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Abstract We reconsider the idea of structural symmetry breaking émistraint
satisfaction problems (CSPs). We show that the dynamic nlmmnce checks used
in symmetry breaking by dominance-detection search forO8ith piecewise
variableand value symmetries have a static counterpart: there exists @ son-
straints that can be posted at the root node and that bedatke compositionof
these (unconditional) symmetries. The amount of these stnyAbreaking con-
straints islinear in the size of the problem, and yet they are able to remove a
super-exponential number of symmetries on both values andbles. Moreover,
we compare the search trees under static and dynamic salsyunmetry break-
ing when using fixed variable and value orderings. Thesdteeate then gener-
alised to wreath-symmetric CSPs with both variable andevalymmetries. We
show that there also exists a polynomial-time dominandeetien algorithm for
this class of CSPs, as well as a linear-sized set of condrtiat breaks these
symmetries statically.

1 Introduction

Symmetry breaking for constraint satisfaction problemSK€) has been the topic
of intense research in recent years, as symmetries ngtarak in many real-life
applications. Substantial progress was achieved in maegtdins, often exhibit-
ing significant speedups, for instance in configuration agitvark design. It is
outside the scope of this introduction to review the wealttesearch in this area.

* Most of the work by this author was done while on leave of absence in/Q0G6& a
Visiting Faculty Member and Erasmus Exchange Teacher at Sabaiverklty.



However, it is important to highlight some recent reseasenaes to position this
paper properly.

One of the interesting developments has been the desigmefa@esymmetry-
breaking schemes such as symmetry breaking by dominaneetidet (SBDD)
and symmetry breaking during search (SBDS). SBDD [3, 7] ii@aarly appeal-
ing for our purposes as it combines low memory requiremeiitts asnumber of
dominance checks linearly proportional to the depth of tregch tree. It then be-
came natural to study which classes of symmetries for CSPsractable, i.e.,
admit polynomial-time dominance-detection algorithmisisTissue was first stud-
ied in [18], where symmetry breaking for various classes alfi® symmetries
was shown to take constant time and space. In [16], thistresd generalised
elegantly to all value symmetries. We next revisited theastor CSPs with si-
multaneous piecewise variatded value symmetry in [17], where a polynomial-
time dominance-detection algorithm was given and the natnectural symmetry
breaking’ was coined. The same paper also presented aibiligt results for set-
CSPs under variable and value interchangeability, leavjpen whether wreath
symmetric CSPs (formally defined later in this paper) wittialsle and value sym-
metries were tractable with respect to symmetries. Mongegeene recent interest-
ing results (see [19,12]) have indicated the possibilitaatomatically detecting
certain classes of symmetries. These results taken togeffbean opportunity to
address the need for more automation, which was presentedeasf the main
challenges faced by constraint programming in industry.[11

In parallel, researchers have investigated, and this farymgaars (e.g., [10])
static symmetry breaking, which consists in the idea of mgldionstraints to a
CSP in order to remove symmetries. That is, by breaking symmesestatically,
we mean the addition of constraints that leave exactly opeesentative solution
in each equivalence class of solutions. Lexicographictcaimés [2] are one tradi-
tional way of breaking symmetries in this way.

This paper is an extension and revision of our [5]. It addregs/o open is-
sues in structural symmetry breaking. First, it reconsidegPs with piecewise
interchangeable variableend values and studies whether the polynomial-time
dominance-detection algorithm of [17] has a static coynater In other words,
it studies whether there exists a set of constraints thagnvwddded to the CSP
at hand, produces a symmetry-free search tree. Secondaplee gtudies wreath
symmetric CSPs with interchangeable variables and vaNetg that throughout
this paper we focus on unconditional (or global) symmetrikat is we do not
handle any symmetries that appear during search. Theseadutis paper can be
summarised as follows:

— We show that the polynomial-time dominance-detectionrilgm of [17] has
a static counterpart, namely that there exists a set of intt for CSPs with
piecewise symmetric variablesid values that, when added to the CSP, results
in a symmetry-free search tree.

— We establish a clear link between this static structural reginy breaking
(SSSB) scheme and the dynamic structural symmetry breéRi8§B) scheme
of [17] by comparing their search trees under various forfrednsistency for



the symmetry-breaking constraints whenever the variatdevalue orderings
are fixed.

— We show that wreath symmetric CSPs, with piecewise intergéable vari-
ables and wreath interchangeable values, pose a tract@abieahce detection
problem. The dominance check is rather complex, but we alsdqe a set of
constraints that break all these symmetries.

— To our knowledge, this is the first time that, for some claggsymmetries for
CSPs, static symmetry breaking has been shown capableakibgeall com-
positions of variable and value symmetries at the same tigsiag an amount
of symmetry-breaking constraints that is polynomial in $iiee of the prob-
lem, and yet removing, in general, a super-exponential rurobsymmetries
on both values and variables. In fact, the number of comdtras everinear
in the size of the problem.

— With the case of wreath values closed, the only classes afwtries for which
intractability results have been proven [17] involve valgaand value sym-
metries over set CSPs or 0/1 representations of these ax mattiels. The
tractability results in this paper thereby also improveundterstanding of what
can and what cannot make symmetry breaking hard.

The remainder of the paper is organised as follows. Sectiogvigws the ba-
sic concepts. Section 3 presents the symmetry-breakingtreants for CSPs with
piecewise variable and value interchangeability. Sectidhen establishes a link
between static and dynamic symmetry breaking for such piseesymmetric
CSPs. Sections 5, 6, and 7 present the analogous, gengi@iseepts and results
for wreath symmetric CSPs. Finally, Section 8 concludesptyer and discusses
future research directions.

2 Basic Concepts

In this section, we fix some standard notation that we will tlseughout the
paper. Particularly, we define what we understand by piesgevariable and value
symmetry, and what in this context we mean by dominance tietec

Definition 1 (CSP, Assignment, Solution)

— Aconstraint satisfaction problem (CSBRx triplet(V, D, C'), whereV denotes
the set of variabled) denotes the set of possible values for these variables and
is called theirdomain andC' : (V' — D) — Bool is a constraint that specifies
which assignments of values to the variables are solutions.

— Anassignmentor a CSPP = (V, D, C) is a functiona : V- — D.

— A partial assignmenfior a CSPP = (V, D, C) is a functiona : W — D,
whereWW C V. Thescopeof «, denoted bycope(a), is .

— Asolutionto a CSPP = (V, D, C) is an assignment for P such thatC'(c) =
true. The set of all solutions to a C3Pis denoted bysol(P).

We want to reason about a special class of CSPs, namely tHo=e wubsets
of variables or values are pairwise interchangeable. Rtairte, imagine an actor



scheduling problem where days are divided into morning diereoon sessions;
actors probably have strong preferences (and thus difféees for the morning
and afternoon sessions) but the day of the session may nadrmEd provide a
formal definition, we first define:

Definition 2 (Partition) Given a setS and a set of set® = {P,,..., P,} such
that S = (J, P; and the P; are pairwise non-overlapping, we say thAtis a
partitionof S and that eachP; is acomponentand we writeS = 3. P;.

Piecewise interchangeability implies that any reshuffohgariables or values
within each component results in the same problem. ConsdlgjLiéne correspond-
ing permutations cannot mingle elements from different jgonents:

Definition 3 (Piecewise Bijection)Let S = ), P; be a partitioned set. A bijec-
tiond : S — Sis apiecewise bijectiomver) ", P; ifand only if{b(e) | e € P;} =
P;.

Equipped with this notion, we can now define formally:

Definition 4 (Piecewise Symmetric CSPA CSPP = (3, Vi,>., D, C) is
a piecewise symmetric CSIP and only if, for each solutiom: € Sol(P), each
piecewise bijectiom over) ", D,, and each piecewise bijectienover) , Vi, we
haver o awo o € Sol(P).

Piecewise symmetric CSPs were studied in [17], where a pafyal-time al-
gorithm was devised to detect symmetric dominance betweermpértial assign-
ments:

Definition 5 (Dominance Detection)Given two partial assignments and 3 for

a piecewise symmetric CSP = (>, Vi, >, D,, C), we say thatv dominates
@ if and only if there exist piecewise bijectiomsover )", Vj, and 7 over)_, D,
such thataw(v) = 70 B o o(v) forall v € scope(a). Then, we call the problem of
determining whethet: dominates? thedominance detection problem

Dominance detection constitutes the core operation of sytmynbreaking by
dominance detection (SBDD) [3,7], and its tractability ieuiately implies that
we can efficiently limit ourselves to the exploration of syetmy-free search trees
only. For piecewise symmetric CSPs, [17] showed that dontealetection is
tractable. This was accomplisheddynamic structural symmetry breaking (DSSB)
where structural abstractions, so-calledue signaturesgeneralise from an exact
assignment of values to variables by quantifying how oftegivan value is as-
signed to variables in each component:

Definition 6 (Signature) Given a partial assignmert for a piecewise symmetric
CSPP = (3, Vi, >, D¢, C), thesignatureof valued undero is the tuple that
counts, for each variable compon@nt, by how many variables in the component
the value is taken in:

sig,,(d) := ([{v € Vi N scope(a) | a(v) = d}|)k

wherek indexes the different variable components.



In [17], we showed how this structural abstraction allowgaisheck domi-
nance between partial assignmeatand 5: We set up a bipartite graph where,
for each valuel, there is one node on the left and one node on the right. An edge
connects two nodes with associated valliaade from the same value component
if and only if sig, (d) < sigg(e), where< denotes the point-wise ordering of two
sequences (and not their lexicographic ordering). Thedgminatess if and only
if the bipartite graph contains a perfect matching.

Example 1Consider the piecewise symmetric C&R1, vo, v3,v4} + {vs5,v6},
{1,2} + {3,4},C) and the partial assignments = {v; — 2,vy — 2, v3
3,u5 — 2} andf = {v; — 1L,uy — 13 — Loy — 3,v5 — 1,05 — 4}
The signatures of the valués2, 3,4 are(0,0), (2,1), (1,0), (0,0) undera and
(3,1), (0,0), (1,0), (0,1) underp. See the bipartite grapf of Figure 5 later in
this paper (and ignore its caption). The rounded boxes atelithe components of
the partition of the value set. There is an edde:) whenevesig, (d) < sigg(e).

As there exists a perfect matching@h given by the solid edges, we conclude that
« dominatess.

Based on this dominance-detection algorithm, DSSB filtataes from do-
mains if and only if setting the respective variable to soraki& would lead to
a symmetric choice point. Since symmetry-based filtegnticipateswhen vari-
able assignments will result in symmetric configurationshiw DSSB we have to
distinguish two different types of filteringincestor-based filteringghere we com-
pare extensions to the current partial assignment withiguely fully expanded
search nodes, argibling-based filteringvhere we compare extensions to the cur-
rent partial assignment with other such extensions.

When employing these filtering techniques, DSSB leads to stmyrfree search
trees while causing only polynomial-time overhead. For aentetailed descrip-
tion of the method and a worst-case asymptotic runtime aiglyve refer the
reader to [17].

3 Static SSB for Piecewise Symmetric CSPs

We now show how the idea of structural symmetry breaking,d@minance detec-
tion based on signature analysis, can be used to devise Bsyshmetry-breaking
constraints for piecewise symmetric CSPs. For the first,tiwewill show that

a polynomial, and even linear, amount of symmetry-breakimgstraints is able
to simultaneously break super-exponentially many contipos of variable and
value symmetries efficiently.

3.1 Symmetry-Breaking Constraints

Consider a piecewise symmetric C&P;_, Vi, 2221 Dy, C),withV = {vy,...,
Upt = Z,‘zzl Vi a set of piecewise interchangeable variables @né {d;, ...,
dn} = zlgzl D, a set of piecewise interchangeable values. Assume a tota-or
ing of the variabled” and the value®.



As itis commonly done in the literature, we can break thealde symmetries
within each variable component by requiring that earlierialdes take smaller
or equal values. To break the value symmetries, we resohet@ame structural
abstractions as DSSB, nameBlue signaturesvhich generalise from an exact as-
signment of values to variables by quantifying how oftenveegivalue is assigned
to variables in each component. Let the frequency

ff=Hv e Vi|a(v) = d}

denote how often each valuk is taken under solution by the variables in each
variable componenit}. For a solutiony, we then denote by

sigo (di) = (fi5- o )

the signatureof d; undera. Then, for all consecutive values, d; 1 in the same
value component, we require that their signatures aredgxaphically non-increasing,
i.e.,sig, (d;) >1ex sig, (di+1). So the problem boils down to computing the signa-
tures of values efficiently. Fortunately, this is an eask talsen using the existing
global cardinality constrainggc) [15].

We summarise the resulting structural symmetry-breakamgtaints:

— For each variable componelt, = {v,,...,v,}, there is a variable ordering
chain:

U[) S e S qu (1)
hence a total of — a ordering constraints.
— For each valuel; and each variable componevif = {v,,...,v,}, the fre-

guencies
fF=HveVilalv) = d}|
under partial assignmentare calculated by the constraints

gCC(Up7...7’()q7 dlv"’vdma f{cavf'rl;) (2)
for eachV},, hence a total of global cardinality constraints.
— For each value component, = {d,, ..., d,}, there is an ordering chain for
the value signatures:
(;w-wf;)Zlex"'Zlex(qla-“vfg) (3)

hence a total ofn — b lexicographic ordering constraints.

Note that the number of constraints addedingar in the size of the problem,
unlike in the more general method in [13], and yet that they absle to break
super-exponentially many compositions of variable ande/alymmetries.

Although value signatures are here defined in essentiadiysétme way as in
Definition 6 in the framework of dominance detection, fottistaymmetry break-
ing we require them to blexicographicallyrather than point-wise ordered. Indeed,
in dynamic dominance detection, we are not interested istcocting the lexico-
graphically minimalsolutionof any class of symmetrically equivalent solutions,
but just in detecting specialisation phrtial assignments. Also, in static struc-
tural symmetry breaking, we requiretatal order between value signatures, but
the point-wise order is not total.



3.2 Example

Consider scheduling study groups for two sets of five indggtishable students
each. There are six identical tables with four seats ea¢Hake. . ., v5}+{vs, - - -,
v10} be the partitioned set of piecewise interchangeable Vasalone for each
student. Let the domaifty, . . ., ts} denote the set of tables, which are fully inter-
changeable. The structural symmetry-breaking const aire:

vy v <wg <wvg < s
v < v7 < wg < vg < vy
gCC(Ul,...7U5, tl,...,tﬁ, f117""f6)
gCC(’UG,...,’Ulo, tl,...,t6, ‘](‘12,...7 62)

(f117f12) Zlex ** Zlex (f617f62)

Consider the assignment = {v; — t1,v9 — t1,v3 +— to,vq4 +— 3,05 —

t4} U {1)6 — t1,v7 +— 2,08 — l2,v9 +— 13,010 t5}. Within each vari-
able component, the ordering constraints are satisfied. Having determined the
frequencies using thece constraints, we observe that the., constraints are sat-
isfied, because

(27 ]-) Zlex (172) Zlex (]-a ]-) Zlex (170) Zlex (07 ]-) Zlex (030)

If student10 moves from tablé to table6, producing a symmetrically equivalent
assignment because the tables are fully interchangealele; t, constraints are
no longer satisfied, because

(27 1) Zlex (1a2) Zlex (1; 1) Zlex (170) Zlex (an) Zlex (07 1)

If studentsd and10 swap their assigned tables, producing a symmetricallywequi
alent assignment because both students are of the samatstodeponent, the
signatures do not change and the, constraints remain satisfied; however, we
then haveyy ﬁ V10-

3.3 Analysis

We now establish the correctness and completeness of tioelilced symmetry-
breaking constraints. The key observation that we need ke nsacaptured by the
following lemma:

Lemma 1 Given an assignmentto a piecewise symmetric CSF", Vi, >, Dy,
C), let the associated tuple of signature multisetsIitsl, := ({sig,(d) | d €
Dy}),. It holds that assignments and 5 are symmetric if and only TSM,, =
TSMj.

Proof=-: Assume there exist piecewise bijectiansver) , V. andr over), D,
such thatv = 7 o 3 o o. Recall that signatures just count how many variables
in each component take a given value. Therefore, the petimutaf variables
within a component cannot change the signatures of valtdslldws that



TSMq = TSM;og0e = TSM,og. But the permutation of values within the
same componerid, does not affect the signature multigeig ;(d) | d € Dy}
HenceTSM, = TSM,.3 = TSMg.

< Now assume thaf'SM,, = TSMg. By reversing the previous argument, there
exists a piecewise bijectionover ), D, such thasig,, (d) = sig,.s(d) for
all d € D. Thus, according to [17], there also exists a piecewisetiie o
over)_, Vi suchthatr =70 foo.

Theorem 1 For every solutiony to a piecewise symmetric CSP, there exists exactly
one symmetric solution that obeys the structural symmagking constraints.

Proof At least one: We first show that, for every solution to the ioidg) CSP, there
exists at least one symmetric solution that also obeys alhtiditional symmetry-
breaking constraints. Denote by ; the function that ranks the indices of the val-
ues inDy = {d,,...,d,} according to the signatures over some solutione.,
Sigo (dry v (1)) Zlex = Zlex Sig4(dr, ,(g)). We obtain a symmetric solutiofi
where we re-order the values in eah according tor, ;. Then, when we denote
by o5, the function that ranks the indices of the variable¥jin= {v,,...,v,}
according to3,i.e.,3(vs, , (p) < - < B(Vos . (q))» WE Can re-order the variables
in eachV}, according tas 1., and we get a new symmetric solutignAs we al-
ready argued in the proof of Lemma 1, the re-ordering of thimkées within each
component has no effect on the signatures of the valuessige(d) = sigg(d)
for all d € D. Thus,~ is also a solution to the original CSP that also obeys all
symmetry-breaking constraints.

At most one: Now assume there are two solutianand 5 to the piecewise
symmetric CSP that both obey all the symmetry-breaking tcaimss, and such
that there exist piecewise variable and value bijectierend 7 such thato =
T o o 0. According to Lemma 1, it then holds th@SM, = TSMg. Because
of the lexicographic ordering constraints (3) on the valigaatures, this implies
that the signatures underand 3 are identical for ald € D. However, with the
signatures of all the values thus fixed, and with the ordeconstraints (1) on the
variables, there exists exactly one assignment that giesetsignatures. Henae
and3 must be identical. O

What we have achieved with Theorem 1 is the ability to breaticsity all
piecewise variable and value symmetries in a given CSP.Mérg important to
note that this theorem is abosblutions rather than about partial assignments,
hence the level of consistency enforced on the symmetrgkiorg constraints does
not affect the result.

4 Static versus Dynamic SSB for Piecewise Symmetric CSPs

The advantage of a static symmetry-breaking method lieslgnai its ease of use
and its moderate costs per search node. Constraint progagat incrementality
are inherited from the existing,., andgcc constraints. On the other hand, it is
well-known that static symmetry breaking can collide wigmédmic variable and
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value orderings, whereas dynamic methods such as SBDD duffet from this
drawback.

We were interested in studying how dynamic (DSSB) and ssatictural sym-
metry breaking (SSSB) actually relate to one another. cRdatily, we were curi-
ous to know how dynamic structural symmetry breaking (DS&M) static struc-
tural symmetry breaking (SSSB) relate to one another wheiabla and value
orderings are fixed. Before stating our main results, letarsicler an insightful
example. First, it demonstrates that, when static variabhtkvalue orderings are
used, DSSB can discard a partial assignment explored by S8®B the static
symmetry-breaking constraints are only usegtonethe search tree, i.e., when
the symmetry-breaking constraints are only used to detetta partial assign-
ment already violates one of the constraints, but not foerfilg (in fact, The-
orem 3 will show that the DSSB tree is in general a non-stiidtitree of such
an SSSB tree). Second, it shows that SSSB can discard al pagignment ex-
plored by DSSB when hyper-arc consistency is enforced ondhginctionof the
symmetry-breaking constraints (in fact, Theorem 2 willwttbat such an SSSB
tree is in general a non-strict subtree of the DSSB tree).

Example 2For both cases, we use the piecewise symmetric G8R vo,v3} +
{va},{1,2} + {3,4}, C), where the constraints are:

—wv1,v9,v3 € {1,2,3,4}, v4 € {1, 2}.
— All variables together must take values 1 and 2 at most once.
— All variables together must take values 3 and 4 at most twice.

The problem only has the following three solutions up to syetmgn{v, — 1, v —
3,v3 — 3,4 — 2}, {v; — 1,ua — 3,3 — 4,04 — 2}, and{v; — 3,09 —
3,v3 — 4,04 +— 1}

Consider the SSSB tree when using static symmetry breakingti@ints for
pruning only. Clearly, the assignmefit; — 2} needs to be checked. However,
DSSB completely discards this assignment as a symmettingitf {v, — 1}.

Now consider the DSSB tree after exploring all partial assignts up tax =
{v1 — 3,uvy — 4}. This node has to be explored by DSSB since neither of the
nogoods{v; — 1} and{v; — 3, vy — 3} dominates it (see Figure 1).
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Fig. 2 SSSB search tree when hyper-arc consistency is enforced on tluaction of the
symmetry-breaking constraints; note that it is a subtree of the DSSB tFég.ifh.

On the other hand, when using SSSB and enforcing hyper-aisistency on
the conjunction of the symmetry-breaking constraints etthde{v; — 3}, there
is no support forv, — 4 and hence the node = {v; — 3,vy — 4} is not
explored (see Figure 2).

In the following first comparison theorem, we claim that S&Blores a sub-
tree of the DSSB tree when we enforce hyper-arc consistemt¢fieconjunction
of the symmetry-breaking constraints. By Example 2, we dwew that, in that
setting, SSSB sometimes explorestiact subtree of the DSSB tree.

Theorem 2 For piecewise symmetric CSPs, given a fixed variable andevaitu
dering, and posting the symmetry-breaking constraint®atingly, SSSB explores
a subtree of the tree explored by DSSB when we enforce hypepasistency on
the conjunctionof the symmetry-breaking constraints.

Proof To show that a nodg in an SSSB tree with hyper-arc consistency on the
conjunction of the symmetry-breaking constraints is atsthie DSSB tree, we
prove the contrapositive: that i8,¢ DSSB implies that3 ¢ SSSB.

Assume that some partial assignmgnt {v; — dy,...,v; — d:} ¢ DSSB.
This means that there is some partial assignmergxplored before, that domi-
natess. We look at the first (in depth-first order) such nadéat dominates.

The fact thato dominatess means that for alb € scope(a) we have that
a(v) = 7o B oo(v) for some piecewise variable and value bijectiersndr.

As a reminder, given a conjuncti@nof constraints, a valué from the domain
of a variablev is not filtered while achieving hyper-arc consistency(oiff there
exists a solutiory to C' such thatv(v) = d anda(w) € dom(w) for all variables
w. The assignment is often referred to as theipportof v — d. A hyper-arc con-
sistency algorithm thus essentially ensures that thest sMpporting assignments
for all variables and all values in their domains.

Thus, to prove thatt ¢ SSSB, we have to show that, — d, has no support,
i.e., that ndull extensiong’ of 3 satisfies the symmetry-breaking constraints. We
prove this by contradiction.

Assume such &’ exists. Then, applying ando to 3’ yields a second full
assignment:

=10 00

10



that is symmetric t@’. Moreover’ agrees withy for all v € scope(«) and hence
is a child ofa. According to Lemma 1, it then holds th&sM,, = TSMg,.

Now, consider the first variablee V}, (recall that we assume that variables are
being assigned in order) wheneand 3 disagree, i.eq/(w) = a(w) = f(w) =
' (w) for all w < v and when we sef := a(v) = o/ (v) ande := B(v) = p'(v),
we have that! # e. Sincea was explored beforg and values are also assigned in
order, we can infer that < e. However, as['SM,» = TSMp: and all variables in
earlier variable components have been assigned in acawdmiweery and 3,
this implies thatig,,. (f)n = sigg (f)n for all valuesf and variable components
h < k, and alsxsig,,, (d)r >1ex sigg (d)r. As 3’ satisfies constraints (1) and (3),
there is no match for the signatuig,,, (d) in the signature multisefsig (f) |
f € D,} whend € D,. ThereforeTSM,,, # TSMg . Contradiction. O

Note that it has been shown that achieving this level of ctesty is NP-
hard [20]. On the other hand, it is easy to check if a partialggsnent violates
any individual symmetry-breaking constraint. In our following second pani-
son theorem, we claim that DSSB explores a subtree of the $®8Bvhen we
use static symmetry-breaking constraints for pruning pseg only. Example 2
showed a case where, in that setting, DSSB explores a sibtteg of the SSSB
tree.

Theorem 3 For piecewise symmetric CSPs, given a fixed variable andevatier-
ing, and posting the symmetry-breaking constraints adogig, DSSB explores a
subtree of the tree explored by SSSB when symmetry-breakistraints are only
used to prune the search tree.

Proof Proof by contradiction. Assume there exists a node in theB>S&rch
tree that is pruned by SSSB. Without loss of generality, wg ouamsider the first
node in a depth-first search tree where this occurs. We fgiehts node with the
assignment := {v1,...,v:} — D.

First assume a variable ordering constraint is violates, fi(v;) < [(v;)
for somel < i < j < ¢t wherev; andv; are interchangeable. Consider:
{v1,...,v;} — D such thato(vy) := B(vg) forall 1 < k < i, anda(v;) :=
B(v;). Then, due to the fixed variable and value ordering$s a node that has
been fully explored beforg, anda dominatess3, which is clear by mapping; to
v;. Thus,3 is also pruned by DSSB.

Now assume a lexicographic ordering constraint on the vsily@atures is vi-
olated. That is, there is some pair of valugsandd;, with 1 < ¢ < j such that
sigg(di) <iex sigg(dj). This means that there is some variable compongnt
such thatfF > ff. We pickthe firstsuchg in the search tree that violates the
lexicographic ordering constraint. We now know thag;(d;)[(] = sigs(d;)[(]
forall £ < k andsigg(d;)[k] + 1 = sigg(d;)[k] (if sigg(di)[k] + 1 < sigg(d;)[k]
then there exists an earligt in the search tree violating the lexicographic or-
dering constraint). Withs := max{p | p < t & 0(v,) = d;}, we set
a:{v,...,vs41} — D with a(v,.) := B(v,) forall r < sanda(vsy1) = d;.
Again, due to the fixed variable and value orderingss a node that has been fully
explored beforgs, anda dominates3, which is clear simply by mapping; to d;
and permuting variables accordingly. Hengas also pruned by DSSB.O
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Note that Theorems 2 and 3 together revise Theorem 2 of ouwfidre we
wrongly claimed that the two search trees were always idehtthen the variable
and value orders are fixed. Indeed, we had overlooked thetfactwo different
levels of consistency were assumed in the two proof direstio

In summary, we conclude that dynamic symmetry breaking siigsstrength
from its ability to accommodate dynamic variable and valtgedngs, but causes
an unnecessary overhead when these orderings are fixeds bate, static sym-
metry breaking offers a much more light-weight method f@cewise symmetric
CSPs. This view is also supported by the practical expetisngarried out in [9].

5 Wreath Symmetry

We now wish to extend our ability to accommodate more comglaxmetry
classes than piecewise symmetry only. To this end, we censidlass of CSPs
that assign a pair of valuggl,ds) from a domainD; x D5 to each variable,
where the values i, are piecewise interchangeable and, for a given valug,in
the values inD, are piecewise interchangeable as well. These problemseage h
called wreattvaluesymmetric CSPs, because the symmetry group corresponds to
awreath producbf groups [1].

Such problems arise naturally in a variety of applicationg,, in resource
allocation and scheduling. Consider, for example, the lprabof scheduling a
meeting where different groups must meet some day of the \weséme room,
subject to constraints. The days are interchangeable aradgiven day, the rooms
are also interchangeable. Problems like this can be madeBewreath value-
interchangeable CSPs:

Definition 7 (Wreath Bijection) Given two partitionsS; = >° S} and Sy =
Zq Sg, let S = S; x S, denote their Cartesian product. A bijectien: S — S

is awreath bijectiorover S; x Ss if and only if there exists a piecewise bijection
T overy S} and piecewise bijections overy_, Sz for eachs € Sy, such that
T((s,8)) = (T1(s), 73 (1))

Definition 8 (Wreath Value Symmetry) Given domain partitiond); = Zp D,l)
andD; = Zq D2,aCSPP = (V, Dy x D5, C) is calledwreath value-symmetric

Pr
CSPif and only if, for each solutioax € Sol(P) and each wreath bijection over

Dy x Dy, we haver o o € Sol(P).

Note that the notion of wreath symmetry allows us to tacklelmaore refined
symmetries than what can be expressed by piecewise syrameftlyy. In Figure 3,
we show an example that illustrates the increased expereseé of wreath value
symmetry.

The reader should not confuse wreatriable symmetry (not discussed in
this paper, but in [6]) with piecewise row and column symmé4] in a matrix
of variables: under wreath variable symmetry, the rows aegwise interchange-
able (as under piecewise row symmetry), but the cells of eashare piecewise
interchangeable in independent fashion (contrary to piesgecolumn symmetry),
such as the groups of each week in the social golfer problém [3

12



(@) (b)

Fig. 3 Permutations on the domaifl, 2} x {1,2}. With the help of wreath symmetry,
we can express that the permutation (a) is a valid symmetry while (b) is remeWise
symmetry does not allow us to make that distinction.

6 Dynamic SSB for Wreath Symmetric CSPs

In the following, we present, illustrate, and analyse a d@nce detection algo-
rithm for CSPs with piecewise variable symmetry and wreatlhuey symmetry,
simply calledwreath symmetric CSReereafter.

6.1 The Dominance Detection Algorithm

Consider a wreath symmetric CSF;_, Vi, D1 x D2, C), with V' = {vy,...,
v} = >, Vi asetof piecewise interchangeable variablesi@ane D, a set of
wreath interchangeable values, with = {dy,...,d;,, } andDs = {e1, ..., em, }
each having piecewise interchangeable elements.

Given partial assignments and 3, the dominance detection algorithm at-
tempts to construct a piecewise bijectierover >~} _, V}, and piecewise bijec-
tions7; andrs for all e € D, such thaty(v) = 70 S o o(v) forall v € scope(a),
wherer denotes the wreath bijection basedmrand thers. By definition, if the
algorithm succeeds in finding such piecewise bijectiorex thdominatess. Our
algorithm will be based on the following core observation:

Remark 1The piecewise bijectiom; can mapr;(e;) = d; only if there exists a
piecewise bijectiorrs* such that

= KveVi|B(v) = (e1,e2)}|
> {veVila)=(d,3" (e2))}| = sqldi, 73" (e2))

for all k, wheres’ (a,b) denotes the number of variables in compongpthat
partial assignment maps to(a, b).

sg(el,ez) :

Now, for any partial assignmentand valuesf; € D, and f; € Do, we define

sig, ((f1, f2)) = (s}(f1, f2), - s2(f1, f2))-

Then, in order to compute the subset of possible mappings-tltauld make, for
eachp and every pairl;,e; € D}, our algorithm sets up the bipartite graph with
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Initialise G as the empty graph
for all value componentg do
for all valuesd, e € S, do
if G(d, e) contains a perfect matchirigen
Add (d,e') to G
end if
end for
end for
Return true if and only if¥ contains a perfect matching

Algorithm 1: Dominance detection for wreath symmetric CSPs.

the node setd’; (d1,e1) :={d| d € Dy} = Dy andNy(dy,eq) :={e' | e € Dy}
as the set of primed copies of the valuedlig, and with the edge set

A(dl,el) = {(dz,eé) c Nl(dl,el) X Ng(dl,el) |
Jq: da,es € Dg & sig, ((d1,d2)) < sigg((e1,e2))}

With Remark 1, observe thaf(e;) = d; is only ever feasible if a perfect matching
in the bipartite graptG(di, e1) := (N1(d1,e1) + Na(dy,e1), A(dy,e1)) exists.
Consequently, to computg, we set up the bipartite graphi := (N, + Ny, A)
with the node setd/; := {d | d € D;} = D; andN; := {¢’ | e € D,} as the set

of primed copies of the values i, , and with the edge set
A:={(dy,e})) € NyxNy | Ip: dy, el € Dll, & G(dy,e1) has a perfect matching

The algorithm decides that dominatess if and only if G contains a perfect
matching. The procedure is summarised as Algorithm 1.

6.2 Example

Assume we are given a wreath symmetric G8R, v, v3, v4 }+{vs, v6}, ({1, 2}+
{3,4}) x ({1,2,3} + {4}), C) and partial assignments = {v1 — (2,3),v9 —
(2,1),v3 — (3,1),v5 — (2,1)} andf = {v; — (1,4),v2 — (1,1),v3 —
(1,3),v4 — (3,2),v5 — (1,3),v6 — (4,4)}.

Now assume that we consider to hamemap the first-component value 1
to value 2. What are, for instance, the signatures of vé&ug) undera and of
value (1, 3) under3? We see thatv assigns exactly one variable {8, 3), and
this variable is in componeRwy, vs, v3, v4 }. According to our definition, it there-
fore holds thasig,, ((2,3)) = (1,0). On the other hand; assigns two variables
to (1,3), one from{vy,ve,v3,v4} and one from{vs, vg}. Thus,sigs((1,3)) =
(1,1).

When settingr; (1) = 2, all the signatures and the entire gra@l2, 1) are
shown in Figure 4(a), which also depicts a perfect matching(2, 1), which
means that the edge, 1’) is part of the first-component gragh, given in Fig-
ure 5. In contrast to this existing edge, consider settjiig) = 3. The correspond-
ing graphG(3,4) is shown in Figure 4(b): since the notleorresponding to value
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Fig. 4 (a) The bipartite grapl(2, 1) constructed to assess whethefl) = 2 is feasible.
(b) The bipartite graplt=(3,4) constructed to assess whethe(4) = 3 is feasible. An
edge betweerid:, d2) and (e1, e3) indicates thasig, ((d1,d2)) < sigg((e1,e2)). The
signatures are given next to the value pairs. The rounded boxestatlieacomponents of
the partition ofD-. Perfect matchings, if any, are given by the solid edges.

(3,1) has no adjacent edge at all, there is no perfect matchingeimyithph. In-
deed, we see that, when setting4) = 3, the assignment(vs) = (3, 1) finds no
v € {v1,v2,vs3,v4} and noe € {1,2,3} such that3(v) = (4, e). Consequently,
the edge(3,4) is not part ofG. However, we see in Figure 5 th@tcontains the
perfect matching/ = {(1,2'),(2,1),(3,3"), (4,4")}.

Now, the perfect matching/ on G gives us the bijectiom; such thatr (1) =
2 (from the edg€2,1')), 71 (2) = 1 (from edge(1,2')), 71(3) = 3, andr(4) =
4. Under this setting, we defingl based on the perfect matching /2, 1) by
3(1) = 3, 75(2) = 2, 74(3) = 1, and74(4) = 4 (see Figure 4). Note that this
assignment implicitly permutes the variablegor which 5(v) = (1, e) for some
e € {1,2, 3,4} while obeying the variable components. In our case, we orijli
get the partial variable bijection with o (v1) = vy, 0(v2) = v1, o(v3) = ve, and
o(vs) = vs. Note that we never actually need to compute the variabéetiino
that we get by combining the individual re-orderings.

Fig. 5 The first-component bipartite gragh, containing an edgéd, e) for each feasible
mappingri(e) = d. The rounded boxes indicate the components of the partitiaR;of
As there exists a perfect matchingGh given by the non-dotted edges, we conclude that
dominatess3.
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6.3 Analysis

With the help of this method for dominance detection via ctrital symmetry
breaking, we can show:

Theorem 4 The dominance detection problem for CSPs with wreath valomrse-
try and piecewise variable symmetry is tractable.

Proof First, let us show that the algorithm above is correct, theat it does not
detect dominance when there is none. Clearly, the perfetthing )/ in G gives
us a piecewise bijection, over Dy by settingr;(e1) := d; for all (dy,e1) € M.
Moreover, for each edggly,e;) in M, the corresponding perfect matching in
G(d1,e1) gives us a piecewise bijectiatj* over D, that is consistent with setting
71(e1) := di. Note thatrs* implicitly assigns one variable from the dete V |
Jes : B(v) = (e1,e2)} to each variable ifv € Vi, | 3 ds : a(v) = (d1,d2)}.
This implies that the implicit variable bijections for allatthing edgeséd;, e1) in
M do not collide as they map variables from disjoint subsets disjoint subsets
of V. Consequently, we can construct one global piecewisehiarlaijectiono
and one wreath bijection such thatv(v) = 70 S o o(v) for all v € scope(«).

Now, regarding the completeness of our algorithm, assuraecthactually
dominatess. Denote the corresponding bijections by 7, and 5 as before.
Under the piecewise variable bijectien we find that, for each(e;) = dy,
75 (d2) = ez, and variable componef,, there must exist at least as many vari-
ables inV}, that o maps to(d,,ds) as variables in the samig, that 5 maps to
(e1,e2). Consequently, we have theit,, (d1, d2) < sigg(er, e2), which implies
thatr;* defines a perfect matching @(dy, e1). Then, for each (e1) = dy, there
exists the edgér;, d;) in G, which shows that; has a perfect matching. Thus,
our algorithm finds thatx dominatess.

Finally, we note that at mosD;|?> + 1 matchings need to be solved by the
algorithm. Consequently, it runs in polynomial time

Theorem 4 is theoretically strong in that it subsumes mapyeifiously proven
results regarding the tractability of symmetry breaking. @ matter of fact, all
the tractability results on breaking piecewise value oralde symmetry of CSPs
considered in [18,17,6] follow from Theorem 4. However,nfra practical per-
spective, the algorithm presented is very costly, esdgamien compared with
constant overhead methods for breaking only value symeseikie the ones pre-
sented in [18, 6]. Consequently, while the point here wastovgthat, with DSSB,
it is even possible to efficiently handle wreath value symmynahd piecewise vari-
able symmetry, in practice one is of course well advised tmshk the dominance-
detection algorithm just so that it can handle the symnethat need to be broken.

Note that the dominance checker that we outlined in the pabofe can be
generalised for wreath tuples withentries. However, the runtime then turns out
to be exponential itk.

Finally, the following new intractability result for setSPs follows from Corol-
lary 1 of [17] (intractability of dominance detection forggewise symmetric set-
CSPs), because wreath value interchangeability is piseevalue interchange-
ability when|Ds| = 1:
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Corollary 1 The dominance detection problem for set-CSPs with wrealieva
symmetry and piecewise variable symmetry is NP-hard.

7 Static SSB for Full Wreath Symmetric CSPs

We now show that structural symmetry breaking can also beé tesdevise struc-
tural symmetry-breaking constraints for wreath symme@®&Ps. For simplicity,
we do so only for piecewise variable symmetry dalll wreath value symmetry,
that is where Definition 7 is restricted to the case where tigetlying piecewise
bijections are all full bijections. We call such CSia# wreath symmetric CSHa
this paper. It would be easy to generalise this to piecewisetions, but we do
not do so here to keep the notation simple.

7.1 Symmetry-Breaking Constraints

Consider a full wreath symmetric CSF";_, Vi, D1 x Dy, C), withV = {vy,. ..,
Upt = Zzzl V. a set of piecewise interchangeable variablesiand D, a set of
wreath interchangeable values, with = {d1, ..., d,,, } andDs = {e1,...,em,}
each having fully interchangeable elements. Assume aadodi@ring of the vari-
ablesV, the element®,, and the elementd,. Here are the structural symmetry-
breaking constraints:

— For each variable componeht = {v,,...,v,}, there is a variable ordering
chain:

Up Slex T Slex Vq (4)

hence a total of — a lexicographic ordering constraints.
— For each valugd;, e;) and each variable componevit = {v,,...,v,}, the
frequencies

fl-kjj =|{v e Vi | v e scope(a) & a(v) = (d;,e;)}
under partial assignmentare calculated by the constraints
gec(Vp, - Vg, (dise1),. ., (dmys€my)s flas- o foms) (5)
for eachV}, hence a total of global cardinality constraints.
— For each element;, there is an ordering chain for what we call gignatures

of the(d;, e;) values:

( il,l""a 31) Zlex (f21,27 '7fzg:2) Zlex ** Zlex (fil,mQa"'vfi(fm2) (6)

hence a total ofn; chains ofms — 1 lexicographic ordering constraints each.
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— There is an ordering chain for what we call t@mpound signaturesf the d;
elements:

(fll,la'“vff,h f11,27"~7fil,27 ) fll,m,zv'-wfil,mQ)

Zlex
(Fans--n 805 faoee s fSas ooy famar o fm,) ()
Zlex Zlex
( 7%11717"'7f7(511,17 f7%rz1727"'7 7?11727 ) frlnl,mg’-"vfsn,mg)

hence one chain of.; — 1 lexicographic ordering constraints.

Again, we find that the number of constraints addetinisar in the size of the
problem (note thatn, - ms is linear in the input size when the domains are given
explicitly), and yet they are able to break super-expomadigtmany compositions
of variable and value symmetries as we shall show later gxgb¢ction.

Note that these constraints specialise into (a speciaisé&r full value sym-
metry of) the symmetry-breaking constraints of Sectionf8rlpiecewise sym-
metric CSPs. Indeed, the compound signature ordering €Apis vacuously true
whenm; = 1 while the signature ordering chains (6) then amount to the si
gle signature ordering chain (3). Conversely, the sigmatudering chains (6) are
vacuously true whem; = 1 while the compound signature ordering chain (7)
then amounts to the signature ordering chain (3). In any, taseariable ordering
chains (4) trivially specialise into (1) as we essentialyaldwith 1-tuples, and the
global cardinality constraints (5) trivially specialisgo (2).

Finally, note that the constraints above can be adapteccttmanodatepiece-
wiserather than full wreath value symmetry: The only differerscthat the order-
ing constraints (6) and (7) on the signatures then do notyagapValue partition
boundaries.

7.2 Example

Consider scheduling study groups for ten students dividemtivo categories of
five indistinguishable students each. There are six tabigsfaur seats each, di-
vided over two rooms containing three tables each. The rammindistinguish-
able, and, within each room, all tables are indistinguihalbet {v;,...,v5} +
{ve,...,v10} be the set of piecewise interchangeable variables, oneafir stu-
dent. Let the domaifiry, 2} X {t1, t2, t3} denote the set of tables, which are fully
wreath interchangeable. The structural symmetry-brgp&imstraints are:

U1 Slex e Slex Us

Vg Slex * ' Slex V10

gcc(vl, -e.,Us, (T17t1)7 L) (7'27153)7 fll,lv ceey f21,3)

gee(vgy -+, U105 (P15t1)s ..y (12, T3), ]‘12_’17 A f223)

(f11,17f12,1) Zlex (f11,27f12,2) Zlex (f11,37f12,3)

(f21:13.1) Ztex (f22, f32) Z1ex (f2,3. f33)

(f11,1af12,1a f11,2af12,27 f11,3af12,3) Zlex (f21,17f22,1a f21,27f22,2a f21,37f22,3)
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Consider the assignment

o = {Ul = <7"1,t1>,7}2 = <T1,t1>7U3 = <T17t1>7v4 = <T1,t2>7v5 = <T17t2>7
vg = (ro,t1),v7 = (o, t1), vg = (T2, t1),v9 — (2, t2), V10 — (12, 13)}.

The <) variable ordering constraints are satisfied. Having ddtexththe value
frequencies using thecc constraints, we observe that the., (compound) signa-
ture ordering constraints are all satisfied, because

(370) Zlex (270) Zlex (an) & (073) Zlex (07 1) zlex (05 1) &
(3707 2707 OaO) Zlex (0737 0717 Oa 1)

If the two student groups swap their table/room assignmendslucing a symmet-
rically equivalent assignment, namely

B = {v1 > (ra,t1),v2 = (ra,t1),v3 > (ro, t1), v > (ro, ta), vs > (r2,13),
Vg — <7"1,t1>,7)7 = <T1,t1>7U8 = <T1,t1>,7}9 = <7’1,t2>,'l)1[) = <T17t2>},

the <.« variable ordering constraints are still satisfied, buthg (compound)
signature ordering constraints are now violated, because

(073> Zlex (07 1) Zlex (Oa 1) & (370) Zlex (270) Zlex (070) &
(0,3, 0,1, 0,1) Z1ex (3,0, 2,0, 0,0).

7.3 Analysis

Analogously to the case of piecewise symmetric CSPs, we find:

Lemma 2 Given a full wreath symmetric CSE_;_, Vi, D1 x D,,C), and an
assignmenty, let the associated multiset of signature multisetsMieM., :=
{{sig,((d,e)) | e € D2} | d € Dy}. It holds that two assignments and 3
are symmetric if and only ¥1SM,, = MSMg.

Proof=-: Assumex and/ are symmetric. We observe once more that the permu-
tation of variables within variable components does nadifthe signatures of
values. Then, for each € D, the permutation of values iR, only permutes
elements in{sigz((d,e)) | e € Dy}, which leaves the multiset as a whole
unchanged. The same holds for the permutation of valuég iand MSMg.

<: Now assume thatISM,, = MSMg. By reversing the previous argument, there
exist a permutatiom, over D, and for eachli € D, a permutatior’rg overD,
such thatig,, ((d, e)) = sigs((r1(d), 75 (e))) and such thafsig,, ((d,e)) | e €
Dy} = {sigz((r1(d), 74 (e))) | e € D2}. Then it is easy to construetandr
suchthatv =70 foao.

Equipped with this insight, we can now establish the coynaterof Theorem 1
for full wreath symmetric CSPs:

Theorem 5 For every solution to a full wreath symmetric CSP, there exists ex-
actly one symmetric solution that obeys the structural sgtry¥breaking con-
straints.
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Proof Atleast one: Given a solutiom, we show that there exists at least one sym-
metrically equivalent solution that also satisfies all tgenmetry-breaking con-
straints. First, for eacH, determine a full bijectionr? : D, — D, such that all
the lexicographic ordering constraints (6) on the sigrestare satisfied. This can
be seen as a wreath bijection acting as the identity on thefirsponent. Second,
determine a full wreath bijection such that all the lexicographic ordering con-
straints (7) on the compound signatures are satisfied,ithetrthis stage being to
carry over ther? bijections obtained in the first stage. Doing this will nobhaite
any of the already satisfied constraints (6). Finally, weeobes that reordering the
variables so that they satisfy all the lexicographic omgiconstraints (4) has no
effect on any of the signatures, so there exists a solutidhat is symmetric tav
and that satisfies all the structural symmetry-breakingtaimts.

At most one: Now we prove that any two solutions that satififtha structural
symmetry-breaking constraints must be identical. Aceaydo Lemma 2, there is
a fixed multiset of signature multisekdSM,, for all solutions that are symmet-
ric to solution. However, for alld € D, the elements in the signature multiset
{sig,({d,e)) | e € Dy} are ordered by the lexicographic ordering constraints (6)
on the value signatures. Moreover, the lexicographic anderonstraints (7) on the
compound signatures enforce an ordering of all the elemedtsSM.,. In combi-
nation with the variable ordering constraints (4), therbusone assignment that
fulfils all these constraints for each fixed multiset of sigma multisetsMISM., .

O

8 Conclusions

We have shown the great power of structural symmetry brgakircomplex cases
of simultaneous value and variable interchangeability 8P€. The results on dy-
namic symmetry breaking are theoretically significant it thhey subsume many
of previously proven results regarding the tractabilitydaiminance detection.
From a practical perspective, the dynamic algorithms prieseare very costly,

though, especially when compared with constant-overhegttiods for breaking

only value symmetries like the ones presented in [18, 6].98quently, we have
exploited the idea of structural symmetry breaking to dewdsts of symmetry-
breaking constraints that simultaneously break all thepmsitions of piecewise
variable and piecewise or wreath value symmetries. To oawledge, these are
the first identified classes of symmetries for CSPs where ynpatial, yet even

a linear number of static symmetry breaking constraintScas to break a super-
exponential number of variable and value symmetries. We fizen shown that,

in case of static variable and value orderings, the seaeghédxplored by static
structural symmetry breaking (SSSB) is a subtree of the gp®eed by dynamic

structural symmetry breaking (DSSB) when we achieve hgpeiconsistency for

the conjunction of symmetry breaking constraints, andttt@DSSB search tree is
a subtree of the SSSB tree when we use constraints for prpompgses only. Note
that the first result implies that SSSB is, in principle, ablguarantee symmetry-
free search trees. This is a clear indication that using SS8t way to go when-

ever fixed variable and value orderings can be expected th welt.

20



With respect to future work, the following questions ariSan we find general
conditions under which a static symmetry-breaking metteadi$ to symmetry-
free search trees? Can static structural symmetry breddangsefully combined
with the dynamic lexicographic ordering constraints of]fLl4
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