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Abstract. While global constraints give a broader view on the entire
problem and therefore allow more effective constraint propagation, the
development of efficient generalized arc-consistency (GAC) algorithms
for global constraints is frequently prevented by the fact that the as-
sociated decision problems are NP-hard. A prominent example for this
is the Knapsack Constraint. On the other hand, there exist approxi-
mation algorithms for many NP-hard problems. By introducing the con-
cept of approximated consistency for a special class of global constraints,
so-called optimization constraints, we show how existing approximation
algorithms can be exploited for the development of efficient filtering al-
gorithms for Knapsack Constraints. As our main result, we show how e-
GAC for Knapsack and Bounded Knapsack Constraints can be achieved
in time O(nlogn + %) or O(nlogn + %), respectively.

Keywords: global constraints, optimization constraints, cost-
based filtering, relaxed consistency, approximation algorithms

1 Introduction

When dealing with discrete optimization problems, it is of utmost importance
to obtain a global view on the problem that allows to assess what solution qual-
ity can still be achieved in a given subtree. To obtain a more global view, in
constraint programming it has been suggested to incorporate so-called optimiza-
tion constraints that link the objective function with some other constraints of
the problem [2,4,6]. For many optimization constraints, efficient filtering algo-
rithms have been developed (see [3,11, 13, 14] for examples). However, frequently
no polynomial time bounded generalized arc-consistency (GAC [1,7]) algorithm
can be developed for optimization constraints, because it is NP-hard to decide
whether a feasible and improving solution still exists after a variable takes a spe-
cific value. We find ourselves in the same unsatisfactory situation when dealing
with Knapsack Constraints that are defined as follows:
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Definition 1. Let n,wq,...,wy,C,D1,-..,0Pn, B € IN. B denotes the objective
value to be exceeded, C' the capacity of the knapsack, n the number of items,
and w; the weight of item @ with profit p; V1 < ¢ < n. Given n binary variables
X1,..., X, we define:

— The Knapsack Problem consists in mazimizing

i<n i<n

— A Knapsack Constraint K P(X, ..., X, w1,...,w,,C,p1,...,Dn, B) is true,
iff
ZwiXi <(C and ZpiXi > B.

i<n i<n

To achieve GAC for a Knapsack Constraint, we have to eliminate all items
(i.e. remove value 1 from the corresponding domain) that cannot be part of any
feasible solution with profit greater than B, and we have to permanently include
all items (i.e. remove value 0 from the corresponding domain) that are included
in all feasible solutions with profit greater than B. However, since the Knapsack
Problem (KP) is NP-hard, so is the problem of achieving GAC for Knapsack
Constraints.

Two alternative filtering algorithms for Knapsack Constraints have been pro-
posed in the literature. In [15], Trick develops a pseudo-polynomial time GAC
algorithm for Subset-Sum Constraints. These constraints are special Knapsack
Constraints where profit and weight of each item are equal. The algorithm uses a
dynamic programming scheme for solving the Subset-Sum Problem to optimal-
ity and then exploits the information gathered for domain filtering. Addressing
the general case where weights and profits can be chosen arbitrarily, Fahle and
Sellmann [3] propose to drop the requirement that GAC must be achieved for
the Knapsack Constraint. Instead, they introduce a notion of relaxed consis-
tency for optimization constraints and use bounds based on linear programming
relaxations for polynomial time domain filtering.

While the latter approach is more appealing with respect to the worst-case
running time of the filtering procedure, the effectiveness of the algorithm is
highly determined by the quality of the bounds that are used. In [3], different
filtering algorithms are presented that are based on previously developed integer
programming bounds for KP. While these bounds might often be rather tight in
practice, their relative error could be arbitrarily close to a factor of 2.

Our aim is to provide filtering algorithms for Knapsack Constraints that are
based on bounds with guaranteed accuracy. To achieve this goal, we exploit
existing approzimation algorithms for the Knapsack Problem. With the term
“approximation algorithm” we refer to an algorithm that computes a solution
to a problem with guaranteed accuracy in polynomial time. A family of approx-
imation algorithms that, for each € > 0, provides an algorithm that computes a
solution with relative error at most € and that runs in time polynomial in the
input length and in 1/, is called a fully polynomial time approximation scheme



(FPTAS). We will show how existing FPTAS for the Knapsack Problem can
be used for cost-based filtering with respect to bounds of arbitrary accuracy,
whereby the e-parameter allows us to trade time for filtering effectiveness.

The remaining presentation is organized as follows: In Section 2, we review
the literature on approximation algorithms for KP. Then, in Section 3, we define
the notion of approximated consistency for optimization constraints. Finally, in
Sections 4 and 5, we develop efficient filtering algorithms for Knapsack Con-
straints and Bounded Knapsack Constraints.

2 Knapsack Approximation

To obtain provably tight bounds on the Knapsack Problem, we can use the
existing polynomial time bounded approximation algorithms that solve the KP
with arbitrary relative precision € > 0. The best currently known FPTAS for
KP runs in time O(nlog + =), where § = 2=, with a € O(C) [9]. This
result strengthens and is based on the research presented in [5,8,12]. We briefly
review the main ideas presented in [5] that we will use as a basis for the filtering
algorithms that we develop later.

When reviewing the GAC algorithm for Subset-Sum Constraints in [15], we
were already reminded that there exist pseudo-polynomial time algorithms for
KP that are based on dynamic programming. One of these algorithms is pseudo-
polynomial in the optimal objective value P*: We set up a matrix M with 2Py +1
rows and n + 1 columns (both starting with index 0), where Py is such that
Py < P* <2PR,.! Now, in M, ; we store the minimum knapsack capacity that is
needed to achieve exactly profit ¢ when using only items in {1,...,k}. Clearly,
My, = 0VE, and M, = oo Vg > 0, and the following recursion equation holds:

Mq’k = min{Mch,l, qupk”k'fl + wk}. (].)

By filling the matrix M row by row from left to right and examining the greatest
value ¢ such that M, , < C, we can solve the KP in time O(nP*). Now, we can
reduce the running time by scaling down the profit values. We set p; := [ £ | for
some scaling factor K > 1 and get a running time in O(nP") = O(n%*). It is
easy to show that we achieve an e-approximate solution for the original problem
when we set K := %, where P, is the value of a 2-approximate solution as
bef0£e2. Conseqléently, we can compute an e-approximate solution to KP in time
05 = 0(=).

The running time can be further reduced in n by partitioning the items into
two sets: the set L of large items that contains all items with a profit value
greater than some threshold value 7' > 1, and the set S of small items that
contains all items i with profit p; < T. We approximate the large item KP by

scaling the profit vector and applying the dynamic programming scheme in (1).

! The value P, can be computed in linear time [8].
2 Actually, we set K := max{%‘l, 1} of course, but here and in the following we assume
that the scaling factor K is always greater or equal 1 without further mentioning it.



As a result, for each scaled profit value 0 < g < L%J, we get the minimum
knapsack capacity M, | that is needed to achieve profit ¢ in the scaled large
item KP. Now, for all ¢, we try to fill the remaining capacity C'— M || with small
items We do this by inserting the small items in order of decreasing efficiency

L. until we reach the first item that exhausts the remaining capacity. We denote
the profit that is added by the small items with ¢(C' — M, ||). When we take,
out of all the L2§°J + 1 different knapsacks that were computed, the solution
with maximum value Kq+ ¢(C — M, 1), it can be shown that the relative error
that we make is bounded by % + %. Therefore, we achieve an e-approximation

by setting K := Ezfo and T := % [8]. In order to perform the filling process of
the remaining capacities with small items, we can sort the small items according
to their efficiency first. Then, the entire algorithm requires time

p* 4n P*
O(nlogn + 7 n) = O(nlogn + — P)

As stated before, the FPTAS can be strengthened further to give a worst-case
running time that is linear in n for any given constant approximation accuracy
€ > 0. However, the filtering algorithm that we develop later will make use
of efficiency and profit orderings. It therefore requires time (2(nlogn) anyway,
which is why we make no further effort here to base our filtering algorithm on
more sophisticated versions of the general procedure as sketched above.

O(nlogn —|— )

3 Approximated Consistency

Our aim now is to exploit the existing approximation algorithms in order to
provide efficient filtering algorithms for Knapsack Constraints. As stated before,
we cannot hope to achieve GAC for Knapsack Constraints in polynomial time.
Therefore, we introduce a new measure for the consistency of an optimization
constraint.

Definition 2. Given n € IN, let X4,...,X, denote some variables with finite
domains Dy := D(X4),...,D,, := D(X,,). Furthermore, given a constraint C :
Dy x---x D,, = {0,1}, and an objective function P : Dy x --- x D, = IN, let

— Let B € Q denote a lower bound on the objective P to be mazimized. Then,
a function Y¢ p[B] : D1 x --- x Dy, — {0,1} with 9¢ p[B](z1,...,xn) =1 iff
((x1,...,xn) =1 and P(x1,...,x,) > B is called maximization constraint.

— Given a mazimization constraint Y¢ p[B] and some ¢ > 0, we say that
¢ p[B] is eGAC, iff for all 1 < i < n and x; € D; there exist x; € D,
for all j # i such that ¥¢ p[B — eP*](x1,...,2,) = 1, whereby P* =
maX{P(yla"wyn) | Yi € Di: C(yl;;yn) = 1}

Clearly, the Knapsack Constraint is a maximization constraint. Note that
our notion of e-GAC generalizes the notion of generalized arc-consistency in the
sense that GAC is equivalent to 0-GAC. To achieve a state of approximated
consistency for a Knapsack Constraint, we must ensure that



1. all items that cannot be part of any feasible solution that achieves a profit
greater than B — eP* have to be deleted (i.e. the value 1 must be removed
from the corresponding domain), and

2. all items that are included in all feasible solutions with profit greater than
B — ¢P* have to be permanently inserted into the knapsack (i.e. value 0 has
to be removed from the corresponding domain).

That is, in contrast to GAC for a maximization constraint, we do not enforce
that all domain values are filtered that cannot be used in any improving solution,
but at least we want to remove all values for which the performance drops too
far below the critical objective value.

4 Cost-Based Filtering for Knapsack Constraints

A simple way to achieve a state of approximated consistency for the Knapsack
Counstraint is to use the algorithm in [9] for probing. This filtering algorithm
then runs in time O(n”log + + =) with § — 1 as C' — oco. In this section, we
develop a more sophisticated e-GAC algorithm that runs in time O(nlogn+ ).

4.1 Generalized Arc-Consistency for Knapsack Constraints

The basis of our algorithm is the approximation algorithm described in Section 2.
We start by giving a GAC algorithm for the Knapsack Constraint that is based
on the dynamic programming scheme in (1). The idea of our algorithm is similar
to that described in [15]. We define a weighted, directed, and acyclic graph
G = (V, E,v) by setting

- VM::{MM|0§q§2P0,0§k§n}.

- V=Vyu {t}

= Eo:=A{(Mgp-1,Mqp) | k21, My € Var}.

- B = {(qupmkflqu,k) | k>1, q2> pg, Mq7k' € VM}
— By :={(Myn,t) | a> B, Mg € Vi}.

- E::EOUElLJEt.

v(e) :=0for all e € Ey U E.

— ’U(Mq,pk’kfl,Mq’k) := wy, for all (Mq,pk’kfl,Mq’k) e F.

We consider the graph G because there is a one-to-one correspondence between
paths from My to ¢t and variable instantiations that yield a profit greater than
B. Moreover, the length of such a path is exactly the weight of the corresponding
instantiation. Therefore, every path from My to ¢t with length lower or equal
C defines a feasible, improving solution. Vice versa, every feasible, improving
solution also defines a path from My to ¢ with length lower or equal C.

The algorithm proceeds as follows: We perform a shortest-path computation
on G and get the shortest-path distances from My to all other nodes as a
byproduct. If the minimum distance from Mj ¢ to ¢ is greater than C, then there
exists no feasible, improving solution, and we can backtrack.



Otherwise, following an idea presented in [6], we now reduce G by eliminating
all arcs that cannot be part of any path from Mg o to ¢t with length lower or equal
C. We can do this efficiently by computing the shortest-path distances to ¢t. Then:

— Remove all edges (My -1, My 1) € Ep for which
length(My o, Mg g—1) + length(My ., t) > C.
— Remove all edges (My_p, k-1, My ) € Eq for which
length(Mo,0, My—p, k—1) + wi + length(My ,t) > C.

Denote the reduced arc sets with Ef and EF, respectively. To perform cost-
based filtering, we now examine all items 1 < k < n sequentially. Item £k is
removed from the knapsack (i.e., value 1 is filtered from the domain Dy), iff
there exists no ¢ such that there is an arc in Ef* that ends in M, ;. Analogously,
item k is added to the knapsack (i.e., value 0 is filtered from the domain Dy,),
iff there exists no ¢ such that there is an arc in Ef* that ends in M, j.

The algorithm sketched above is correct and achieves a state of generalized
arc-consistency:

— Correctness: Assume our algorithm removes value 0 (or value 1) from
some domain Dj. Then, there exists no path from My to ¢t in G with
length lower or equal C such that an arc (Mg ,—1,M, k) € Ey (or an arc
(My_p., M, 1) € Eq, respectively) is visited. Therefore, there also exists no
feasible and improving solution such that X; =0 (X} = 1).

— GAC: Assume that, when setting X := 0 (or Xy := 1), there exists no
extension to a full instantiation of the variables that is feasible with re-
spect to the Knapsack Constraint. Then, there exists no feasible and im-
proving solution with X} = 0 (or X = 1). Consequently, there also exists
no path from My to t in G with length lower or equal C' that visits an arc
(My k-1, My ) € Eo (or an arc (My—_p, , My ) € Ei, respectively).

Regarding the time complexity: since shortest-path computations on directed
acyclic graphs can be performed in linear time, the algorithm requires time
proportional to the size of G. Now, the out-degree of each node in G is bounded
by 2. Therefore, the algorithm needs time O(|V| + |E|) = O(|V]) = O(|Vu|) =
O(|M]) = O(nP).

An example is given in Figure 1(a). We consider a Knapsack Constraint
with four variables X1,..., X, with profits p” = (50,40, 30,20) and weights
w’T = (3,3,4,5). The knapsack’s capacity is C' = 10, and the profit value to be
exceeded is supposed to be B = 81. We see that the value 0 can be removed from
the domains of the variables X; and X5, because in the reduced arc set there are
no horizontal arcs left that end in their corresponding columns. Likewise, value
1 can be removed from Dy. All remaining values cannot be filtered, because the
solutions X = (1,1,1,0) and X = (1,1,0,0) are both feasible and they improve
upon the value of the incumbent solution.



items B
items

i 0 1 2 3 4
prOfI‘So [ RO -~ o---F---0 profits 0 1 2 3 4

10 N N < = 0| ®----O--p--- Oco-f---0crf---0

ig \ o —— :8 13 o o)

50 | e ~o 16 P—— =5

60 o 19 N\ ~0

70 =0 22 . Ne)

80 -0 23 O--f—-0

%0 —e_ 26 N\ | e

100 O 2 b N ——————

110 o -- 25 \\g:

1% = 39 —1—¢

140 5" 45 o -

3 3 4 5 0  arc-weights 3 3 4 5 0  arc-weights
(a) (b)

Fig. 1. Both figures show the graph G that is defined for the GAC algorithm. We
assume that all arcs are directed from left to right, whereby the arrows are omitted to
improve the readability. The matrix structure that is given corresponds to the dynamic
programming schema M, whereby we do not show most cells, nodes and arcs that
cannot be reached from Mp o, again in order to improve the readability. The node-labels
are defined by their row and column number, the sink node ¢ is marked separately. The
value of non-horizontal arcs that cross a vertical line is given under that line, horizontal
arcs have weight 0. Hollow nodes and dashed arcs mark those nodes and arcs that are
removed by the GAC algorithm, because there exists no path from My to ¢ with
weight lower or equal C that visits them.

4.2 Scaling of Profits

We achieve a polynomial time algorithm for approximated consistency by scal-
ing the profit space and applying the previous algorithm on the scaled prob-

lem. We set K := %, p; = |&] for all 1 < i < n, and B = B}(EPD,

and we apply the GAC algorithm in Section 4.1 on the Knapsack Constraint

KP(Xl, e ,Xn,wl, e ,wn,C',]_jl, e ,]_)n,E).
This procedure is correct and achieves a state of e-GAC:
— Correctness: Assume a value b € {0, 1} is removed from some domain Dy,

by the GAC algorithm on K P(Xy,...,X,,w,C,p, B). Then, for the optimal
feasible solution T with Ty = b it holds:

B—CPO

With z*, we denote the optimal feasible solution to the unscaled problem
with side constraint X; = b. It follows

pla* —ePy=pla* —Kn< Kplaz* < Kp' % < B — €P,

and therefore pTz* < B. Thus, it is justified to remove b from Dj.
— eGAC: Let k € {1,...,n}, b€ {0,1}, define T and z* as before, and assume
pTz* < B — eP*. Then,
T— T % _ * _
pPT _pez <B eP <B ePy
K — K — K - K
Consequently, value b is removed from Dy.

= B.

p'T<



Regarding the time complexity: Clearly, the dominating step is the call to
2

the GAC algorithm that runs in time O(n%*) = O(”—E2 %;) =0(%).

Let us consider the same example as in Section 4.1. Assume we are given € =
0.1, and we determine a value Py = 120. Then, the e-GAC algorithm sets K = 3,
P! =(16,13,10,6), and B = 23. The GAC algorithm for the modified knapsack
constraint then filters value 0 from D; and value 1 from Dy (see Figure 1(b)).
Both is correct as we can see from the comparison with the GAC algorithm on
the original knapsack constraint. In contrast to the GAC algorithm, the e-GAC
algorithm is not able to filter value 0 from D,. This is okay, though, because
there exists a feasible solution X = (1,0,1,0) that has profit 50 + 30 = 80 >
69 = 81 — 120/10 = B — €Ph,.

4.3 Separation of Items

So far we have not achieved any gains over the brute-force probing method that
utilizes the best known approximation scheme for Knapsack Problems. For any
given constant approximation guarantee € > 0, both algorithms require time
quadratic in n. We try to improve on this by separating the items in the style

of [5]. We set K := 52;30, T := <02 and define

S={j,-Jsp={1<i<n|p; <T},

whereby we assume that the items in S are ordered with respect to decreasing
efficiency, i.e. f:%_’ > Z’_’A for all 1 <1 < |S]. Further, let
i G141

L:{zl,,Z‘L‘}:{1§z§n|pz>T}

and set B := B —¢P,, and pj, := LMT’CJ for all 1 < k < |L|. Similar to Section 4.1,
we define a weighted, directed, and acyclic graph G = (V, E,v) by setting:

— Vi = {Mgi |0< g < [2R2],0 <k <|L|}.

- V=Vyu {t}

- Epy = {(Mq,k—lan,k) | k > 1, MlLk € VM}

= By = {(My—p, -1, Mgr) | k> 1, ¢ > Py, Myp € Var}.

— F; = {(Mq7‘L‘,t) | Mq7|L| € VM}.

- E’:ZE’()UElUEt.

— v(e) :=0 for all e € Ep.

— 'U(Mq—ﬁk,k—lan,k) 1= Wiy, for all (Mq—ﬁk,k—lan,k) € E;.

To complete the definition, we still need to weight the remaining arcs in E;. We
do this be setting

v(Mg,L),t) == min{ijl | s < |S|,ijl > B - Kq}
=1 =1

forall0 < g < L%J, whereby we define min ) := oco.



Again, we observe a correspondence between paths from Moo to ¢ in G
and possible knapsack instantiations. While all combinations of large items are
possible, the selection of small items is restricted to collections of items with
highest efficiency. Note also that the length of a path from My to ¢, if it is
lower than infinity, gives the weight of the corresponding solution Z. Then, when
we denote with ug the small item part and with uy the large item part of a
vector u, it holds:

p'Z > Kptzr, + pits > B.
Therefore, any path from My to t with weight lower or equal C' defines a feasible
solution with profit greater B.

Given € > 0, we propose to use Algorithm 1 to achieve e-GAC for the Knap-

sack Constraint K P(Xy,...,X,,w,C,p, B).

1: Sort the items according to decreasing efficiency and compute a profit ordering of
the items.

2: Compute Py such that for the optimal solution P* it holds: Py < P* < 2P,. Then,
set B:= B —ePy, K := 6250, and T := %.

3: Set up the graph G = (V, E,v) as defined above and compute the shortest-path
distances length(Moy,o, s) for all s € V.

4: If length(Moy,t) > C, then set Dy := 0 for all 1 < k < n and return.

5: Compute the shortest-path distances length(s,t) for all s € V.

6: Remove all arcs from Eg and E; that cannot be part of any path from My o to ¢t with
length lower or equal C. Denote the reduced arc sets with E and EFf, respectively.

7: For all items k € L and b € {0,1}, remove b from D, iff for all M, € Vas there
exists no arc in Eff that ends in M, .

8 Forall 0 <¢q< L%J, iterate over all items k = j, € S in order of increasing profit
and compute
v(g, k,0) := min{zlgs,,# wj, | s <18, Zlgs,1¢rpjz > B - Kq} .
v(g, k,1) := min{wi + Zzgs,z;ér wj, | s <|S|, pe + Zzgs,z¢rpjz > B — Kq}.

9: For all k € S, remove b € {0,1} from Dy, iff for all 0 < g < [ 222 ]

length(Mo,0, My, 1) + v(q, k,b) > C.

10: Return.

Algorithm 1: e-GAC Knapsack Filtering Algorithm

Theorem 1. Algorithm 1 is correct and achieves e-GAC.
Proof. Define
f(z) :== Kppwr + phws,
and for all k € {1,...,n} and b € {0,1} set
Fk:7b = {y € {07 l}n | wTy S O: Yk = b}) and
App ={y € Fip |VI<I|S|, i # k # jit1 * yj = 0= yj,, =0}
Without formal proof, it is easy to see that our filtering procedure removes a

value b € {0,1} from some domain Dy, (no matter whether k € L or k € §) iff
f(z) < Bforall x € Agy.




— Correctness: Assume a value b € {0,1} is removed from some domain Dj,.
Denote with T a vector in Ay, that achieves a maximum profit, i.e.:

f(@) :=max{f(x) |z € App} < B —€Pp.

Now, let z* € F}, ;, denote any feasible knapsack solution with zj = b. Then,

T, %
since Y, @ < P& it holds:

T, .*
p'a" =pray +pses < K(prap + —55) + psak. (2)
Further, we know that
f@) > f((«1,%s)) = Kppay, + psTs. (3)

Subtracting inequality (3) from inequality (2) yields:

* — K * * — K
o f@ < Tpf:r,: +p§(m5 —Tg) < T2P0 +T =€P,.
Consequently,

pla* —ePy < f(T) < B—ehy,

and therefore p”z* < B. Thus, value b is correctly filtered from Dj,.
— e-GAC: Assume there exist b € {0,1} and k € {1,...,n} such that for all
x € Fpp: pTa < B — €Py. Then, for all T € Ay it holds that

f(@) = Kprzr + pLlZs < p'T < B—-€eP, = B.

Therefore, b is removed from Dy,.
O

Regarding the time complexity: Step 1 takes time O(nlogn), and step 2 then
can easily be performed in linear time (see [5]). The computations in steps 3-7
can be performed in time O(E) = O(n22) = O(%) (compare with Section 4.1).
Since we are considering the items in S in order of increasing profit, by using
the same analysis as in [3], we can show that the computations in step 8 can
be performed in time O(2n2L2) = O(Z). Step 9 finally takes time O(2n2kh) =
O(Z). Note that step 1 needs to be carried out only once when the filtering
algorithm is called several times with changing domains Dy,. It follows:

Theorem 2. For a Knapsack Constraint KP(Xy,...,X,,w,C,p,B), and for
all € > 0, e-GAC can be achieved in time O(nlogn + %). For 2(logn) different
calls to the filtering routine with changing domains Dy C {0,1}, the algorithm
runs in amortized time O(Z3) per call.

One may ask why our filtering algorithm is not based on the best known
approximation algorithm in [9], but uses the rather old approximation schema
in [5]. While the slightly different separation of items in [9] and the advanced



scaling scheme in [8] could easily be integrated in our algorithm, for us they do
not result in an improved running time. The reason for this is twofold: First,
when filtering the items in the small item set in step 8, we make extensive use of
efficiency and profit orderings, and their computation takes time @(nlogn) any-
way. Second, the advanced scaling scheme in [8] is proposed in order to reduce
the number of large items that need to be considered to find an optimal approx-
imation. However, we cannot reduce the number of large items with respect to
optimality considerations, because we are looking for improving solutions, but
not necessarily for optimal ones. Therefore, when filtering the large items in
steps 3-7, we need to consider all of them, no matter which scaling scheme is
used.

Regarding the practicability of our algorithm, for very large n and really small
€, there is clearly a problem with respect to the memory requirements. While
in the previously developed FPTAS it is sufficient to store only one column of
the matrix M at a time, we require to store the entire graph G. Therefore, the
memory needed is in ©@(Z). The asymptotic constants can be reduced, however,
by using an e-approximate solution P; instead of the 2-approximation P, and
setting K := 6251. Then, the size of M can be bounded by (1:1# (instead
of 18), and we can show that, for all 1 > ¢ >0, we achieve e-GAC in time
O(nlogn + %).

5 Approximated Consistency for Bounded Knapsack
Constraints

To model more realistic problems, we now would like to rid ourselves of the
restriction that all variables must have binary domains. We can generalize the
results obtained by considering bounded knapsack constraints where each vari-
able is associated with a domain Dy, = {0, ..., ux}:

Definition 3. Letn,w;,...,wy,,C,p1,...,pn, B,u1,...,u, € IN. B denotes the
value of the incumbent solution, C the capacity of the knapsack, n the number of
items, and w; the weight of item i with profit p; V1 < i < n. Given n variables
Xi,...,Xp that can take values in Dy, = {0, ..., ug} for all 1 < k < n, we define
the Bounded Knapsack Constraint as follows:
BKP(Xy,...,Xn,w1,...,wyn,C,p1,...,pn, B) is true, iff

Zwixigc and ZpiXi>B.

i<n i<n

Note that, even though in the definition we require the variables to have
domains that start at 0, this is no real restriction, because if some X}, is required
to take values in {ly,...,ur}, we can simply set B’ := B —l;pi, C' := C — lywy,
and D}, := {0, ...,u; — [} and consider BKP(Xy,...,X;,..., Xp,w,C’",p,B),
whereby now the variable X} takes values in Dj,.

Generally, to approximate the Bounded (or even the Unbounded) Knapsack
Problem, we can follow the same procedure as described in Section 2. To cope



with the large items, it has been suggested to introduce multiple copies for each
of them. And, in order to compute the profit gained by the small items, it was
proposed to sort the items according to their efficiency and then to try to add uy
copies of the current item until we reach the first item where this is not possible
anymore. Then, it is easy to compute the number of copies of this item that can
still be introduced without exceeding the knapsack’s capacity.

With respect to cost-based filtering, we also try to follow the procedure given
in Algorithm 1 very closely. However, the suggestions on how to treat large and
small items cannot easily be adapted. First of all, when introducing multiple
copies of the large items, the best we can hope for is the information that a
variable cannot take values greater than 0 anymore; or likewise, that a variable
must take its maximum value. However, we can never get a result that reduces
the domains of a variable without setting it to its minimum or maximum value
automatically. This effect is of course due to the fact that all copies of an item are
symmetric to each other. This means, if for one of the copies it is found that it
has to (or must not, respectively) be included in the knapsack, this automatically
holds for all other copies, too.

The other problem that we are facing regards the small items. A simple adop-
tion of the procedure given in Section 4 also gives us some trouble to determine
how many copies of an item we can afford to remove from (or to insert in, respec-
tively) our knapsack without losing too much profit. In what follows, we address
both problems and show how to tackle them efficiently.

5.1 Filtering of Large Items

Let us start by considering the set of large items. Instead of adding wuy, copies for
each item, we suggest to add a polynomial number of arcs to the graph defined in
Section 4.2. First, we observe that, for any large item k € L, uj can be bounded
from above, because: uk% = urT < uppr < 2PF,, and therefore, up < %.

Then, we recall that the edge set was partitioned into the sets Ey, F1, and E;.
The last set contains all arcs that end in the sink node ¢, whereas the first two sets
were used to model the choice between insertion and not-insertion of an item. In
the same manner, we can introduce additional arc sets Fs, ..., E, that model the
insertion of multiple copies of an item, whereby u := max{u;, | 1 <k <|L|} < 2.
Formally, we define:

B o= {(Mg—ip k=1, Mgk) | k> 1, wiy 21, ¢ 2 1P, Mg €V} V2< 1<
The newly added arcs are weighted by setting
'U(qulﬁ,wkflqu,k) = lw;, Y (qulﬁmk:fl)Mch) ek, 2<I<u.

With this setting, we are able to consider all possible instantiations to large
item variables by conducting shortest-path computations in G. To perform cost-
based filtering, we reduce the graph again in the usual way and check whether
there exist 1 < k < |L] and 0 < I < u such that ElR does not contain arcs
anymore that end in some node M, ; € V.



With respect to the worst case running time, we lose a factor of % because now
|E| € O(£|V]). Therefore, the filtering of the large items now takes time O(%).

5.2 Filtering of Small Items

Now let us consider the items in the set S. Recall from Algorithm 1 (steps 8
and 9) that, in order to filter values for small items, for all 0 < ¢ < % we
have to find out whether we can still close the profit-gap between K¢ and
B with the help of the remaining available capacity C — length(Mo,0, My, L))
when a certain variable takes a specific value. If we use the same approach as
presented in Algorithm 1, for bounded knapsack constraints this requires time
O(nmax{u, | k¥ € S}). Now, in contrast to the large items, the small item’s
domains cannot tightly be bounded from above. Therefore, this procedure has
pseudo-polynomial /exponential running time.

We can do much better though, and we can even rid ourselves from the
necessity to compute a profit ordering of the items: Assume all items in S (for
simplicity, let us assume S = {1,...,n}) are ordered with respect to decreasing
efficiency e; := l’l’]—l for all 1 <1i < n. We consider the items sequentially. Denote
the current item with k. If there is still capacity in the current knapsack X
(recall from Section 4.2 that we need to consider a sequence of knapsacks) left, we
insert uy, copies of item k. Let s denote the first item where this is not possible
anymore. Then, we add as many copies of sX as is still possible; the number of
copies of sX that are inserted is denoted with ¢X. Furthermore, we denote the
value that the small items achieve in this way by ¢~ (CX), whereby C* denotes
the current knapsack’s capacity. Likewise, we denote with ¢=X (W) the capacity
that the remaining items can achieve (whereby at most u,x —cX copies of item
5% are allowed) by exploiting some given capacity W in the same manner as
described for ¢X. Now, denote with RX := (uyx — cX)wyx + Z?>SX u;w; the
total weight of the remaining items. Then, for a given profit value BX that has

to be exceeded by the small items, and for all 1 < k < s, we define
A = max{W < RY | ¢*(CF) + X (W) > BX +1+ Wey}.

With this setting, A reflects the total weight of an item k that we can afford
to lose while still achieving a total profit of at least BX + 1. Note that this total
weight is allowed to exceed the actual weight of all copies of an item k, which
is exactly upwy. Now, assume Af > upwy. Then, for all item k& < s¥ in the
current knapsack X, we can afford to use no copy of item & at all, and therefore,
no reduction of the domain Dy, can take place. However, if Af < upwy, for some

X
k < s%, then we cannot afford to lose more than a—’; copies of item k. Then, we
set DX := {[7"’“wk_‘df] u }
B yereys U 0

Wi
Likewise, for all k > sX, we define

I = max{W < CX | X (CX = W) > BX +1 - Wey},

W

and, if I'Y < upwg, we set Di¥ := {0’ o {EJ }



The important observation is, that there is some monotonicity among the
A¥ and I, Since the items are ordered with respect to decreasing efficiency,
it holds

AX

k_HZAkX V1<k<sX and Fk)j_lszx VsX <k<n.

Therefore, by using a similar routine to that described in [3], once an efficiency
ordering of the items is known, the computation of the different DX can be
done in time O(n). To complete the computation, eventually we determine the
minimal Di& separately, which can also be done easily in time O(n) once the
efficiency ordering of the items is known.

After having computed Di¥ for all 1 < k < n and for all small item knap-
sacks X that need to be considered, we can finally set

Dy, ::UDkX.
X

Since there are O(Z) knapsacks that need to be considered, the entire filter-
ing process for the small items takes time O(nlogn + %).

Putting the results for the large and the small items together, we have shown

Theorem 3. For a Bounded Knapsack Constraint BKP(X,,...,X,,w,C,p,B),
and for all e > 0, e-GAC can be achieved in time O(nlogn + %). For £2(logn)

different calls to the filtering routine with changing domains of the form Dy =

{lk, - - -, ur}, the algorithm runs in amortized time O(%) per call.

6 Conclusion and Future Work

Since achieving a state of generalized arc-consistency for many global constraints
is an NP-hard task, we introduced the notion of approximated consistency for
optimization constraints. This notion allows to determine the filtering power
of a propagation algorithm by the guaranteed approximation quality of the
bounds that are used. Most importantly, by trading time for effectiveness, the
e-parameter allows to tune the filtering algorithm with respect to the specific
constraint optimization problem that has to be solved.

For Knapsack Constraints, we have shown how existing approximation al-
gorithms for the Knapsack Problem can be exploited for the development of
efficient filtering algorithms. We presented an algorithm that achieves e-GAC
for Knapsack Constraints. For all constant € > 0, that algorithm runs in lin-
ear time for {2(logn) different calls with changing variable domains. It therefore
improves clearly upon the filtering algorithms developed in [3]. Moreover, we
developed an extension of our algorithm that can cope with Bounded Knapsack
Constraints and that achieves e-GAC in amortized time O(Z%).

The filtering algorithms described in this paper are currently being imple-
mented. We shall soon be able to evaluate their practical performance and to



perform experiments that give an insight regarding good choices of the approxi-
mation accuracy. Since we can smoothly vary the filtering effectiveness, we hope
that these experiments will eventually establish a better understanding of the
frequently observed duality between inference and search.
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