcs frghthat cannot be reached from,s, and denote the
resulting graph by’ := (V' E’).

4. We defineS’,L-j = {A | VijA € V/} - Sz‘j, and setD’,L- = {U | JAe€ S/il : (A — ’U) S
P},

Then, forj from 2 ton and: from 1 ton — 5 + 1, we have that

j—1
Sij = [ J{A| (A — BC) € P with B € Sjj and C € S 1} (1)
k=1

Then,w € L¢ if and only if Sy € S1,,. From the recursion equation it is simple to
derive that CYK can be implemented to run in ti®¢n?|G|) = O(n?) when we treat
the size of the grammar as a constant.

The filtering algorithm folC' FGC¢ that we sketch in Algorithm 1 works bottom-up
by computing the setS;; for increasingj after initializing .S;; with all non-terminals
that can produce in one step a terminal in the domaids;of hen, the algorithm works
top-down by removing all non-terminals from each $gt which cannot be reached
from Sy € S1,. In[11], we showed:

Theorem 1. Algorithm 1 achieves generalized arc-consistency ford#&=C' and re-
quires time and space cubic in the number of variables.

Example 1.Assume we are given the following context-free, normatfagrammar

G = ({],[}7{A,B,C, So},{So — AC, SO — 5050750 — BC,B — ASO7A —
[,C —1]1},S0) that gives the languagl; of all correctly bracketed expressions (like,
for example, “[[][1]” or “[I[[1]")- In Figures 1 and 2, we illustrate how Algorithm 1
works when the initial domain of all domains afy = --- = D, = {[,]}: First, we
work bottom-up, adding non-terminals to the séfsif they allow to generate a word

in D; x --- x D;;;_1. Then, in the second step, we work top-down and remove all
non-terminals that cannot be reached frégme S1,,.
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Fig. 3. The picture shows the modified And/Or-graph. The solid naltg®te And-nodes.

3 Linearization of Context-Free Grammar Constraints

In [9] an And/Or representation of the graph constructedlgofithm 1 was given. The
idea is to split each nodsg, 4: in the original graph into on@r-node]\fi"jTA1 which re-
ceives all incoming arcs of the original node. This Or-nddsntconnects tAnd-nodes
N 42 g5, for all productions(A' — A?4%) € P andk < j. EachN{ 42 4
then connects t&vV;;",. andN?/, ., 4.. For Or-nodesVy’, = on the lowest level, we
add one And-nod&/2"?, whereby we assume that the only productio®imith non-
terminal A, on the left-hand side andon the rightis(A, — a). In Figure 3 we show
how the graph in Figure 2 is transformed in this way.

Based on this And/Or representation, in [3] a linearizatboontext-free grammar
constraints was introduced which works as follows. A booleariable is introduced
for each node (AND/OR) of the graph, taking a value of 1 whenassociated node is
true. In the following, N°" and N**? respectively refer to the sets of all Or-nodes and
And-nodes. Letting: € N°" (respwv € N**?) be an Or-node (resp. And-node) then
(resp.a,) refers to its associated 0-1 variable. We also defing the set ofu’s parent
nodes and, when not considering a leaf nodg;) the set ofu’s children nodes. The

constraint in the associated MIP model was formulated as:

Z Gy = 0y Yu € N (2)
vece(u)
Z ay, =0y Yu e N (3)
vep(u)
a1mn,5, = 1 (4)
Ou,ay € {0,1} Yu e N°" v e Nod (5)

The main difference between the MIP model and the AND/ORIgraghat if there
exist more than one parsing tree for a sequence, all nodé&iAND/OR graph that
belong to at least one parsing tree are séiue, while for the MIP, one parsing tree is



arbitrarily selected and only its variables are set to orleother variables, including
those that belong to other parsing trees, are set to zerasBigpan arbitrary parsing
tree simplifies the MIP without changing the solution spddeed, only one parsing
tree is necessary to prove that a sequence belongs to a téetlanguage.

This model can however be simplified: we can remove the vieratsociated with
Or-nodes (since (2) and (3) can be combined) and use norivegariables instead
of binary ones (as (4) imposes an upper bound on all varipblégse changes will
also significantly simplify the proof that all extreme paimtf the defined polytope are
integer. The new model becomes:

Z ay = Z a, Yu € N° (6)

vEc(u) vEp(u)
al,n,So - 1 (7)
a, >0, Yo e Nond (8)

Itis also possible to define the grammar polytope directiyfthe signature of the
constraint, that is without referring to the AND/OR grapheipolytope is then defined
as follows:

IP - CF = minz CijABCkUijABCk + Z Cilalila 9)
S.t.
Vi, j>1
Z AijABCK = Z aikBACK + Z @itj—k,k,BCAk VA€ S (10)
(A—BC)eP (B—AC)eP (B—CA)eP t+7<n+1
1<k<yj j<k<n j<k<n
Viel.n
Z Ailq = Z aikBACK + Z Qit1—k,k, BC Ak (11)
VAa S Sﬂ
(Aq—a)eP (B—A,C)eP (B—CAy,)eP
1<k<n 1<k<n
1= Y ais,sck (12)
(S()—>BC)€P
1<k<n
A Aa S Sil
0 < aijABCE, Gila Vi, j>1 (13)

i1+73<n



Example 2.Continuing with the bracketing example (Example 1), wesiitate the lin-
earization of the correspondirgg anmar constraint. For the graph depicted in Fig-
ure 3, among other constraints, according to Equation 6 nfeee

(145, BC3 T A325,AC1 = Q41],

and according to Equation 4, we enforce

(145, BC3 + 0145,505,2 = 1.

4 The Context-Free Grammar Polytope

We now state and prove the main result of this theoreticalystGiven a grammar
constraint, the polytope defined by (6)-(8) has the follayymoperty:

Theorem 2. The linearization IP-CF of a given context-free grammar stosint has
integer-feasible corners only.

Proof. We can write IP-CF in the form minimiz€ a such thatda = b, a > 0. Leta!
denote an optimal solution to IP-CF, and the corresponding optimal dual solution.
According to the well-known complementary slackness ciboni, we know that all
a with Aa = b anda” (ATu' — ¢) = 0 are optimal. The complementary slackness
conditions ensure that at optimality, we have = 0 or A7 u! — ¢; = 0 for everyi. It
is therefore sufficient to construct an integer-feasiblatam a° to Aa = b for which
ATyl < ¢; impliesa? = 0. In particular, we want to construct an integer-feasible
solutiona® for which @ is greater than zero only if the non-integer solution satsfi
al > 0 or equivalentlyATu! = ¢;. That is, it is sufficient to construct an integer-
feasible solutiom® to Aa = b whose support (the set of variables that take non-zero
values) is a subset of the supportdt

Let us consider any node in cefin for whicha}, g e, > 0 (at least one such
node must exist according to Equation 12), andaet, -, = 1. Now, since the
Or-nodeso1;5 andoy. ., x.c received a positive “flow” according te', according to
Equations 10 there must exist some And-nodes for whigh ;, 1y, aj. ,, _.crcr > 0
Again, we setid, s, = 1andal ;. o = 1and continue until we fade out at the
bottom level. All other variables are set to zero. The treAmd-nodes which we con-
structed obeys all constraints in IP-CF. Moreover, we otilizad And-nodes that were
already used in the fractional solutiah. Consequently® obeys the complementary
slackness conditions with respectitband is thus optimal.

O

The result applies to models where costs are associatedvavitibles taking spe-
cific values as studied in [6], but also models where usintpgeproductions incurs
specific costs as studied in [7].



5 Implication for Shift Scheduling Problems

We illustrate the use of grammar constraints in the domaishdf scheduling. Given
a planning horizon divided into periods of equal length, mafeemployees and a de-
mand for different activities (work activities, lunch, late rest) at each period, the shift
scheduling problem consists in assigning one activity ttheamployee in each period
in such a way that the demands are met. In this contesktifiis a sequence of activities
corresponding to a continuous presence at work (that mayydadunch and break, but
not rest periods). The original objective (introduced bynf2gy in [2]) is to build a set
of shifts that minimize labor costs while meeting labor regjons.

Given that(? is the set of legal shifts" the set of all time periodsl; the required
number of employees at timec, the cost of shifts (equal to a weighted sum of the
number of periods it covers),, an indicator specifying whethercovers time period
1, andz is an integer variable that represents the number of emefogssigned te,
we can state the original model of [2] as follows:

SC = min Z CsTs (14)
sesf?

sty aixs>d; VieT (15)
sEN

xzs > 0,integer Vs € (2 (16)

The most common methods used to solve this problem ([4])aiews set covering
heuristics, which select from a set pbtentially good shifts, the ones that together
generate the best schedule. In order to generate an optidibs the set covering
model has to be defined over thatire set of possible shifts and solved through branch
and price when? is too large.

For the purpose of comparison (and also many other pradsisaés that involve
the need to track individual employees) this model can bagdjsegated to identify the
shift performed by each employee in $&tThe boolean decision variahlg, indicates
whether employee performs shifts.

SCe = min Z CsTse a7
sef,eeFE
s.t. Z QisTse > d; VieT (18)
s€,eekE
Y #e=1 VecE (19)
sef?
Tse € {0,1} Vse N e€E (20)

In [3] Coté et al. showed that one could express implichlky set of all shifts using
a simple context-free grammar imposed on the sequence offaieed decisiong;.
(employee: works at timei). At a high level, the model was:



SCg = min Z Cilie (21)

i€T,eeE
St yie>di VieT (22)
eckE
grammar (G, yier,.) Ve€FE (23)

yie €{0,1}VieT,e€ E (24)

wherec; is the cost of having an employee working at tilmend G is the gram-
mar defining how the shifts if® can be assembled. Note that even though Models SC
and SCe could encapsulate more sophisticated costs thanmefighted sum of the
worked periods, it would also be possible to impose costhenariables associated to
the And-nodes of the grammar constraint formulations aligvfor substantial flexibil-
ity in modeling.

Corollary 1. Given thatthe:, = 3, aisc; Vs € £2 then models SCe and SCqg are
equivalent.

Proof. From Theorem 2, the linearization of (23) yields a polytopat tadmits only
integer extreme points which are, by definition(®f all the pairs (valid shifts € (2,
employeee € E). Thus any feasible solution. associated to one employee can be
written as a convex combination of the extreme poiats)( If we associate a Boolean
variable to each of these extreme points, say, we can convert any solution vector
given in terms of the extreme pointshack to the original variablg by applying

Yie = Z QjsTse Vi€ T7 Vec E (25)
sesf?

Using (25), we can rewrite thg,. variables in SCg (where (23) is no longer neces-
sary) as a convex combination of the extreme point variablgs

SCg = min Z C Z AisTse (26)
i€T,e€E €N

s.t. Z Z QisTse > d; ViET 27)
ecE sef

Z UisTse = 1VieT, ee B (28)
sEN

Zse € {0,1} VseR,e€ E (29)

Given thate, = ZieT a;sc; Vs € (2 and that (28) is derived from (12), this is
exactly SCe. a



6 Conclusion

Grammar constraints have received much attention in lasyéars, as they have been
studied in the context of Constraint Programming [6,9, BAT [10], Mixed Inte-
ger Programming [3], and Large Neighborhood Search [8]his paper we studied
the linearization of this global constraint and showed tha possible to generate a
polytope that possesses only integer feasible extremeéspdie believe this result is
fundamental as it means that the use of grammar constrairieicontext of Mixed
Integer Programming does not introduce any integrality. i know that the gram-
mar constraint can be very useful to solve shift schedulmodlems [8], and we plan to
investigate other areas where these structures can bd.usefu
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