Checking the Convexity of Polytopes
and the Planarity of Subdivisions*
(Extended Abstract)

O. Devillers'  G. Liotta? F. P. Preparata® R. Tamassia®

! INRIA, BP 93, 06902 Sophia Antipolis Cedex, France
odevil@sophia.inria.fr
2 Dipartimento di Informatica e Sistemistica, Universitd di Roma “La Sapienza’
via Salaria 113, 00198 Rome, Italy

liotta@dis.uniromal.it

Z

3 Center for Geometric Computing, Department. of Computer Science
Brown University, Providence, RI 02912-1910, USA

franco@cs.brown.edu rt@cs.brown.edu

Abstract. This paper studies the problem of verifying the correctness of
geometric structures. We design optimal checkers for convex polytopes in
two and higher dimensions, and for various types of planar subdivisions,
such as triangulations, Delaunay triangulations, and convex subdivisions.
Our checkers are simpler and more general than the ones previously
described in the literature. Their performance is studied also in terms of
the degree, which characterizes the arithmetic precision required.

1 Introduction

The development of checkers for geometric structures is justified by the expec-
tation that it is easier to evaluate the quality of the output than the correctness
of the algorithm producing it, and is further motivated by the increasing avail-
ability of geometric software on the Internet (see, e.g., [1]), and by the emerging
client-server distributed models of geometric computing over the Web (see, e.g.,
[2]). Mehlhorn et al. [19] identify three fundamental features of a good checker:
correctness, simplicity, and efficiency.

In this paper, we consider checkers for subdivisions in two and higher dimen-
sions. In particular, we consider two-dimensional planar subdivisions and convex
polytopes in a fixed dimension d. The subdivision to be checked can be either a
primitive structure, or a derived structure computed from a primitive one (e.g.,
the Voronoi diagram of a set of sites in the plane). More formally, we consider
checkers whose input consists of:

— a geometric graph I' (i.e., a graph with coordinates assigned to its vertices),
which is claimed to induce a subdivision S;

— an optional primitive structure P, from which S is claimed to be derived;
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— an optional certificate C', provided to facilitate the task of the checker; and
— a predicate P stating a property of S.

The task of the checker is to verify that a subdivision S induced by geometric
graph I' and satisfying predicate P does indeed exists. The checker either accepts
I, or rejects I' producing evidence that no such subdivision S exists.

Consider the following two examples:

— I' is a graph with (z,y) coordinates assigned to the vertices; P is a set of
points in the plane; C'is a circular ordering of the edges incident on each
vertex of I'; and predicate P states that S is the Voronoi diagram of P.

— I'is a graph with (z,y, z) coordinates assigned to the vertices; P and C' are
not defined; and predicate P states that S is a convex 3D polytope.

Clearly, the availability of a suitable certificate may be crucial to the efficiency
of the checker. We consider three scenarios for the type of checker available:

Arbitrary- Certificate Scenario: This is the most favorable scenario for the

checker. Namely, the checker can specify an arbitrary certificate C' to be
provided as additional input. The size |C| of the certificate should be O(|S])
if S is itself primitive, and O(|S|+ |P|) if S is derived from a primitive struc-
ture P. Also, if S is derived from P, the certificate should be computable
as a byproduct of an optimal algorithm that constructs S from P without
using additional asymptotic time or space. A checker that operates within
the Arbitrary-Certificate Scenario is called an A-checker.
Consider, for example, the problem of verifying that a polygon I' is the
convex hull S of a set P of primitive points in the plane. A useful certificate
C would consist, for each point p of P, either of a vertex of I' coincident
with p, or of a triplet a, b, ¢ of vertices of I' such that p is contained in the
triangle A(a, b, ¢). Tt has been shown that there exists an A-checker using
certificate C' for verifying that a polygon I is the convex hull S of the points
of a set P in linear time O(|G|+ | P|) (see, e.g., [21]).

Topology-Certificate Scenario: In this intermediate scenario, the checker has
available a certificate C' that describes the (claimed) topology of the sub-
division S. A checker that operates within the Topology-Certificate Scenario
is called a T-checker.

In the previous example of the planar convex-hull verification, a certificate
C for the Topology-Certificate Scenario would consist simply of the circular
sequence of the vertices of polygon I'. With this certificate, it is possible
to perform in linear time only a partial verification that polygon I' is the
convex hull S of the points of P. Namely, one can verify in time O(|G|) that
I' is a convex polygon (see Section 3). However, verifying that the points of
P that are not vertices of I' are interior to I' requires time §2(log|G|) per
point.

For the more complex problem of verifying that a 3D geometric graph I
realizes a convex polytope S, a certificate C' for the Topology-Certificate
Scenario would be a data structure that describes a planar embedding of I,



e.g., circularly-sorted adjacency lists.

No-Certificate Scenario: This is the least favorable scenario for the checker.
Namely, no certificate C' is available to the checker, which must perform the
verification using only geometric graph I'. A checker that operates within
the No-Certificate Scenario is called an N-checker.

The Arbitrary-Certificate Scenario follows the program checking paradigm
pioneered by Blum and Kannan [4]. On the negative side, it requires that the
algorithms constructing the subdivision be modified to produce the specified
certificate. On the positive side, A-checkers are often faster and simpler to im-
plement than other types of checkers, and their correctness is usually easily
established. Sullivan et al. [21] show A-checkers for planar convex hull, sorting,
and shortest path algorithms. A-checkers for d-dimensional convex hulls are also
discussed in [19].

The Topology-Certificate Scenario requires a natural type of certificate,
which many algorithms for constructing subdivisions are likely to produce by
default. Mehlhorn et al. [19] present a T-checker for certifying the convexity of
a d-dimensional polytope and mention T-checkers for several other geometric
structures, including Delaunay triangulations and Voronoi diagrams.

The No-Certificate Scenario is likely to occur in various application contexts,
such as CAD models, where 3D subdivisions are represented as “polygon soups”,
i.e., collections polygons with no topological information [11]). Also, the avail-
ability of N-checkers is important when one tries to incorporate in a program
modules developed by others, whose source code may be difficult to understand
or modify.

This paper contains a systematic study of checkers for various types of planar
subdivisions and for convex polytopes in two and higher dimensions. We advo-
cate a new requirement that good geometric checkers should satisfy, and present
simple and efficient N-checkers for several structures for which only A-checkers
and T-checkers have been so far designed. Specifically, our contributions can be
summarized as follows.

1. As an additional measure of effectiveness for a checker, we adopt the notion
of degree [5, 16, 17], which takes into account the number of bits required by
the checker to carry out error-free computations. A good checker should have
degree no higher than the problem at hand allows. We give lower bounds
on the degree of checkers for planar subdivisions and convex polytopes, and
present optimal-degree checkers.

2. We present a new T-checker for convex polytopes that is simpler than the
one given in [19]. Our T-checker works in any dimension and recursively
reduces the verification of a d-dimensional polytope to the verification of an
associated (d — 1)-dimensional polytope. Tt is optimal with respect to both
the time complexity and the degree. The design of our T-checker for convex
polytopes reveals new combinatorial and geometric properties that may be
of independent interest.

3. We present linear-time optimal degree T-checkers for triangulations, convex



subdivisions, and general planar subdivisions. Such checkers use as subrou-
tines elementary graph algorithms and do not require to test the planarity
of the underlying input graph.

4. Extending the above results on T-checkers, we present linear-time optimal
degree N-checkers for triangulations and convex subdivisions. This solves
significant special cases of an open problem mentioned by Kirkpatrick [14] on
the existence of an o(n logn) algorithm to verify the planarity of a geometric
graph.

5. As a further application, we give linear-time optimal-degree N-checkers for
Delaunay triangulations, locally minimum-weight triangulations, and De-
launay diagrams. Finally, we give a linear-time optimal-degree N-checker for
three-dimensional convex polytopes.

Near the completion of our investigations, we became aware of two ongoing
projects on the design of T-checkers for planar subdivisions, including triangula-
tions and convex subdivisions. A manual [18] describing the functionality of C++
functions that implement T-checkers for Delaunay triangulations, Voronoi dia-
grams and convex planar subdivisions is available from Mehlhorn’s Web page. A
manuscript in progress [20] contains characterizations of triangulations and con-
vex planar subdivisions similar to those of the present paper. There is therefore
an undeniable shared objective between our research and that of Mehlhorn et al.
Any minor overlaps of independently obtained results are largely offset by the
fact that our proof techniques are different from theirs, and our checkers work
also within the No-Certificate Scenario, while maintaining the same efficiency as
the T-checkers of [18, 20].

The rest of this paper is organized as follows. Preliminaries and lower bounds
on the degree of checkers are in Section 2. Our T-checker for convex polytopes
is presented in Section 3. Section 4 is devoted to T-checkers for triangulations,
convex subdivisions, and general planar subdivisions. N-checkers are studied in
Section 5. Finally, open problems are given in Section 6. Due to space limitations,
detailed proofs have been omitted in this extended abstract.

2 Preliminaries

We start with definitions for geometric graphs, ordered graphs, and planarity. We
then recall the notion of degree of geometric algorithms, introduced in [16, 17] (a
related concept is defined in [5]). Finally, we present lower bounds on the degree
of checkers for convex polytopes and planar subdivisions.

A d-dimensional geometric graph is a graph drawn with straight-line edges
in d-dimensional space, i.e., a graph whose vertices have d-dimensional coordi-
nates. In the following, we often denote with I a geometric graph, and with G
its underlying combinatorial structure. To simplify the notation and when the
context is not misleading, we may denote with G’ both the geometric graph and
its underlying combinatorial structure.

A two-dimensional geometric graph I' is planar if it has no crossing edges,
i.e., any two edges of I' intersect only at a common vertex. For every planar



graph G, there exists a planar geometric graph I' with underlying graph G,
i.e., every planar graph admits a planar straight-line drawing (see, e.g., [10]).
However, a geometric graph with an underlying planar graph is not necessarily
planar.

A planar geometric graph I' determines a planar subdivision S, i.e., a par-
tition of the plane into regions called faces. Planar subdivision S is said to be
induced by I'. A planar subdivision is convez if the boundary of each face is a
convex polygon. A planar subdivision S induced by geometric graph I is maz-
imal if there is no other planar geometric graph I'” such that I' is a subgraph
of I''. In a maximal planar subdivision, the boundary of each internal face is a
triangle, and the boundary of the external face is a convex polygon. A maximal
planar subdivision is also called a triangulation.

A graph G is ordered (or G has an ordering) if for each vertex v of G, a
circular ordering of the edges incident on v is given. The ordering of a graph
is usually denoted with ¥. A two-dimensional geometric graph I'" has a natural
ordering associated with it, called the ordering of I', given by the clockwise
circular sequence of the edges incident on each vertex. An ordering ¥ of a graph
induces a set of directed circuits, where the edge (v,w) following (u,v) in a
circuit is the successor of (u,v) in the circular ordering of the edges incident
on v. Every edge of the graph is traversed by exactly two circuits, once in each
direction.

For a geometric graph I' and its ordering ¥, we call outer circuit the cir-
cuit induced by ¥ that contains the first edge following clockwise a horizontal
rightward ray emanating from the topmost vertex of I'; and internal circuits the
remaining circuits induced by ¥. If I" is planar, then the circuits induced by ¥
are the boundaries of the faces of the subdivision S induced by I'. In particu-
lar, the outer circuit is the boundary of the external face traversed clockwise,
and the internal circuits are the boundaries of the internal faces traversed coun-
terclockwise. The ordering ¥ of an ordered graph G is planar if there exists a
planar geometric graph I' whose underlying graph is G and whose ordering is
¥. A planar ordering of G is associated with a planar (topological) embedding
of G. A graph G admits a planar ordering only if it is planar. Also, the number
of distinct planar orderings (topological embeddings) of a planar graph can be
super-exponential.

An algorithm has degree d if its test computations involve the evaluation of
multivariate polynomials of arithmetic degree at most d [16, 17]. We state two
lower bounds on the degree of the checkers that will be studied in the rest of the
paper. The proof is omitted in this extended abstract.

Theorem 1. A checker for d-dimensional convex polytopes has degree at least d.

Theorem 2. A checker for planar subdivisions has degree at least 2.

3 T-checkers for Convex Polytopes

I this section, we describe the design of a T-checker for convex polytopes in a
fixed dimension d. The input to the checker is a geometric graph I' in E?, and



a certificate describing the topology of the polytope supposedly induced by I'.

Because of its appeal to intuition, we consider the question for d < 3 (specifi-
cally for d = 3) and indicate later how to extend the result to higher dimensions.
A 3-dimensional polytope has the topology of a planar graph and, without loss
of generality, we may assume that all faces are triangles (simplicial polytope).
In addition, for each edge a condition of convexity (local convexity) must be
satisfied. Specifically for edge pi1p2 (pi = (i, ¥s, zi)), with incident facets pip2ps
and pipaps, the simplex (p1p2psps) (see Figure 1(a)) lies in the interior half-
space of each of the two hyperplanes supporting the facets. This is equivalent
to specifying that the sign of the determinant Ajz34 shown in Figure 1(b) is
positive.
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Fig. 1. (a) The simplex (p1p2pspa). (b) Determinant Ajz34.

It has been shown by Mehlhorn et al [19] that a locally convex plane-bounded
surface (without boundary) is the surface of a convex polytope if and only if any
ray from a point ¢ in E? lying on the negative side of all facets intersects the
interior of exactly one facet. Therefore if a ray intersects the interiors of more
than one facet, then the surface is not a convex polytope.

We now discuss an equivalent but simpler criterion. We will prove the validity
of our criterion by showing its equivalence to the criterion of Mehlhorn et al. We
say that an edge e of a 3-dimensional polytope I' is a seam edge if a vertical (i.e.,
parallel to the z-axis) plane by e leaves both facets incident on e in the same
closed half space and the interior of the upper facet in the open half space.

Lemma 3. If polytope I' is locally convez at each edge, then the subgraph I'' of
I' induced by the seam edges of I' is a collection of cycles.

Assume now that there is a point ¢, on the interior side of each facet, such
that a ray r from ¢ intersects the interior of more that one facet, say f1, fa,..., fs.
Without loss of generality we discuss s = 2. Consider the vertical half-plane «
containing r and the intersection of a with the surface defined by I', and let
p; be the intersection of r with f;. Points p; and py belong each to a closed
curve in « (since I' is without boundary). Starting from p; and proceeding on



this curve by increasing z we shall traverse a polygonal curve. Since this curve
is bounded, it will have a point of maximum z in the half-plane «a, denoted
u;. Analogously, if we proceed from p; by decreasing z we will reach a point
of minimum z in «, denoted b;. If u; does not belong to the vertical line by
g, then it admits a horizontal supporting in «; otherwise the angle formed by
the ascending polygonal line at u; with the vertical by ¢ is < 0. Analogously, b;
either admits a horizontal supporting plane or the angle of the polygonal line is
> 0. We conclude that traversing the subchain u;b; downwards we reach a point
s; which is the first to admit a vertical supporting plane, i.e., s; belongs to the
seam.

If we now project the seam and point ¢ on the horizontal plane, point ¢
projects to ¢’, half-plane a projects to a ray by ¢’, and each s; projects to a
point on this ray. Since intersection is preserved by projection, we conclude that
any ray from ¢’ intersects the projected seam ¢’ as many times as a ray from ¢
intersects the surface of I'.

We now show that for a locally convex polytope, the criterion of [19] trans-
lates into an analogous criterion applied to the projected seams, i.e., the pro-
jected seam edges must form a single cycle. The following lemma enables us to
reduce by one the dimensionality of the criterion.

Lemmad4. Let I' be a locally convex polytope and let o' be the collection of
polygons in the xy-plane obtained by projecting the seam edges of I' along the
z-azis. FEach cycle of o' is locally convez.

Sketch of Proof. Let |wy, wa, ws.wa4| denote the determinant whose i-th row is
[z(w;), y(wi), z(w;), 1]; |w1, we, wa| is analogously defined. Let (u1,v) and (v, uy)
be two seam edges incident on v and obviously consecutive in their cycle. If
these two edges are also consecutive around v, then facet (uq,v,uq) trivially
projects to a (locally convex) triangle. So for s > 3 let (ug,v), ..., (#4s—1,v) be the
intermediate edges clockwise around v (clockwise for an external observer). For
s=3, by the local convexity test applied to edge (u1, u3) we conclude that segment
(u1, ug) is internal to the polytope. For s > 3 the local convexity at (ug, v) yields
|ug, v, uz, u1| > 0 and the local convexity at (u4,v) yields |us, v, ug, uz| > 0. The
latter is equivalent to |usg, v, us, us| > 0. Now, for any real 0 < o < 1, we have:

OleQ, v, us, ull + (1 - OZ)|U2, v, u37u4| Z 0

i.e., |ug, v, us, auy + (1 — @)uqg| > 0, which shows that segment (uq, uq) is inter-
nal to the polytope (since any of its points is a convex combination of u; and
uq). Iterating the argument on wus, ..., us, we conclude that segment (uq,us)
is internal to the polytope, i.e., |u1, v, us, uj| > 0 for any 2,...,s — 1. We ob-
serve that |uq, v, us, uj|/|u1, v, us| is the signed distance of point u; from plane
(u1,v,us). Since u; is above this plane, |uq, v, us, u;| > 0 implies |ug, v, us| > 0
and establishes the lemma.

Therefore the previous process can be applied to ¢’ in the plane. Now the

seam (referred to as 2-seam, for 2-dimensional seam) is formed by the vertices
of ¢/ having a supporting line parallel to the y—axis. Specifically, v € ¢’ belongs



to the 2-seam if the mentioned supporting line leaves both edges incident on v
in the same closed half-plane, and the interior of the upper edge in the open
half-plane. We project all seam vertices to the z—axis and conclude that I" is a
convex polytope if and only if the latter projection consists of the boundary of
a one-dimensional convex set, that is, it consists of exactly two points.

We observe that the test for membership of an edge in the seam is a subcom-
putation of its test for local convexity. Namely, let Aq234 > 0 be the condition
for local convexity on edge (p1p2) (see Figure 2).

L B

Fig. 2. The outward normals n,4 and ns.

The outward normal ns to p1paps has z-component
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Therefore, if we evaluate Aj934 by expansion according to the z-column, we
obtain (for free) the minors required to test vertical support (sign(Aiz4) =
Sign(Algg)).

Our T-checker for 3-dimensional convex polytopes is shown in Fig. 3. The
certificate describing the topology is used in the local convexity test. We maintain
two counters L and R, and, for every vertex v of I', a pointer seam(v) to another
vertex of I'. Function seamvertex(u,v,w) tests for seam membership in two
dimensions and, depending upon whether v is not a seam vertex, is a left seam
vertex, or is a right seam vertex, it returns 0, 1, or 2, respectively. Specifically,
v is a right seam vertex either if both u and w are to its left, or if it lies above
the vertex with the same abscissa while the other vertex lies to its left. A left
seam vertex is analogously characterized.

The above approach can be generalized to higher dimensions. Let I" be a sim-
plicial polytope in d dimensions. A j-facet of I' is a simplex defined by j linearly
independent points; a conventional facet is a d-facet. Given points p1,...,p; we



L:=0; R:=0;
foreach vertex v do seam(v) := nil
foreach edge e = pg do
if e is not locally convex
then “reject”
else if e is a seam edge
then if seam(p) = nil
then seam(p) := ¢
else b := seamvertex(q, p, seam(p))
ifb=1then L :=L+1
if seam(q) = nil
then seam(q) :=p
else b := seamvertex(p, q, seam(q))

ifb=2then R:=R+1

if L=1land R=1
then “accept”
else ‘“reject”

Fig. 3. T-checker for 3-dimensional convex polytopes.

let [p1...p;] denote the j x (d + 1) matrix whose i-th row is (:c(ll), . ..,:Efil), 1);
[|p1...pj]| is the determinant of the leftmost j columns of [p;...p;].

The initial local convexity test applies to a (d — 1)-facet. Specifically, let
(d — 1)-facet F be defined by pi,...,p4—1, indexed so that ||p1...ps—1]| >
0. F is shared by two d-facets respectively defined by pi,...,p4—1,ps and
P1y- -3 Pd—1,Pd+1, for two additionally independent points p; and pgy1. We
say that F is locally convex if ||p1...pi—1pall > 0 and ||p1...pa—1PaPda+1]|| >
0. We also say that f belongs to the d-seam if ||pi...pa—1p4|| > 0 and
[|p1---Pd—1Pd+1]] < 0. A (d—1)-facet in the d-seam is easily shown to belong to
a hyperplane parallel to the z4-axis. If we project all d-seam (d — 1)-facets along
the z4-axis we obtain a (d — 1)-dimensional polytope IV, which can be shown to
inherit the property of local convexity. The seam test for I'' now involves mem-
bership of (d — 2)-facets in a (d — 1)-seam. Each (d — 1)-facet F in the d-seam
shares a (d — 2)-facet with (d — 1) adjacent (d — 1)-facets, all belonging to the
d-seam. Let F' be one such (d — 2)-facet ( for d = 3 F' is a point), which is vis-
ited twice as all d-seam facets are visited; through the obvious use of a pointer
the two sharing (d — 1)-facets are linked to each other, and F’ can be tested
for membership in the (d — 1)-seam. The process proceeds recursively until the
1-seam is reached, at which level a counter is available for incrementing when
appropriate.

The results presented in this section are summarized in the following theorem.

Theorem 5. There exists an optimal T-checker for convex polytopes in any fized
dimension d that runs in linear time and has degree d.



4 T-checkers for Planar Subdivisions

In this section we consider T-checkers for planar subdivisions that take as input a
two-dimensional geometric graph I' and the ordering ¥ of I', and verify whether
I' induces a planar subdivision satisfying a certain predicate (e.g., convex faces).

A building block of such a T-checker is an algorithm that tests whether an
ordering ¥ of a graph G is planar. A linear-time algorithm for answering the
question was given by Kirkpatrick in [14]. His algorithm considers the circuits
induced by ¥ and adds to G a new vertex v, for each induced circuit ¢ and
a new edge (v, w) for each vertex w of c. The resulting augmented graph G*
is planar if and only if the ordering ¥ is planar. Thus, the planarity of ¥ can
checked by running a planarity-testing algorithm (e.g., [13]) on G*. Besides its
theoretical interest, however, this algorithm may not be the most suited for
practical applications, since the implementation of a linear-time planarity testing
algorithm is complex and requires sophisticated data structures.

We show that there exists a much simpler solution to the problem of testing
in linear time whether an ordering ¥ of a connected graph G is planar. Our
algorithm follows from basic results in planarity theory [12]. Namely, we deter-
mine the circuits induced by ¥ and check whether their number C' is equal to
E—V+2, where V and E are the number of vertices and edges of GG, respectively.
Clearly, this takes linear time.

Lemma 6. Let I' be a two-dimensional connected geometric graph with a planar
orderingW. If I is not planar (i.e., it has crossing edges), then at least one circuit
of I induced by ¥ is not planar (i.e., it is a self-intersecting polygon).

By Lemma 6, verifying whether a connected geometric graph I" with a planar
ordering is a planar can be reduced to testing separately whether the circuits
induced by ¥ are simple (i.e., not self-intersecting) polygons. Lemma 6 also pro-
vides an alternative and shorter proof of a result of [9] (Lemma 4.5), as the
following corollary shows.

Corollary 7. Let I' be a connected two-dimensional geometric graph. If the or-
dering ¥ of I' is planar, all the internal circuits induced by ¥ are triangles, and
the outer circuit induced by ¥ is a convex polygon, then I' is planar and induces
a triangulation.

Observe, however, that Corollary 7 cannot be easily extended to other types
of planar subdivisions. For example, Figure 4 shows a triconnected geometric
graph (obtained by removing two edges from a triangulation) that has a planar
ordering but is itself not planar.

Lemma 8. A connected two-dimensional geometric graph I' with ordering ¥ is
planar and induces a triangulation if and only if: (i) ordering ¥ is planar; (ii)
all the internal circuits induced by ¥ are triangles; and (iii) the outer circuit
induced by ¥ is a convex polygon.

The input to our T-checker for triangulations is a two-dimensional geometric
graph I' with n vertices and the ordering ¥ of I'. The T-checker constructs
the circuits induced by ¥ and then performs the following sequence of 6 simple



Fig.4. A triconnected geometric graph whose ordering is planar, but which is itself
not planar.

checks. It fails as soon as one of the checks fails, and succeeds if all the checks
succeed. Checks 1 and 6 have degree 2. The other checks have degree 1.

1. Check that ¥ is the ordering of I'.

Check that ordering ¥ is planar.

Check that I' is connected.

Check that I' has no more than 3n — 6 vertices.

Check that all internal circuits induced by ¥ are triangles.

S O s W N

Check that the outer circuit induced by ¥ is a convex polygon.

Theorem 9. There exists an optimal T-checker for planar triangulations that
runs in linear time and has degree 2.

Lemma 8 can be generalized to convex planar subdivisions.

Lemma10. A two-dimensional connected geometric graph I' with ordering ¥
is planar and induces a conver planar subdivision if and only if: (i) ordering ¥
is planar; and (i) all the circuits induced by ¥ are convex polygons.

Theorem 11. There exists an optimal T-checker for conver planar subdivisions
that runs in linear time and has degree 2.

As shown in Fig. 4, there exist nonplanar geometric graphs with a planar
ordering and an underlying triconnected graph. In order to verify whether such
geometric graphs are planar, the strategy suggested by Lemma 6 is to check the
simplicity of the circuits induced by the ordering are simple polygons. Testing
the simplicity of a polygon with k vertices can be done in O(klog k) by a simple
optimal-degree sweep-line algorithm [3] or in O(k)-time as an application of the
more elaborate (and suboptimal in terms of degree) triangulation algorithm by
Chazelle [6]. This discussion can be summarized as follows.

Lemma12. A connected geometric graph I' with ordering ¥ is planar (and thus
induces a planar subdivision) if and only if: (i) ordering ¥ is planar; and (i) all
the circuits induced by ¥ are simple polygons.



Theorem 13. There exists a T-checker for planar subdivisions that runs in lin-
ear time and has degree 3. Alternatively, there exists a T-checker that runs in
O(nlogn) time and has degree 2, where n is the number of vertices.

5 N-checkers for Planar Subdivisions and Convex Poly-
topes

In this section, we present N-checkers for planar subdivisions. Our N-checkers
compute the ordering of the input geometric graph and then use one of the
T-checkers presented in Section 4.

Theorem 14. [14] Let I' be a geometric graph with n vertices such that its
underlying graph G is planar and has X(G) distinct planar orderings. There
erists an algorithm that either computes the ordering of I' in O(n + log A(G))
time or fails. If it fails, then the ordering of I' is not planar.

Lemma 15. The algorithm of Theorem 1] has degree 2.

Our N-checker for planar triangulations exploits Theorem 14, Lemma 15, and
the fact that the underlying graph G of a triangulation has A(G) = 2. Let I' be
a geometric graph with n vertices. By Theorem 14, we can compute the ordering
of I in O(n) time or else we can conclude that I'" is not a triangulation (we reach
this conclusion either when the running time of Kirkpatrick’s algorithm exceeds
O(n) or when Kirkpatrick’s algorithm fails in O(n)-time). Once the ordering of
I is computed, we apply the T-checker of Theorem 9.

Theorem 16. There exists an optimal N-checker for planar triangulations that
runs in linear time and has degree 2.

Theorem 17. There exists an N-checker for Delaunay triangulations that runs
in linear time and has degree 4.

Sketch of Proof. First, we verify that I' is planar and induces a triangulation S
using the T-checker of Theorem 16. To verify that S is a Delaunay triangulation,
it suffices to check whether for every triangle T = A(a, b, ¢) of S, the disk through
a, b, c contains any of the opposite vertices in the triangles sharing one edge with
T. Clearly, this can be done in linear time. Also, the above in-circle test can be
executed with a degree 4 algorithm (see, e.g. [16, 17]).

A locally minimum-weight triangulation is a triangulation such that for every
edge shared by two triangles A(a, b, ¢) and A(a, b, d), edge bd is the shortest di-
agonal of the quadrilateral with vertices a, b, ¢, d. Locally minimum-weight trian-
gulations have been extensively studied for their relationship to minimum-weight
triangulations (see, e.g., [15]).

Theorem 18. There exists an optimal N-checker for locally minimum-weight
triangulations that runs in linear time and has degree 2.

The optimal time complexity of the N-checkers of Theorems 16, 17, and 18
relies on the fact that A(G) = 2 for the underlying graph of a triangulation.



The next lemma, shows that for convex planar subdivisions, A(G) is simply
exponential.

Lemma19. Let G be the underlying graph of a convex planar subdivision. Then
the number A\(G) of topologically distinct planar orderings of G is O(2™), where
n is the number of vertices of G.

Sketch of Proof. The proof is based on the results of [7, 8], where planar graphs
that admit a planar straight-line drawing with convex faces are characterized.

By combining Theorem 14, Lemma 15, Lemma 19, and Theorem 11 we ob-
tain the following.

Theorem 20. There exists an optimal N-checker for conver planar subdivisions
that runs in linear time and has degree 2.

Theorem 21. There exists an N-checker for Delaunay diagrams that runs in
linear time and has degree 4.

Theorem 22. There exists an optimal N-checker for three-dimensional convex
polytopes that runs in linear time and has degree 3.

6 Open Questions

Several questions remain open. Among them, we consider especially relevant the
following.

1. Design effective T-checkers and N-checkers for other types of geomet-
ric graphs, such as Gabriel graphs, relative neighborhood graphs, and j-
skeletons graphs.

2. Design a simple T-checker for planar subdivisions that runs in linear time
and has degree 2.

3. Extend Theorem 22 on optimal N-checkers for 3-dimensional convex poly-
topes to any fixed dimension d.
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