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We give a randomized parallel algorithm for computing single-source shortest
paths in weighted digraphs. We show that the exact shortest-path problem can be
efficiently reduced to solving a series of approximate shortest-path subproblems.
Our algorithm for the approximate shortest-path problem is based on the tech-
nique used by Ullman and Yannakakis in a parallel algorithm for breadth-first
search. Q 1997 Academic Press

1. INTRODUCTION

One of the most fundamental and ubiquitous problem in combinatorial
optimization is finding single-source shortest paths in a weighted graph.
Aside from being important in its own right, the problem arises in
algorithms for many other problems, especially those related to flow.

In view of the importance of the single-source shortest-path problem, it
is unfortunate that previously known parallel algorithms for this problem
are very inefficient on sparse graphs. This inability to make efficient use of
parallelism in computing shortest paths is of both theoretical and practical
significance. A fast and efficient parallel algorithm for this problem
remains a major goal in the design of parallel graph algorithms.

In this paper, we describe a parallel randomized algorithm for comput-
ing single-source shortest paths. Our algorithm achieves a significant
speed-up even when only a linear number of processors is available.
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In the following bounds, we assume the concurrent-write PRAM as our
model of parallel computation: multiple processors can simultaneously
read and write to a shared memory. If multiple processors attempt to write
multiple values to a single location, an arbitrary one succeeds.

In stating our results, we specify the time required and the number of
processors. We also specify the work required by the algorithm. Here work
is defined to be the product of time and number of processors required;
this corresponds to the time that would be required if the parallel
processors were all simulated by a single processor. Work is a measure
that reflects how efficiently the processors are being used by a parallel
algorithm; one can compare the work to the time required by a sequential
algorithm for the same problem.

THEOREM 1.1. Let c be any positï e constant. There is a randomized
parallel algorithm that, gï en a directed graph G with nonnegatï e integer
lengths and gï en a source node s, computes shortest-path distances from s to
all the other nodes in the graph with probability 1 y nyc. The algorithm takes
'Ž . Ž .O n log L log n log*n time using O mrlog*n processors, for a total of
'Ž .O m n log L log n work, where m, n, and L are, respectï ely, the number

of edges in G, the number of nodes, and the sum of edge lengths.

Ž .By comparing the work required by our algorithm to the O m q n log n
time required by a sequential algorithm for shortest paths, we see that our

'Ž .algorithm occurs an O n log L log n factor overhead. Our algorithm is
based on a parallel breadth-first search algorithm due to Ullman and

w xYannakakis 18 .
Ullman and Yannakakis show that a breadth-first search tree can be

'Ž .constructed in O n polylog n time using a linear number of processors.
Their algorithm is limited, however, in that it cannot handle lengths on
nodes or edges. Thus our main contribution is to extend their algorithm so
that it can do so. We first show that using a simple rounding technique
enables their algorithm to approximate shortest paths in the presence of
lengths. We then show how to use this approximation algorithm along with
a scaling technique to get exact shortest paths. The scaling technique is

w xsimilar to the one used by Gabow 8 for sequential computation of
shortest paths.

In other related work, a parallel algorithm for shortest paths was
w xdiscovered by Spencer 17 . Actually, his algorithm involves a tradeoff

between time and work. Spencer specifies his bounds in terms of a
Žparameter r and an upper bound L on edge lengths assuming the lengths

. ŽŽ . Ž ..are positive integers . The time required is O nrr log n log rL and the
Ž 2 Ž . Ž . Ž ..work is O nr log r log rL q m q n log L polylog n . For comparison,
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'let us ignore logarithmic factors; to achieve about n time, Spencer’s
algorithm would need to do about n2 work, whereas our algorithm would

'need to do about m n work. Thus our algorithm is considerably more
Žefficient in the case where the graph is sparse i.e., m not much larger than

. Ž 1.5.n and less efficient if the graph is dense i.e., m larger than n . Put
Ž Ž ..another way, if the graph is sparse m s O n and one only has n

processors available, our algorithm would use the n processors to achieve
'a speed-up of about n , while Spencer’s algorithm would achieve a

speedup of about n1r4.

1.1. Subsequent Work

w x Ž .In recent work Cohen 5 has given an algorithm to find 1 q e -
approximate shortest paths that works in polylogarithmic time and does
close to linear work. Her algorithm makes use of the limited-search
algorithm presented in this article. Thus for undirected graphs the work

w xcomplexity of Cohen’s 5 algorithm is close to optimal. However, her
algorithm does not generalize to directed graphs; and there seems to be no
way to use it to compute exact shortest paths by repeated approximation
even if the underlying graph is undirected.

w xMore recently, Shi and Spencer 16 have given a parallel shortest-path
algorithm, for undirected graphs, with work bounds that are similar to

˜Ž .ours. Given log n F t F n, their algorithm runs in O t time with
˜ 3 2 ˜ ˜ 3 3ŽŽ . . Ž . ŽŽ . .O n rt q m work, or in O t time with O n rt q mnrt work.

To compare the relative efficiency of the two algorithms, we set t to be
'n . If we assume that the edge lengths are polynomially bounded, then for
undirected graphs to the two algorithms require roughly the same amount
of work. However, like Cohen’s algorithm, their algorithm does not gener-
alize to directed graphs either.

w xIn other work 14 we have given a nearly work-optimal parallel algo-
rithm for computing single-source shortest paths if the underlying graph is
planar.

2. BACKGROUND AND OVERVIEW

A word about terminology in order to forestall confusion. Unless other-
wise stated, when we speak of the length of a path, we mean the sum of the

Ž .lengths of its edges rather than the number of its edges . Similarly,
distance is measured according to edge lengths. The size of a path, on the
other hand, shall signify the number of edges in the path, and the
minimum path size is the shortest distance measured in the number of
edges traversed.
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Unless otherwise stated, n and m denoted, respectively the number of
nodes and the number of edges in the input graph.

2.1. Parallel Breadth-First Search

The fastest known parallel algorithm for breadth-first search involves
repeatedly squaring a matrix, where the elementwise operations are in the
min]plus semiring. In fact, this algorithm can compute shortest paths. The

w xtechnique is well known; see 1, 7 for more details. The problem with this
Ž .algorithm is that it requires too many processors; to achieve O log n time

requires about n3 processors. The processor bound has been improved
w xsomewhat 9 in the case of breadth-first search.

The most elementary parallel search technique is parallel breadth-first
search, in which the nodes are visited level by level as the search pro-
gresses. Level 0 consists of the starting node s, level 1 consists of the

Žneighbors of s, level 2 consists of the neighbors of the neighbors of s or,
.rather, those not belonging to previous levels , and so forth.

2.2. Limited Breadth-First Search

The problem with this approach is that the time required grows linearly
with the number of levels traversed. To keep the time small, we must
resort to a limited search, in which we limit the number of levels traversed.
For a parameter k, a search that visits k levels beyond the source is called
a k-limited breadth-first search. Note that such a search determines the
distance from the source to each node at distance at most k. This kind of
search is used in the algorithm of Ullman and Yannakakis.

Suppose there are p processors, to go from level i q 1, the processors
first divide up the edges outgoing from the level i nodes. This step can

Ž .be done with high probability in O log*p time using the parallel load-
w xbalancing algorithm of 10 . Next, for each such edge, if the other endpoint

has not yet been traversed, it is assigned to level i q 1. This step can be
Ž .done in O m rp time, where m is the number of such edges. Hence thei i

Ž .time required to traverse k levels is O mrp q k log*p with high probabil-
ity.

2.3. Ullman and Yannakakis’s Algorithm

We now give a brief description of the basic version of Ullman and
Yannakakis’s parallel algorithm for breadth-first search. We describe our
adaptation of their algorithm in greater detail in Section 4.1.

'The algorithm is based on n log n-limited search. We are given a graph
'Ž .and a source s from which to find a breadth-first search tree. First, O n

randomly chosen nodes, along with the source, are designated as distin-
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Žguished. The constant hidden by the O determines the probability that the
.algorithm is correct, as we mention below. From each of the distinguished

'nodes x in parallel, p processors conduct a n log n-limited search,
'identifying the minimum path size from x to each node within path size n .

'By choosing p to be mr n , we can carry out all of these searches in
' 'Ž .O n log n log*n time using a total of p n s m processors.
Second, an auxiliary graph is formed on the set of distinguished nodes,

where the length of an edge from u to ¨ is defined to be the minimum
path size from u of ¨ found during the limited search. All-pairs shortest
paths are computed for the auxiliary graph. This takes total work

3' 'ŽŽ . . Ž .O n log n , and can easily be done in O n log n time using m
processors. In particular, we have the length of the shortest path in the
auxiliary graph from the source s to each of the distinguished nodes.

Third, the minimum path size from the source s to a node ¨ is
computed by taking the minimum, over all distinguished nodes x, of the
auxiliary-graph shortest path length from s to x plus the minimum path
size from x to ¨ found in x ’s limited search. One can show that, with high
probability, this method yields the minimum path size for all nodes ¨ .

The proof is as follows. Fix in advance one minimum-size path P from¨
s to ¨ for every node ¨ . Now consider the randomly selected distinguished

c Žnodes. With probability 1 y 1rn where c is any given constant, and
.determines the constant factor in the number of randomly chosen nodes ,

'for each node ¨ each subpath of P of size n log n contains a distin-¨
guished node.

Thus the path P is broken up into subpaths starting and ending with¨
Ž .distinguished nodes except for the last subpath, which ends on ¨ , such

'that each subpath has size at most n log n. These subpaths are traversed
in the limited search. Hence the minimum path size from s to the last
distinguished node of P is correctly computed in the all-pairs computa-¨
tion, and the minimum path size from s to ¨ is correctly computed in the
last step of the algorithm.

3. APPROXIMATELY SHORTEST PATHS

Ullman and Yannakakis’s approach does not directly work with weighted
'graphs because there is no apparent way to find even the n log n-limited

shortest paths within the available resource bounds. Our first contribution
is a method that approximates these shortest paths. We start with some
definitions.

For a parameter k, a k-limited shortest path from s to t is a path from s
to t that is no longer than any s-to-t path of size at most k. Note that a
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k-limited shortest path need not itself have size at most k. For any given
error parameter e ) 0, we define a k-limited e-approximate shortest path
to be one whose length is at most 1 q e times the length of any path of

Ž y1 .size at most k. We show how to search such paths in parallel in O ke
iterations, loosely speaking.

To be more precise, we say that an estimate d of the distance from s to
t is a k-limited e-approximate shortest-path distance if there is an s-to-t
path of length at most d, and d is at most 1 y e times the length of any
path of size at most k.

We provide a procedure that, given a source node and a parameter k,
finds such k-limited e-approximate distances from the source of all nodes.
If the edge lengths are polynomial in magnitude, the procedure runs in
time

m log n
y1O q ke log*pž /p

using p processors.
' 'Ž .By substituting k s n log n and p s O mer n log*n and running

'Ž .O n instances of the procedure in parallel, we can implement an
approximate version of Ullman and Yannakakis’ first step in

y1'Ž . Ž .O n log ne log*p time using O merlog*n processors. Note that this
procedure is sufficient to make Ullman and Yannakakis’s procedure work
for finding approximate single-source shortest paths in weighted graphs;
the second and third steps do not depend on the lengths being one. By
applying essentially the same proof as sketched previously for Ullman and
Yannakakis’ algorithm, one can show that the resulting single-source
distances are within a factor of 1 q e of the true distances. An earlier

w xversion of this paper 13 used this limited-search idea to compute approxi-
mate single-source shortest paths.

ŽOur second contribution is a reduction technique derived from one due
w x.to Gabow 8 that allows us to solve the exact problem by solving a series

of approximate problems. In Section 4 we show how to use this approxima-
tion algorithm to find exact single-source shortest paths.

3.1. Parallel Dijkstra Search

There is an obvious approach to extending parallel breadth-first search
to handle positive integral weights: imitate Dijkstra’s algorithm. To handle
level i, the processors first divide up the outgoing edges as before. Then,
for each such edge u¨ , the level of ¨ is assigned to be i plus the length of

Ž .u¨ if this value is less than the level previously assigned to ¨ . Thus level i
consists of those nodes at distance i from the source. The algorithm
processes the nodes at level 0, then level 1, then level 2, and so on. For our
purposes, it is not necessary to skip empty levels.
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This process requires maintenance of the set of nodes in each level and
load balancing within an iteration. The methods of Gil, Matias, and

w x Ž .Vishkin 10 suffice to implement each iteration randomly in O log*n
time with high probability. Thus the time required to traverse k level is
Ž .O mrp q k log*p using p processors.

3.2. Approximating k-Limited Shortest-Path Distances

Ž .Parallel Dijkstra search is useful when 1 one need not search nodes far
Ž .from the source and 2 all lengths are positive integers. However, one

would like to be able to find the k-limited distance of nodes far from the
source and to handle zero lengths. We show that this is possible if one is
willing to accept approximate distances.

The first trick is to do a logarithmic number of independent searches in
parallel. The first search is responsible for estimating very small distances,
the second is responsible for estimating slightly larger distances, and so on.
Each of these searches works with a different granularity a . Edge lengths
are rounded up to the nearest multiple of a . In the corresponding parallel
Dijkstra search, level i corresponds to distance ia from the source. A
search responsible for estimating large distances can use a large value of
a ; this ensures that only few levels need be traversed in order to reach
large distances. The disadvantage of a large value of a is that the
rounding is less accurate; however, the estimates obtained are for longer
distances, so the percentage error is no greater.

Rounding up to the nearest a introduces an absolute error of at most a
in each edge. Thus paths with many edges accumulate lots of error.
Because we are interested in k-limited distances, we can control the
accumulation of this error.

We also need a way of handling zero-length edges. First, we can use
ordinary k-limited search on the subgraph of zero-length edges in order to
find all nodes whose k-limited distance from the root source is zero.
Second, for each of the logarithmic independent searches described previ-
ously, we round zero lengths up to the granularity a . This introduces some
error but as before the total error is limited.

3.3. The Procedure FULLSEARCH

In this section we give the procedure FULLSEARCH for finding approxi-
mate k-limited shortest paths from a given source node s. It makes use of

Ž .a subprocedure SEARCH G, s, d, k, p, e that determines the k-limited e-
approximate shortest-path distances from s of those nodes whose distance
is at least d and at most 2 d.

The procedure FULLSEARCH finds k-limited approximate shortest-path
Ž .distances of all nodes simply by calling SEARCH G, s, d, k, p, e in parallel
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with d s 1, 2, 4, . . . . Let L be the sum of the edge lengths. Since no node
is at distance more than L from the source, we need to consider only
u vlog L different values for d in order to determine approximate k-limited
shortest paths to all the nodes. Thus FULLSEARCH makes log L parallel
calls to SEARCH, each with d assigned a different power of 2 from 28 to
2 u log L vy1. Then, for each node, we take its estimated distance to be the
minimum estimated distance obtained. Later, in Lemma 3.2, we show that
the distances thereby obtained are good estimates.

Ž .Now we outline the subprocedure SEARCH G, s, d, k, p, e . The first step
of the subprocedure is to define the scale factor a by

a s e drk. 1Ž .

Next we obtain approximate edge lengths by rounding each length up to
the nearest integer multiple of a . Zero lengths are rounded up to a .

a ll e ra if ll e ) 0,Ž . Ž .
l̂l e sŽ . ½ a if ll e s 0.Ž .

Since the resulting lengths are positive integer multiples of a , we can
apply parallel Dijkstra search where, in each level, we traverse a distance

u Ž . va . Search, from the source for 2 1 q e kre levels, and label each node
reached with the estimated distance, that is, a times the number of levels
the search required to reach the node. The estimated distance to a node
not reached by the search is implicitly taken to be infinite.

u Ž . v ŽThe time required to traverse 2 1 q e kre levels is O mrp q
y1 .2ke log*p with high probability using p processors.

Next we show that the estimated distances computed are not too bad.
The following proposition follows immediately from the fact that the
approximate edge lengths are at least the actual edge lengths.

Ž̂ . Ž .PROPOSITION 3.1. For any path P, ll P G ll P .

Proposition 3.1 ensures that we never underestimate distances. We
might overestimate distances, but lengths of paths with at most k edges
and distance at least d are not overestimated by much.

LEMMA 3.1. Suppose P is a source-to-̈ path of size at most k and length
between d and 2 d. The estimated distance to ¨ is at most 1 q e times the
length of P.

ˆ ˆŽ . Ž . Ž . Ž .Proof. For each edge e of P, ll e F ll e q a , so ll P F ll P q ka .
Ž .By the choice of a , we have ka s e d. Since ll P is at least d, we obtain

ˆ ˆŽ . Ž . Ž . Ž . Ž .ll P F 1 q e ll P . Furthermore, sine l P F 2 d, we have ll P F
Ž . u Ž . v2 1 q e d, so 2 1 q e kre levels are sufficient to traverse P. Hence the

Ž .estimated distance to ¨ is at most ll P .
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Next we show that FULLSEARCH assigns accurate distance estimates.
Recall that the distance FULLSEARCH assigns to a node ¨ is the minimum
of all estimated distances to ¨ obtained by the calls to the subprocedure
SEARCH.

LEMMA 3.2. The procedure FULLSEARCH computes k-limited e-approxi-
mate shortest-path distances in time.

Proof. For any node ¨ , the estimated distance to ¨ is at least the actual
Ž .distance, by Proposition 3.1. Suppose ¨ is at distance d ¨ from the source.

? log dŽ¨ .@ Ž .Let d s 2 , so d F d ¨ F 2 d . Then, the Lemma 3.1, when0 0 0
SEARCH is called with d s d , the estimated distance to ¨ is at most0
Ž .1 q e times the length of any path to ¨ with k edges.

The time required by FULLSEARCH is dominated by the time for the
parallel calls to SEARCH. With p processors, the time required is thus

m log L
y1O q ke log*p . 2Ž .ž /p

In the next section, we show how to use a series of calls to FULLSEARCH

in order to determine exact distances. Each such call involves edge lengths
Ž . Ž .that are bounded by 2n. Hence the factor log L in 2 is, in fact, O log n

in this application.

4. COMPUTING EXACT SHORTEST PATHS BY
REPEATED APPROXIMATION

In this section we show how to use the procedure FULLSEARCH to
compute exact shortest paths in a directed graph G.

w xGabow 8 has given a scaling algorithm to compute single-source
shortest paths in a graph with maximum edge length L by solving a series

Ž .of log L subinstances involving the same graph with different edge lengths
in which each shortest-path distance is guaranteed to be at most n, the
number of nodes. For such an instance, any edge whose length exceeds n
is superfluous and can be discarded. We slightly generalize his reduction to
allow for approximate solution of the subinstances.

The central idea of Gabow’s scaling algorithm is modifying edge lengths
according to node prices derived from a previous shortest-path calculation.
For intuition, think of an edge’s length as the cost one must pay to traverse

Ž .that edge. Suppose that, for each node ¨ , we have a price p ¨ . Think of
the price of ¨ as the reward for entering the node and the cost of leaving
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Ž .it. When one takes into account the prices, the net cost ll u¨ of traversingp
an edge u¨ is

ll u¨ s ll u¨ q p u y p ¨ .Ž . Ž . Ž . Ž .p

The net cost of traversing a path depends on the prices of the starting and
ending nodes, not on the prices of intermediate nodes, because the path
both enters and leaves each intermediate node. In particular, for a path P
from x to ¨ ,

ll P s p x q ll p y p ¨ . 3Ž . Ž . Ž . Ž . Ž .p

For any two nodes x and ¨ , therefore, an x-to-̈ path is shortest with
respect to the original edge costs if and only if it is shortest with respect to
the net costs. Thus introduction of prices yields an equivalent shortest-path
problem.

Prices are useful because they can reduce the costs of the edges in
shortest paths. Suppose, for example, that the price of each node ¨ is the
length of the shortest path from the source to ¨ . Let P be this shortest

Ž . Ž . Ž . Ž .path. By substituting 0 for p source and ll P for p ¨ in Eq. 3 , we see
that the net cost of the shortest source-to-¨ path is zero.

In solving a shortest-path problem, we cannot assign exact shortest-path
distances as prices because we do not known those distances. However,
given a subroutine for estimating shortest-path distances, we can use these
estimates as prices. With respect to the resulting net costs, the shortest-path
distances are smaller than before. This is the idea at the core of Gabow’s
scaling algorithm. To obtain estimates, he replaces the edge lengths with
approximations of them and computes exact shortest-path distances with
respect to these approximate lengths. In our case, exact shortest-path
distances are not available; however, we show that it is sufficient to
calculate estimates of the shortest-path distances with respect to the
approximate lengths.

In assigning prices, however, we must ensure that the resulting net costs
remain nonnegative. We therefore require that the distance estimates are
underestimates and, in particular, that they are exact shortest-path dis-
tances with respect to smaller costs. These considerations lead us to the
following definition.

Ž .We define the 1 y e -approximate shortest-path problem to be comput-
Ž .ing distance estimates d ¨ in a graph G from given source such that:

Ž .A There is an auxiliary graph H whose node set is a subset of G’s
node set such that the estimates are exact shortest-path distances in
G j H.



PARALLEL ALGORITHM FOR SHORTEST PATHS 215

Ž .B If the distance in the original graph from one node to another is
Ž .d, the distance in G j H is between 1 y e d and d.

Ž .Thus in the 1 y e -approximate problem we are interested in getting
underestimates instead of overestimates. We now prove that the single-
source shortest-path problem is efficiently polylog-time-reducible to the

1Ž .1 y -approximate shortest-path problem. In Section 4.1, we show how2

to obtain such underestimates using the procedure FULLSEARCH.

LEMMA 4.1. Single-source directed shortest paths in an n-node graph with
nonnegatï e integral lengths and maximum shortest-path length D can be

1Ž .sol̈ ed using O log D calls to an algorithm for computing -approximate2
Ž .shortest paths in the same graph but with edge lengths less than 2n .

ŽProof. We give a recursive algorithm essentially a reformulation of
.Gabow’s algorithm and show it has recursion depth at most log D4r3

Ž .Let G be the input graph, and let ll e be an assignment of lengths to
edges. Let D be an upper bound on the distance of the farthest node from

u Ž .v u vthe source. Let d [ log D q 1 y log n y 1.
The algorithm first discards any edges with length more than D. The

Ž̂ .algorithm then assigns each edge e an approximate length ll e [
d ˆ? Ž . @ Ž . Ž .ll e r2 . That is, ll e consists of the bits of ll e in positions

log D q 1 y 1, log D q 1 y 2, . . . , d y 1.Ž . Ž .

u vThus each approximate length consists of log n bits.
Ž̂ .Next the algorithm computes single-source distance estimates d ¨ with

Ž̂ . Ž . Ž .respect to the lengths ll e . The estimates obey properties A and B in
Ž .the definition of the 1 y e -approximate shortest-path problem. If the

Ž .estimates are all zero, then by property B the exact distances are all zero.
Ž .Otherwise the algorithm defines edge lengths ll 9 u¨ by

d dˆll 9 u¨ [ ll u¨ q 2 d u y 2 d ¨ .Ž . Ž . Ž . Ž .

3? @Let D9 [ D . We show later that D9 is an upper bound on the4

distance of the farthest node from the source with respect to the lengths
Ž .ll 9 e . The algorithm then recursively computes exact shortest-path dis-

Ž .tances d9 ¨ with respect to these lengths.
Ž .Finally, the algorithm computes exact shortest-path distances d x in

the original graph by setting

d ˆd x [ d9 x q 2 d x .Ž . Ž . Ž .
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The correctness of this procedure is proved as follows. For any node x
and any path P from the source to x,

d dˆ ˆll 9 P s 2 d u q ll u¨ y 2 d ¨Ž . Ž . Ž . Ž .Ý
u¨gP

d dˆ ˆs 2 d source q ll P y 2 d xŽ . Ž . Ž .
d ˆs 0 q ll P y 2 d x . 4Ž . Ž . Ž .

It follows that the shortest source-to-x path P with respect to the original
Ž .lengths ll e corresponds to the shortest path with respect to the lengths

Ž . Ž .ll 9 e . Moreover, the distance to x with respect to the lengths ll e is just
u d Ž .v Ž .2 d x plus the distance with respect to the length ll 9 e . Thus the
distances in the original graph are computed correctly.

Ž .Next we show that the new lengths ll 9 e are nonnegative. This property
ˆŽ .derives from property A of the approximation. Let G denote the graph

Ž̂ . Ž .with edge lengths ll e . Let H be the auxiliary graph of property A . For
ˆˆ Ž .any edge u¨ , the u-to-̈ distance in G j H is clearly at most ll u¨ , so the

Ž̂ .distance estimates d x obey

ˆˆ ˆd ¨ F d u q ll u¨ .Ž . Ž . Ž .
u d Ž .v u d Ž .v Ž . Ž .It follows that 2 d ¨ F 2 d u y ll u¨ , so ll 9 ¨w G 0.

3? @Finally, we show that D9 s D is an upper bound on the distance of4
Ž .the farthest node from the source with respect to the new lengths ll 9 e .

Note that this shows the recursion depth is at most log D.4r3
For any node x, let P be a shortest path to x with respect to lengths
Ž .ll u¨ :

dll 9 P s ll e r2Ž . Ž .Ý
egP

G ll e r2d y 1Ž .Ž .Ý
egP

G ll P r2d y n.Ž .
Ž .By property B of the distance estimates,

1d̂ x G 1 y ll 9 PŽ . Ž .Ž .2

1 dG ll P r2 y nr2.Ž .2

Ž .Finally, using 4 , we obtain
d ˆll 9 P s ll P y 2 d xŽ . Ž . Ž .

1 dF ll P y ll P q 2 nr2Ž . Ž .2

1F ll P q Dr4.Ž .2
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Thus the farthest node from the source is at a distance at most Dr2 q Dr4
Ž .with respect to lengths ll 9 e .

Ž .4.1. Using the Procedure FULLSEARCH to Sol̈ e the 1 y 1r2 -Approximate
Shortest-Path Problem

We now show how our approximation algorithm can be used to get
Ž . Ž .underestimates that satisfy properties A and B . We closely follow the

outline of the algorithm of Ullman and Yannakakis. Let G be the input
graph, and let n and m denote, respectively, the number of nodes and
number of edges in G. The first two steps are as follows. Randomly select

'Ž .c q 3 n distinguished nodes, where c is a constant. Include the source
Ž .node among the distinguished nodes. Use FULLSEARCH to find 1 q e -

'approximate n log n-limited shortest paths from each distinguished node,
where e s 1r2. The following lemma is the key idea in the algorithm of
Ullman and Yannakakis.

Ž . ycLEMMA 4.2 Ullman and Yannakakis . With probability at least 1 y n ,
for e¨ery pair u, ¨ of nodes of G there is a shortest u-to-̈ path such that e¨ery

'subpath of size n log n contains a distinguished node.

Next, construct a graph H whose nodes are the distinguished nodes and
Ž .y1where there is an edge u¨ of length 1 q e d if the estimates u-to-̈

distance is d. Use matrix powering to compute all-pairs shortest paths in
H, and let H* be the complete graph in which the length of the edge u¨ is
the u-to-̈ distance in H.

We now show that distances in the union of H* with the input graph G
Ž .satisfy property B .

LEMMA 4.3. For e¨ery pair u, ¨ of nodes of G, if the u-to-̈ distance in G
Ž .is d, the u-to-̈ distance in H* j G is between 1 y e d and d.

Proof. Since every path in G is a path in H* j G, the u-to-̈ distance
in H* j G is no more than the corresponding distance in G. Conversely,
let P be a shortest u-to-̈ path in H* j G. We must show that there is a
corresponding path P0 in G whose length is not much more than that
of P.

First, obtain P9 from P by replacing each edge of H* with the
corresponding shortest path in H. Since the length of each edge of H*
equals the length of the corresponding shortest path in H, the length of
P9 equals the length of P.
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Next, obtain P0 from P9 by replacing each edge xy of H with the
shortest x-to-y path P of G. For each edge xy of H,x y

y1length xy s 1 q e ? estimated x-to-y distance in GŽ . Ž .
y1G 1 q e ? actual x-to-y distance in G.Ž .

Since we replace each such edge xy with a pair of length at most 1 q e
times the length of xy, the resulting path P0 has length at most 1 q e
times the length of the shortest u-to-̈ path P in H* j G. Let d be the
u-to-̈ distance in G. We have shown that d is at most 1 q e times the
u-to-̈ distance in H* j G; equivalently, the u-to-̈ distance in H* j G is

y1Ž . Ž .at least 1 q e d, which in turn is at least 1 y e d.

Finally, we obtain single-source distances in H* j G. To do this, we rely
on the following lemma.

LEMMA 4.4. With probability at least 1 y nyc, for any node ¨ , there is a
'shortest source-to-̈ path in H* j G that consists of at most 1 q n log n

edges.

Proof. Assume the high-probability event of Lemma 4.2 occurs, and let
P be a shortest source-to-¨ path in H* j G. Obtain P9 from P as follows:
for each maximal subpath P and P consisting solely of edges of G,i
replace P by the shortest path with the same endpoints whose existence isi
promised by Lemma 4.2. The resulting path P9 has the following structure.

'It consists of the subpaths in G of size at most n log n starting and
ending at distinguished nodes, interspersed with edges of H*, and ending

'with a subpath in G of size at most n log n. Furthermore, since P9 was
obtained by replacing shortest paths in G with shortest paths in G, the
length of P9 equals the length of P.

Obtain P0 from P9 as follows. For each subpath P in G of size at mosti'n log n starting and ending at distinguished nodes, replace P with thei
edge e of H with the same endpoints. Suppose P is a u-to-̈ path, andi i
note that since the estimated u-to-̈ distance is at most 1 q e times the

Ž .y1length of P and the length of e is defined to be 1 q e times thei i
estimated distance, the length of e is at most the length of P . Hence thei i
length of P0 is no more than the length of P9.

The structure of P0 is as follows. It consists of a subpath of edges of
'H* j H, terminating in a subpath of G of size at most n log n. Obtain

P - from P0 by replacing the subpath of edges of H* j H by the single
edge with the same endpoints. It follows that the length of P - is no more

'than the length of P - and P - consists of at most 1 q n log n edges.
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Lemma 4.4 shows that to compute single-source distances in H* j G, it
' w xis sufficient to consider paths of size at most k s 1 q n log n. Cohen 3

has observed that the following variant of Bellman]Ford correctly com-
Ž .putes shortest paths in the case. Set d ¨ [ ` for each node ¨ , except set

Ž .d source [ 0. Repeat the following step k times. For each node ¨ other
than the source, compute

d ¨ [ min d u q length u¨ : u¨ an incoming edge of ¨ .� 4Ž . Ž . Ž .

Now we analyze the preceding algorithm. Carrying out FULLSEARCH for
y 1'Ž .each distinguished node takes O e n log n log*n time and

3' 'Ž . Ž .O m n log L work. Since L F n , the work bound is O m n log n .
Constructing the graph H can be done within the same bounds. Since H

'Ž .has O n nodes, computing all-pairs shortest paths in H can be done in
1.5'Ž . Ž .O n log n time and O n log n work. Finally, using the Bellman]Ford

'Ž .variant to compute single-source shortest paths requires O n log n stages
Ž .as noted previously . Each state can be implemented in constant time with

w xhigh probability by using Megiddo’s 15 algorithm for computing mini-
mum. Therefore, the shortest paths in H* j G can be found in
' 'Ž . Ž .O n log n log*n time and O m n log n work. We therefore get the

bounds of Theorem 1.1.

5. CONCLUSION

In this paper, we have given an answer to one of the open problems
posed by Ullman and Yannakakis: ‘‘Does any of this material generalized
to the general shortest-path problem, where arcs initially have arbitrary
weight?’’ In particular, we have addressed the case of nonnegative integral
weights whose magnitudes are not too large. A more ambitious goal,
articulated by Ullman and Yannakakis, is a fast algorithm that works for

Ž w x.an arbitrary closed semiring see 1 . This remains a tantalizing open
problem.
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