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Abstract. Theoretical models for the evaluation of quickly improving search
strategies, like limited discrepancy search, are based on specificjggsusire-
garding the probability that a value selection heuristic makes a correticpios.

We provide an extensive empirical evaluation of value selection heurfstics
knapsack problems. We investigate how the accuracy of searchtieuvigries

as a function of depth in the search-tree, and how the accuraciesridttoepre-
dictions are affected by the relative strength of inference methods likanay
and constraint propagation.

1 Motivation

The modern understanding [13] of systematic solvers forainatorial satisfaction and
optimization problems distinguishes between two fundaaigndifferent principles.
The first regards the intelligent reasoning about a giveblpro or one of its subprob-
lems. In an effort to reduce the combinatorial complexibyysrs try to assess whether
a part of the solution space can contain a feasible or impgpsolution at all. More-
over, when there is no conclusive evidence with respectdatbbal problem, solvers
try to eliminate specific variable assignments that can legvsiguickly will not lead
to improving or feasible solutions. The principle of reasgrabout a problem is called
inferenceand is comprised of techniques like relaxation and pruniagiable fixing,
bound strengthening, and, of course, constraint filtermy@opagation. To strengthen
inference, state-of-the-art solvers also incorporatéou like the computation of valid
inequalities and, more generally, no-good learning andnident constraint generation,
as well as automatic model reformulation.

While inference can be strengthened to a point where it ishiad solving combi-
natorial problems all by itself (consider for instance Goygcutting plane algorithm
for general integer problems [11] or the concepkefonsistency in binary constraint
programming [8, 3]), today’s most competitive systematilvars complement the rea-
soning about (sub-)problems with an actsearchfor solutions. The search principle
is in some sense the opposite of inference (see [13]): Wheonasy about a problem
we consider the solution space as a whole or even a relaxdugaof (for example
by considering only one constraint at a time or by droppirtggrality constraints). In
search, on the other hand, we actually zoom into differerisd the space of potential
solutions. Systematic solvers derive their name from tis&i€m in which this search
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is conducted. Namely, the space of potential solutions itipmed and the different
parts are searched systematically. This is in contrast mesystematic solvers that are
based on, for example, local search techniques. The magtispf systematic solvers
are how the solution space is partitioned, and in what otwedifferent parts are to be
considered. Both choices have an enormous impact on solefficiency.

From an intellectual standpoint, we have every right toiniigtish between search
and inference in the way we described before. They are twerdiit principles and
constitute orthogonal concepts that each can be applied @bin combination with
the other. However, it has long been observed that (wherieappl combination as
practically all successful systematic solvers in constrprogramming, satisfiability,
and mathematical programming do) inference and search toebd harmonized to
work together well (see, e.g. [2]).

Information provided by inference techniques can also kalus organize and
guide the search process. For example, in integer linegra@muming fractional so-
lution values are often used to determine whether a varitidelld be rounded up or
down first. Such heuristics are commonly compared with edbbrdased on some
specific efficiency measure that is global to the specific@ggr, such as total time for
finding and proving an optimal solution, or the best solutjoality achieved after some
hard time-limit.

However, to our knowledge very little research has been wcted which inves-
tigates howaccurateinformation taken from inference algorithms actually is how
this accuracy evolves during search. This is quite surggigiven that many theoret-
ical studies need to make certain assumptions about thieveetarrectness of search
heuristics or the dependency of heuristic accuracy andnftance, the depth in the
search tree. The theoretical model that is considered irt¢2&plain and study heavy-
tailed runtime distributions, for example, is based on thsuaption that the heuristic
determining how the solution space is to be partitioned Ha®d probability of choos-
ing a good branching variable. Moreover, Harvey and Girgsbdimited discrepancy
search (LDS) [12] is based on the assumption that the priifyabat the value selection
heuristic returns a good value is constant (whereby, ataheedime, they also assume
that heuristics are marginally more likely to fail higheringhe tree than further below).
Walsh’s depth-bounded discrepancy search (DDS) [19], ether hand, is implicitly
based on the assumption that value selection heuristiogglatesely uninformed at the
top of the tree while the error probability (as a function epth) converges very quickly
to zero. Moreover, theoretical models for both LDS and DDshiate that there is a con-
stant probability throughout search that the heuristigahmatters at all (which it does
not when all subtrees contain (best) solutions that arellygzod).

1.1 A Disturbing Case Study

Commonly, heuristics are evaluated on their overall perforce in the context of a
specific algorithm. In the following example, we show what bappen when heuristic
accuracy is inferred from global efficiency.

Assume that we need to quickly compute high-quality sohgito knapsack prob-
lems. We have several heuristics and compare their perfarenahen employed within
a depth-first search (DFS). Figure 1 shows how the averagmalfiyy gap, that is, the
gap between current best solution and the optimal solutadney evolves when exe-
cuting the algorithm with different heuristics on almososgly correlated knapsack
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Fig. 1. Average optimality gap over number of search nodes when running iBAdiferent
heuristics on 500 almost strongly correlated instances with 50 items ehelcufves are split
into two graphs for better readability.

instances. (We will explain the heuristics and what strgrggirrelated knapsack in-
stances are later - for now their exact definition is not intgoatr) We see a clear sep-
aration: Heuristics inclusion, rounding, and best-firskengery rapid improvements,
while exclusion and momentum offer no significant gains aveandom choice, or
perform even worse.

In order to find a high-quality solution quickly, we clearlgrmnot afford a com-
plete search. Therefore, we need to decide which parts cfgarech space we want to
consider. LDS was developed exactly for this purpose. Tregegly tries to guide the
search to those parts of the search space that are mostthketytain feasible (in case
of constraint satisfaction) or very good (in case of comstraptimization) solutions.
Based on our findings in Figure 1, our recommendation woulkt loembine LDS with
the inclusion heuristic.

The depressing result of this recommendation is shown iarEig: The choice of
using the inclusion heuristic, whose predictions we sotédjsis the worst we could
have made!

1.2 A Case for the Direct Assessment of Heuristic Accuracy

Clearly, we lack some fundamental understanding of hecidsicision making. Obvi-
ously, it is not enough to design a heuristic that makestimeusense and to evaluate it
within one specific algorithm. In this paper, we argue thiagct measuremerig needed
on how accurate heuristic predictions are, how their acyuddfers with respect to the
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Fig. 2. Average optimality gap over number of search nodes when runningitPAimited dis-
crepancy search and different heuristics on 500 almost stronglglated instances with 50 items
each.



state of the search, and how it is affected by inference. @tleedew examples of such
research was presented in [10]: On the maximum satisfialpifidbblem, Gomes et al.
compare the accuracy of value selection heuristics basediorar relaxation on one
hand or a semi-definite relaxation on the other in correfeticthe level of constrained-
ness of the given instances. Another example is given in \#&re the accuracy of
relaxation-based search heuristics is found to dependeosgérsity of the linear pro-
gram. We firmly believe that the first step towards the develeqt of superior search
algorithms must be a thorough empirical study how the acyuoh search heuristics
depends on the current state of the search and how theydhigith the inference
mechanisms that are being used. With this paper, we wish ke mdirst step in that
direction.

In the following section, we review the knapsack problem describe a complete
algorithm to tackle it. Before we present the results of odemrsive experimentation
that amounts to roughly 12,000 CPU hours on a dual-core 62-8GHz Intel-Xeon
processor, in Section 3 we introduce two performance measir value selection
heuristics. In Section 4, we investigate how the accuradfiehfferent value selection
heuristics behave as a function of depth in the search tigally; we study how infer-
ence mechanisms like cutting plane generation and conspriaipagation can influence
the accuracy of those heuristics in Section 5.

2 Knapsack Problems

We begin our presentation by introducing the knapsack protihat will serve as the
basis of our experimentation.

Definition 1 (Knapsack Problem). Given a natural number, € IN, we denote by
p1,...,pn theprofits and byw,, .. ., w, theweightsof n items. Furthermore, given a
knapsack capacitg’ € IN, theknapsack problemonsists in finding a subset of items
S C{1,...,n} such that the total weight of the selection does not exceekirthpsack
capacity, i.e) ;. s w; < C, and the total profit of the selection,_ 4 p; is maximized.

We chose the knapsack problem as our target of investigaidhhas some very
desirable properties.

— First, the problem has a simple structure and is yet NP-I9jrd [

— The knapsack problem is of great practical relevance asibeaviewed as a re-
laxation of very many real-world problems. Whenever we maaénsome additive
profit while a limited resource is exhausted linearly, kreaghs are somewhere hid-
den in the problem.

— Moreover, there exist many value selection heuristics tiergroblem so that we
are in a position to base our study on more than just one deiaistic.

— Finally, for our experiments we need a large set of problestaimces so that we can
gather meaningful statistics. There exist knapsack gésrarthat create instances
in different classes that are well-documented and wetlistiiin the literature.

With respect to our last reason for considering knapsac&syiv exploit the following
four benchmark classes of knapsack instances that areywideld in the knapsack
literature [15]. In all cases, profits and weights are limhite the interva([1, 10°]. When
the procedure below results in an assignment of a valuedsutdithis interval, we set
the corresponding weight or profit to the closest intervairib



— In uncorrelated instances, profits and weights of all items are drawn unifpim
[1,106] and independently from one another.

— Weakly correlatedinstances are generated by choosing profits uniformly ima li
ited interval around the corresponding weights. More edygj after choosing a
random weight for each item, we select the prpfituniformly from the interval
[’U.)i - 105, w; + 105]

— Instances arstrongly correlated when all profits equal their item’s weight plus
some constant. In our algorithm, we pet= w; + 10°.

— In almost strongly correlatedinstances, profits are chosen uniformly from a very
small interval around the strongly correlated profit. Pselyi, we choose; uni-
formly in [w; + 10° — 103, w; + 105 + 103].

2.1 Branch and Bound for Knapsacks

Knapsacks with moderately large weights or profits are mastessfully solved by dy-
namic programming approaches [14]. Once both profits angM&become too large,
however, excessive memory requirements make it impossil@mploy a dynamic pro-
gram efficiently. Then, it becomes necessary to solve thelgmo by standard branch-
and-bound techniques. As is common in integer linear progrmg, the bound that
is used most often is the linear continuous relaxation ofpfeblem. According to
Dantzig, for knapsacks it can be computed very quickly [Hst-we arrange the items
in non-increasing order of efficiency, i.@;/w, > --- > p,/w,. Then, we greedily
select the most efficient item, until doing so would exceedddpacity of the knapsack,
i.e., until we have reached the itesrsuch thaty ">~ w; < C andY>">_, w; > C. We
say thats is thecritical item for our knapsack instance. We then select the maximum
fraction of items that can fit into the knapsack, i.€,— Z;;} w; weight units of item

s. The total profit of this relaxed solution is théh:= Zj;} pj+ L (C — ij w;).

Ws

Pruning the Search

Based on the relaxation, we can terminate the search eadgevier we find that one of
the following conditions holds [17Dptimality: If no fractional part of the critical item
can be added, then the optimal relaxed solution is alreddygiial and therefore solves
the given (sub-)problem optimallynsolubility: If the capacityC' of the (remaining)
knapsack instance is negative, then the relaxation haslaotaso Dominance:lf the
profit of the relaxed solution is not bigger than the valuerof mwer bound on the best
integer solution, then the (sub-)tree under investigatiammnot contain any improving
solution. In all three cases, we may backtrack right awaythatebyprunethe search
tree of branches that do not need explicit investigation.

For the sake of dominance detection, we need a lower boundthenbetter (i.e.
larger) that bound, the stronger our ability to prune thedeaObviously, every time
we find an improving knapsack solution, we will update thatdobound. To speed up
the search, however, we can do a little more: At the root-nagecompute an initial
lower bound by taking all the profit of all non-fractionalnte of the initial relaxed
solution. To strengthen this bound, we fill the remainingatdy with the remaining
items (the ones after the critical item in the efficiency omg), skipping subsequent
items that fit only fractionally, until we either run out ofgcity or items.



Organization of Search

We have outlined our approach in regard to inference. Noth mispect to search: At
every search node, we choose to either include or excluderitieal item. This choice
of the branching variable ensures that the upper bound thabmpute has a chance of
tightening in both children that are generated simultasgodote that this would not
be the case if we would branch over any other item. Then, fteast one of the two
child-nodes the upper bound would stay exactly the samefasehd&he value selection
heuristics that we will study empirically are the following

— Random Selection Heuristic:Choose at random the subtree that is investigated
first. The reason why we may believe in this strategy may bewbdeel that there
are no good indicators for preferring one child over the pthe

— Inclusion Heuristic: Always choose to insert the critical item first. A justificati
to consider this heuristic is that solutions with high tgtedfits must include items.

— Exclusion Heuristic: Always choose to exclude the critical item first. This heuris
tics makes sense as it assures that no item with greateeafficheeds to be ex-
cluded to make room for the critical item.

— Rounding Heuristic: Consider the fractional value of the critical item: If it is a
least 0.5, then include the critical item, otherwise tryleding it first. This heuristic
makes intuitive sense when we trust the linear continudasa&on as our guide.

— Momentum Heuristic: See whether the fractional value of the critical item iséairg
or lower than what its value was at the root-node. If the vélag decreased, then
exclude the item first, otherwise include it first. This heticiis motivated by ob-
serving that the history of fractional values builds up adkof momentum with
respect to the “correct” value of the branching variable.

— Anti-Momentum Heuristic: The exact opposite of the momentum heuristic.

— Best-First Heuristic: Compute the relaxation value of both children and then con-
sider the one with the higher value first. The intuition behins that, in a complete
method, we will need to consider the better child anyway agetis no chance for
the worse child to provide a lower bound that allows us to prilre better child.

2.2 Stronger Inference: Knapsack Cuts and Knapsack Constriaits

The previous paragraphs sketch the baseline branch-amtitadgorithm that we will
employ to study the different value selection heuristicse Question that we are inter-
ested in answering with this paper is how inference influsisearch heuristics. To this
end, we consider two ways of strengthening inference fop&aeks.

The first is to compute a stronger upper bound. By adding wadidualities known
as "knapsack cuts,” we can strengthen the linear continuelaxation and thereby
obtain a tighter bound for pruning [4]. The redundant caists are based on the
following observation: When computing the upper bound, wd finsubset of items
S :={1,...,s} outof which itis infeasible to include more than- 1 in the knapsack,
because this would exceed the limited capacity. As a maftéaot, out of the set of
itemsS’ := SU{i > s | w; > w;, V¥ j € S}, we can select at most— 1 items.
Therefore, it is legitimate to add the inequal@ies, X; < s—1,whereX; is a bi-
nary variable which is 1 iff itemi is included in the knapsack. We can add more such
redundant constraints by adding one of them for each iteppski during the lower
bound computation, because for each of these items we finevaseieof items that,
when added as a whole, would overload the knapsack.



The second way to strengthen inference for knapsacks isddilering to our
baseline approach. That is, on top of the pruning based oerwpp lower bound, we
can also try to determine that certain items must be includéadr excluded from) any
improving solution. For a given lower bourtgl, the corresponding constraint is true if
and only if ), w; X; < C while simultaneously , p; X; > B. Achieving generalized
arc-consistency for this global constraint is naturally-h#*d. However, we can achieve
relaxed consistency with respect to Dantzig’s bound in éimext linear time [6].

Now, adding solely the knapsack constraint that directlyesponds to the given
knapsack instance is only of limited interest as constfaiating draws its real strength
from constraint propagation, i.e. the exchange of inforomabetween constraints that
reflect different views of the problem. By exploiting the kisack inequalities that we
just discussed, we can add a couple of other knapsack constiat the root node, we
compute the linear relaxation of the knapsack instance antgd by knapsack cuts.
For the constraind , w; X; < C we obtain a dual multipliefry. The same holds for
the redundant constraints: For each cutting pl@%b X; <s.,1<7r < R,we
obtain a dual multiplierr,.. As suggested in [7], we use those multipliers to coalesce
the different constraints into one new knapsack constraint

Zpi > B and Z(’ﬂ'owi + Z )X < meC + ZWTST.
i i rliel, r

Finally, as was suggested in [18], we generate more redtiedastraints by choos-
ing a multiplier\ € IN and combining the different constraints: We multiply eaoh-
straint with a new multiplier that is a factor larger than the previous one (i.e., the
first constraint is multiplied with 1, the next multiplier }s the next\2, and so on) and
then we sum them all up. As this would quickly lead to knapsatith extremely large
item weights, we restrict ourselves to random selectiorat afostm out of theR + 1
inequalities, whereby an inequality is added to the salaatiith a probability that is
proportional to the optimal dual multiplier at the root-modror our experiments, we
chose\ = 5 andm = 5, and we generate ten constraints in this way.

So with the original knapsack constraint and the knapsas&dan the optimal dual
multipliers, we have a total of twelve constraints that weefiand propagate at every
choice point until none of the constraints can exclude duiie items anymore.

In summary, to evaluate how different inference techniqaesinfluence the perfor-
mance of search heuristics, we consider four different@gogres in our experiments:

— Pure Approach (PA): Our baseline approach conducts branch and bound based on
the simple linear continuous upper bound of the knapsackl@no computed by
Dantzig’s efficiency sorting procedure. The critical iteetefmines the branching
variable, the value selection heuristic is given as a pataime

— Valid Inequality Approach (VIA): A variant of PA where we use the linear con-
tinuous relaxation augmented by knapsack cuts to deteragper bounds which
is computed by the simplex algorithm. The branching vadgabldetermined as
the fractional variable that corresponds to the item withatgst efficiency (that is,
profit over weight).

— Constraint Programming Approach (CPA): A variant of PA where, on top of
pruning the search tree by means of the simple linear retaxawve also perform
knapsack constraint filtering and propagation at everycbeaode.

— Full Inference Approach (FIA): The combination of VIA and CPA.



3 Two Performance Measures for Value Selection Heuristics

When evaluating value selection heuristics, the questiseghow we should measure
their quality. As mentioned in the introduction, for sagaiility problems theoretical
models have been considered where assumptions were maddinggthe probability
with which a heuristic would guide us to a feasible solutiéor optimization problems
like knapsack, the mere existence of a feasible solutiomisnteresting. What actu-
ally matters is the quality of the best solution that can hentbin the subtree that the
heuristic tells us should be considered first.

This leads us directly to the first performance measure thatistudy empirically
in our experiments. Thprobability measuressesses the probability that the heuristic
steers us in the direction of the subtree which containsetteibsolution, whenever that
choice matters. That is to say that we consider only thosescakere making a correct
heuristic decision makes a difference. This is the case whlefast one subtree contains
an improving solution, and when the quality of the best soh# in both subtrees is
different. To see how this relevance probability evolvepriactice, in our experiments
we keep track of how many search nodes are being consideesdrgtdepth level, and
for how many of those choice points the heuristic decisiofatr one child over the
other makes a difference.

The second measure that we consider isatt®iracy measurehich takes a quan-
titative view of the heuristic choices by comparing the atplution quality of the
best solutions in both subtrees. Rather than measuringthelaifference in objective
value (which would artificially increase the impact of instas with larger optimal so-
lutions), we measure the difference relative to the curgeptbetween upper and lower
bound. Therefore, when we find that the average accuracyalfia gelection heuristic
at some depth is 40%, then this means that, by following thiei$téc, we are guided to
a subtree whose best solution closes on average 40% more ofittent gap than the
best solution in the subtree whose investigation was pasipho

4 Heuristic Accuracy as a Function of Depth

We specified the approaches that we use to solve differechibgark classes of knap-
sack instances, we introduced several value selectiofistiesifor the problem, and we
described two different performance measures for thesgsties. In this section, we
now investigate how the different heuristics perform in pamson. We implemented
the algorithms presented earlier in Java 5, and we used bex@.0.1 to compute lin-
ear continuous relaxations in algorithms VIA and FIA. Moreg we implemented our
own constraint propagation engine for algorithms CPA anl FI

Note that our code is not tuned for speed as it has to gathemaittain all kinds
of statistical information during search anyway. Fortehatcomputational efficiency
does not influence our performance measures for searctstiesior how that perfor-
mance depends on the current state of the search or therioéeneechanisms that are
employed. Furthermore, within the branch-and-bound fraonk that we consider, the
different knapsack heuristics all cause comparable oeerlnéhich is why a count of
the number of search nodes gives us a very good estimate tftidime needed as
well. However, note that this argument does not hold for ifferént inference methods
that we will employ in Section 5.
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Fig. 3. Top: Average development of the probability and accuracy measuedepth for the
rounding heuristic on 500 uncorrelated knapsack instances with 50 iteftjsof 100 items
(right). The solid line (‘Probability’) goes with the left vertical axis and iépthe probability
that the heuristic makes the correct choice. The dashed line (‘Accugaes with the right verti-
cal axis and depicts the average gap-closing percentile by which thistieecinoices outperform
their opposites. Bottom: On the same benchmark sets, we show the tageeefiinstances that
reach a certain depth (solid line, right vertical axis, ‘Reached’). Tdehdd and dotted lines go
with the left vertical axis (log-scale) and measure the average nunilseanch nodes (‘Total’)
on each depth level and the average number of nodes for which thistfeechoice is relevant
(‘Relevant’), respectively.

To get a first insight into typical heuristic behavior, in &ig 3 we assess accuracy
and probability of the rounding heuristic (that performdlwath DFS and LDS, see
Figures 1 and 2) when we run our baseline algorithm PA on walzied instances.
We see that the heuristic performs really well: Althoughsitather uninformed at the
beginning, it quickly becomes better and better. At depthtldlready favors branches
that close, on average, about 40% more of the current gapebatwpper and lower
bound, and it steers us in the right direction in about 87%efrelevant cases.

Moreover, we observe a very distinct behavior with respec¢hé probability that
the rounding heuristic makes the right choice when we igtioeeextent to which the
choice is better: The probability of favoring the subtres tontains the better solution
is almost random (close to one half) at the very beginninghefgearch. Then, the
probability of moving to the better subtree grows very qlyickntil it levels out at
about 89% roughly at depth level 15. From then on, the prdibabtays pretty much
constant. (We observe another brief increase to almostqepfediction when we are
very close to the maximum depth in the tree, but given the fems that reach this
depth and the few search-nodes on this depth this is noststatly significant.) This
description holds for both the 50 and the 100 items benchmérkreby for the latter
the probability levels out only slightly later. Although vwannot show all our data here,
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Fig. 4. The average probability and accuracy of the best-first heuristic om&a@ly correlated
knapsack instances with 50 (left) and 100 items (right).

we observe thisamebasic curve on the other classes of knapsack instancesdingl
the one considered in Figures 1 and 2) and also for other “guatistics like best-first
or exclusion. To give two more examples, in Figures 4 and 7depct the best-first
and the exclusion heuristics, this time on weakly correl&ieapsack instances.

To draw a first conclusion, our data suggests that a good saleetion heuristic for
knapsack has a much larger probability of misleading usdrigp in the tree. Moreover,
good heuristics become more accurate quickly and then kepgerformance pretty
much constant. Note that this behavior is addressed byerdithS nor DDS: LDS
has only a slight tendency to reconsider discrepancieshigp a little bit earlier than
further down below, but only as far as leaves with the samebmumof discrepancies are
concerned. Consequently, it wastes a lot of time recorisigieuristic choices that are
made deep down in the tree which are probably quite accurstead of putting more
effort into the investigation of the more questionable diecis. DDS, on the other hand,
does very well by quickly reconsidering choices that weraenaarly in the search.
However, it is not justified to assume that perfect predictiare already achieved at
some rather shallow search-depth. From a certain depéh-bey simply minimizing
the total number of discrepancies appears to be much better.

In the bottom part of Figure 3, we can see the number of chatgpwhere the
heuristic choice makes a difference is an order of magnituder than the total number
of search nodes. This is caused by the fact that a good pattrafearch consists in a
proof of optimality. In this part of the search, the valueestibn heuristic is immaterial,
just as it would be when considering an unsatisfiable ingtanc

It is interesting to note that, once the search has reacheifieient depth, the
probability that good value selection is relevant at som@aghpoint is more or less
independent of the depth level. We observe that the distagiveeen the line depicting
the average total number of choice points per level and tinebeu of relevant choice
points is almost constant. As we use a logarithmic scals,itidicates that the ratio
of the number of relevant nodes over the total number of nddes not change very
much from some depth level on. In [12], the assumption is nthdethe relevance of
value selection was constant. As with the accuracy of goanistec value selection,
this assumption appears only valid after we reached sonieatiiepth in the tree. On
very high levels, making good choices is much more of a gambteat the same time
much more likely to be important. Both are indications thgbad search strategy ought
to reconsider very early search decisions much more qutbkly LDS does.
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Fig. 5. The average probability and accuracy of the momentum heuristic ont&f@ky corre-
lated knapsack instances with 50 (left) and 100 items (right).

Thus far we have only studied heuristics that perform wallFigure 5, we depict
the performance of the momentum heuristic on strongly tated instances. We see
clearly that the heuristic performs poorly. On second tibudpis is hardly surprising as
it has a strong tendency to exclude high efficiency items amgdlude lower efficiency
items. What our graph shows, however, is that making the géaesumption that all
heuristics ought to perform better as we dive deeper intdréeeis quite wrong. As a
matter of fact, for bad heuristics, performance may evemaylec

Now, what about the inclusion heuristic? We plot its perfante in Figure 6. We
see that the inclusion heuristic makes increasingly worsdigtions where better so-
lutions can be found as we dive deeper into the tree. Thisa@ggl of course, why
inclusion is bound to perform poorly in combination with LI2S we saw in Figure 2.
But why did it do so well in combination with DFS (see Figur® The answer to this
riddle is found in the right plot in Figure 6: Here, we assdss quality of inclusion
while performing DFS by comparing the workload (that is, thial number of nodes)
when exploring the subtree the heuristic chooses first.iAge¢ show the quantitative
dependency of depth as the average number of nodes thatutistiseneeds to investi-
gate less (see the curve denoted “workload”), and a quaditabmparison which shows
how often the heuristic investigates the subtrees in the dgder (see the curve denoted
“probability”). We see that, by including items first, thecinsion heuristic guides the
search to more shallow subtrees first as the inclusion ofsiteloviously has to be paid
for by a reduction in remaining capacity. In those shallowtsees, we quickly find
a no-good (a new lower bound) which can be exploited whenckewy the second
branch where better solutions can be found more quickly. Wioenbining inclusion
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Fig. 6. Accuracy and probability measure for the inclusion heuristic on 500 dlstamgly cor-
related knapsack instances with 50 items each.
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Fig. 7. The average probability and accuracy of the best-first (top) and ttlastan heuristic
(bottom) on 1000 weakly correlated knapsack instances with 50 (leftl@@dtems (right).

with LDS, however, we never get to searching those otherdhes) and while no-goods
are helpful, we cannot afford to pay for them by excludingrfrour search the most
interesting parts of the search space.

This example shows impressively that the accuracy of higzipsedictions can be
abysmal even when a heuristic works well when combined with specific search
strategy (compare with Figure 1). In particular, even whdrearistic performs well
with one search strategy, this is no indication that it i® asitedto guidean incom-
plete search that is terminated early under hard time c@insir If one is to avoid that
a heuristic like inclusion is combined with LDS to form an @fighm that is expected
to provide good solutions quickly, then there is but oneralive: The performance
of heuristics must be studied much more carefully than byrgpla evaluation based
on a global performance measure like best quality after stmmelimit within a spe-
cific approach. Instead,direct assessmenf the accuracy of heuristic decisions as we
provide it here is necessary. Otherwise, when designingrithgns, we are bound to a
trial-and-error methodology that is far from the standariscientific engineering.

Our direct assessment of the accuracy of heuristic decre@king has allowed us
to identify that there exists an interplay of heuristic gems and no-goods that are
learned during search — a matter which we have never seemsditt when heuristics
for a problem are designed. What is more, we have shown thaedief that heuristics
would generally become more accurate with increasing dsptiiong. This raises the
guestion why good heuristiege actually getting more accurate! An important insight
here is that a heuristic like exclusion, which plainly sés tritical item to zero first,
is of course not getting any “smarter” deeper down in the. t@mmpare the accuracy
at depth level 50 of the 100 item benchmark and the accurdeyeitO in the 50 item
benchmark in Figure 7. Actually, one should expect the atas to be the same. The
reason why they differ is of course not that exclusion goteri@xperienced” while
branching to depth-level 50 in the 100 item instances. Thsae why the accuracy
is higher than at the root-node level in the 50 item case céyl@nin the different
distribution of instances where the heuristic choices enait depth-level 50 in the 100
item case. That is, exclusion (and the other heuristichftrhatter) is getting more and
more accurate because it is in some way self-enforcing: ¢leesibns made higher up
in the search tree result in problems for which the heuristinore accurate. Inclusion,
on the other hand, is not a good guide where good solutiodsbeifound because
it is self-weakening (which becomes clear when considetiirggrepeated use of the
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Fig. 8. Accuracy and probability of the rounding heuristic with algorithms PA (top),I®1A (top
right), CPA (bottom left), and FIA (bottom right) on 1000 weakly correldtadpsack instances
with 100 items. The ‘Probability’ of making the right decision goes with thedafs, the actual
‘Accuracy’ is again measured on the right axis as the relative gain instefnpercent of gap
closed.

inclusion heuristic which always trades the higher efficieof an item to the left of the
critical item for the efficiency of the latter).

We are not aware that self-enforcement has been noted lzefareimportant aspect
when designing value-selection heuristics. There existwever, some work that tries
to integrate different heuristics rather than stickingislaly to the same one. For exam-
ple, in [1], Balas et al. found that randomly combining diffiet heuristics at each step
of a greedy algorithm for set-covering actually producesebesolutions than sticking
to the single best heuristic for each instance throughaualtjorithm.

5 How Inference Affects the Robustness of Search Heuristics

The final aspect that we are interested in is to what exteatenfce methods can influ-
ence the accuracy and the relevance of search heuristittsislsection, we therefore
show how search heuristics perform when used with our @iffealgorithm variants
PA, VIA, CPA, and FIA (see Section 2).

Consider Figure 8, where we compare the accuracy of the nogi@ uristic when
used in combination with inference mechanisms of diffestréngths. On the left we
consider algorithms PA and CPA that do not use knapsack €hts.latter are used
for the plots on the right that show the performance of rongdh combination with
VIA and FIA. Analogously, at the top we show algorithms PA afié that do not use
constraint filtering, whereas at the bottom we considerriétyos CPA and FIA that
both propagate knapsack constraints. The results lookoargter-intuitive: The more
inference we perform, the worse the heuristic predicticeoime!
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Fig. 9. Relevance of the rounding heuristic when employed within algorithms PA, ZPA,
and FIA on 1000 weakly correlated knapsack instances with 100 itenesleTtiplot shows the
percentage of instances that reach a certain depth, the right how rodey are relevant, as an
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However, a look at the corresponding relevance data in Ei§ueveals that, in re-
ality, inference makes heuristic predictions far more sthBy adding just knapsack
cuts, we already prevent searches from exploring deepersndiis very impressive
how constraint propagation (both in combination with kreghscuts or alone) boosts
this trend dramatically: Without constraint filtering, 508fall searches reach a depth
of 85, while with knapsack constraints, they only reach atiep 20. On top of that,
the maximum average number of relevant nodes per depthisenegluced to only 2.7#!
Note that stronger inequalities like Mixed-Integer Gom@uts may have a similarly
strong effect. However, while our statistics recordingeddes not allow us to provide
a quantitative comparison, we would like to note that we tbtimat constraint propa-
gation could be conducted much faster than the computafitrecstrengthened linear
relaxation bounds.

We conclude that stronger inference techniques can retiedenportance of good
heuristic predictions. As a consequence, value selectimigtics are left with less
room to make a dramatic difference and therefore appeaatessate on average.

6 Conclusions

We conducted an empirical study regarding the accuracy loevselection heuristics
within incomplete systematic search. We found that glolesfqggmance measures do
not enable us to deduce how adequate heuristic predictren8wn measuring heuristic
accuracy as a function of depth, we found that good valuesetefunctions are most
error prone when only few branching decisions have been méiile the expected
relevance of these decisions is greater. However, whileheadistics may even decay
with depth, good knapsack heuristics quickly improve tipeirformance, which then
stays practically constant for the remainder of the search.

To devise better value heuristics, we found two aspects &sbential: First, heuris-
tics that quickly generate high-quality no-goods can dbtumork faster than more
accurate heuristics, depending on the search strateginwitiich they are employed
(recall the good performance of the inclusion heuristihwmitDFS). Second, improved

! Note that this drastic reduction is also the reason why the curves in Figuk8 such a
ragged impression. There are simply far fewer sample points to avexay.



heuristic accuracy is the result of self-enforcement:glens higher-up in the tree drive
the distribution of nodes where the heuristic choice maftesuch a way that for these
nodes the heuristic works better. In order to devise supsearch heuristics, we believe
that both aspects deserve to be studied in much more detail.

Finally, we found that inference methods render heuristitisions far less relevant
and thereby improve the robustness of search. Of coursehari@voking expensive
inference techniques pays off or not depends largely oncberacy of the heuristics
that are available: After all, a good and robust value siledteuristic has the potential
to guide us to feasible or optimal solutions, even when wesadranching variables
poorly, or when inference is limited.

With respect to future work, we need to investigate whethercharacteristic curve
that describes the accuracy of many good heuristics for dawpinstances of vari-
ous benchmark classes also applies to good heuristics @f cdmbinatorial problems.
Based on our findings, we then intend to devise new seardegiea that actively in-
corporate the characteristic evolution of heuristic aacyrduring search.
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