


We then give an upper bound on the feasible values,
which also holds for the optimal value.

Lemma 2 The optimum value is at feast 0.17.

Proof Let X* be an optimal solution to (3). The
results in [4] ensure that ®878] e X* is at most the
sum of edge costs. Since we assume that the sum of
edge costs of 7 is one, it follows that L ¢ X* < 5a=.
One can easily verify that A\*

Therefore
AT 2 1+4710.s7s >0.17. []

1
LeX*41°

The following lemma upperbounds the value of any
feasible solution.

Lemma 3 For any X satisfying X > 0 and Le X =1,
each diagonal element of X is at most n.

Proof Since L = L + I/n, it follows that [ # X =
n(l — L e X). Note that L > 0 by Gersgorin’s theorem
(e.g. see §10.6 of [13]). Since also X > 0, we obtain
LeX >0,and thus X114+ Xnn = I X < n. Since
X = 0, each X;; is nonnegative. It follows that X;; < n

for every 1 <i < n.[]

We now apply the framework of Plotkin, Shmoys,
and Tardos [18). We view (5) as

min A
sit. Xiy <A forevery 1 <i<n
X e P,

(6)

where P={X:Le X =1,X = 0}.

The algorithm depends on a parameter p that Plotkin,
Shmoys, and Tardos call the width of the formulation.
The width in this case is by definition max{X;; : X € P}.
By Lemma 3, the width is at most n. Now we can de-
scribe the algorithm.

4.3 The algorithm

Let C' be the cost matrix for the given graph G. Let
¢ be the given positive precision parameter. We give
an algorithm that produces an e-optimal solution. The
algorithm starts with finding a 1-optimal initial solu-
tion (X, A). It then iteratively updates (X, ) until it
is e-optimal. In each iteration a procedure IMPROVE
is called to improve the precision of (X, A). Specif-
ically, after the k' iteration (X,\) is guaranteed to
be 2~*.optimal with high probability. The algorithm
VECTORMAXCUT(C,¢) is as follows.

1. Scale C such that the sum of edge costs is one, and
then compute L from C.

2. Let (X, A) = INITIAL(C).
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3. Let ¢ = 1.
4. While ¢ > ¢ do

(a) Let ¢ =¢€'/2.
(b) Let (X, ) = IMPROVE(X, A, € /7).

The procedure INITIAL(C) obtains an initial solu-
tion (X, ) from a greedy solution to the MAX CUT
problem. Using the greedy method by Sahni and Gon-
zalez [21], one can obtain a l-optimal solution to the
MAX CUT problem in time linear in the number of
edges. Moreover such a greedy cut has value at least
one half of the sum of edge costs. Let u be the charac-
teristic vector for the greedy solution to the MAX CUT
problem, where u; = 1 for every node ¢ on one side of
the cut, and u; = —1 for every node j on the other
side of the cut. Clearly uu” is the corresponding fea-
sible solution to (3). Let ¢ = L e (uuT). We know
%c > %, since the sum of edge costs is scaled to be one.
Hence ¢ > 2. Let the return value (X, A) of INITIAL{C)

be (447, -11). Clearly (X, )) is feasible to (5). Since
¢ > 2, XA < 1/3. Thuefore the initial solution (X, A) is
l-optimal by Lemma 2.

At the beginning of the procedure IMPROVE(X, A, €),
we assume that A/A* = 14 O(e). The solution (X', X')
output by this procedure satisfies A’/\* < 1 +¢, so our
assumption holds for the next call to the procedure,
when ¢’ has been halved.

The procedure IMPROVE uses a positive vector y de-
fined as a function of the current solution (X.A). The
procedure proceeds iteratively to update the current so-
lution. In each iteration a procedure DIRECTION(y, €)
is called to obtain a matrix solution X that with high
probability is an approximate minimizer for

(7)

The current solution is moved towards X by a small
amount o. Namely let X := (1 - 0)X + oX, and let
be the maximum diagonal element of the new .X. One
can easily verify that the new (X, A) is still feasible. Let
us define the notation (X), by

ply) = min{y1 X11 + -+ Yo Xun : X € P}

(X>y =nXn+--+ yann-

The procedure can stop when the following condition

holds.
(8) (X)y (X)y Le((X)y +Ay- f)
The procedure IMPROVE(X, Ao, €) is as follows.

1. Let A = AQ.
Let a = 1261 In(2ne~1).
Let o = ¢/(4an).

2. Repeat



(a) Let y; = e*X» forevery i = 1,...,n.
(b) Let X = DIRECTION(y,€).
(c) If condition (8) is satisfied then
Return (X, A).
else 5
Let X=(1-0)X +0X.
Let A = max{X11,..., Xnn}-

It follows from the framework of Plotkin, Shmoys,

and Tardos that the number of iterations is O (e ~?n log n).

In the next subsection, we give an implementation of
DIRECTION that takes O(e~'m) time. Thus we will ob-
tain the following lemma.

Lemma 4 The running time required by the algorithm
VECTORMAXCUT(C. €) is O(e~3mn).

4.4 The power method

It remains to describe DIRECTION(y, €), which produces
an approximate minimizer for (7) with high probabil-
ity. One can easily verify that u(y) can be achieved by
a rank-one matrix uu? € P. Therefore it suffices for
DIRECTION(y, €) to obtain a vector u such that

(uuTyy < (1 +e)u(y).

We show that it is in fact an eigenvector problem to
find a feasible matrix wu? such that (uuT), = p(y).
The eigenvector problem can be approximately solved
by a well-known numerical algorithm called the power
method (e.g. see §5.3 of [2]), which is one of the old-
est methods for computing the dominant eigenpair of a
matrix. Let L’ be a matrix defined as L{; = Li;/\/%i¥;-
One can easily verify that L' > 0. Let v be a vector de-
fined by v; = u;/./y;. Note that y is positive, so L’ and
v are both well-defined. Clearly L o (uuT) = L' o (voT)
and (uuT), = v - v. It follows that

#(y) = min{v-v: L' e (vo7) = 1}.
Therefore
1/p(y) = max{L' & (wwT):w.-w=1}.

By Rayleigh-Ritz’s theorem (e.g. see Theorem 4.2.2
of [7}) we know 1/u(y) is the maximum eigenvalue of
L’. A normalized eigenvector w in the eigenspace of
L' corresponding to 1/u(y) is a vector that maximizes
L' o (wwT) over all normalized vectors. Let v = p(y)w,
and let u be obtained by u; = v;,/y;. By the above dis-
cussion we know that uu” is a feasible solution such that
(uuT)y = p(y). Clearly if w is close to the eigenspace
of L' corresponding to 1/u(y), then the corresponding
L o (uuT) would be close to u(y). Specifically if w is
a normalized vector such that L' e (wwT) > 1/((1 +
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€)u(y)), then the corresponding uu” would be an -

optimal minimizer for (7). Therefore the problem of
finding an e-optimal minimizer for (7) is reduced to the
following problem:

Let A be the maximum eigenvalue of a pos-
itive semidefinite matrix A. Find a normal-
ized vector z such that Ae(zzT) > (1+¢)7 1A

For the rest of the section we focus on adapting the
power method to solve the above problem.

We first describe the power method as follows. The
method consists of a series of k iterations, where & is a
parameter to be determined. Each iteration consists of
a matrix-vector multiplication. In particular, initialize
by choosing a random normalized vector zg, and then
compute z(xy = A¥z(0)/||A*2(0)||, using the recurrence
z(it1) = Az /|| Az ;-

Now we analyze the algorithm. Since A > 0, it has n
orthonormal eigenvectors W(1)y -y Win). Let Ay,ooiyAp
be the corresponding eigenvectors, and suppose they
are indexed so that Ay > --- > A, > 0. It is known

that A can be written as /\lw(l)w(Tl) + .- -+/\nw(n)wa).
Since {w(1), ..., w(n)} are orthonormal, every arbitrary

normalized vector z can be written as ayw(yy + -+
QnW(n), Where a}+---+ a2 = 1. Note that

Akw = z a,-/\fw(,')
1<in
||Akx"2 = Z afAZ
1<i<n

for any k > 0. It is not hard to see that as k grows
larger, z(x) gets closer to u(;). The following lemma
gives an upper on the k that is required for z(4) to be a
normalized vector z such that A e(zz”) > (1+¢)71A;.

Lemma 5 Let x4 be as defined above. Suppose a; >
0. If k > e 'ln(e~'a7?), then Ao (x(k)xa)) > 1+
6)_1/\1.

Proof Assume Ae (z(k)mﬁ)) < A1/(1 +¢€). We show
k < e ln(e~la7?). Note that

2\ 2k+1
2 o

<ikn
Ae (13 K xT ) — .1_:_.—____.—
(R)L (k) Z a?/\fk
1<1<n

It follows from the assumption that
(L+¢) Z a?)\?k“ <\ Z ar?/\?k.
1<i<n 1<iLn

Let &; = Ay — (1 + €)\; for every 2 < i < n. The
above inequality can be rewritten as follows by moving



the first terms of both summations to the left, and the
remaining terms to the right.

(9) ealrFtl < E arZk6;.

2<i<n

Clearly §; < --- < 4,,. If 4, were less than or equal
to zero, then the RHS of (9) would be less than or equal
to zero, which contradicts the fact that the LHS of (9)
is nonnegative. Therefore we know 4, > 0. Let ¢ be the
smallest index such that &, > 0. It follows that

Z )k,

ealAkH1 <

t<i<n

S Z a?/\?kz\l
t<ikn

< AE.

Therefore ea%(/\l//\t)zk < 1. Since 6; > 0, we know
that A /A > (14 ¢€). Thus ea?(1 + €)% < 1. Since
In{l +¢€) > ¢/2 for any 0 < € < 1, it follows that k <

e tin(e~ta7?). [

Since the number of iterations required by the power
method is determined by the a? of (o), it suffices to
show how to choose the initial vector z such that its a?
is sufficiently large. It turns out that randomly choosing
z(o) uniformly from the surface of the n-dimensional
unit sphere is sufficient. Note that the a; of z is exactly
z-w(y), the projection of  on wy;). The following lemma
lowerbounds the probability that a? > O(n=¢"!) for
any ¢ > 0.

Lemma 6 Suppose n > 2. Let z’ be a fixed normal-
ized vector in n-dimensional space. Let r be a random
vector that is uniformly distributed on the surface of the
n-dimensional unit sphere. Then the probability that (z -
z')? < =Lt is at most n™° for any ¢ > 0.

Proof Let a = 5=Lir. Clearly Pr((z - 2')? > a?) =
Pr(|z - 2’| > a). We show Pr(|z - z'| < a) < n~°.

Let 6 = arccosa. It is known by multivariable anal-
ysis (e.g. see §60 of [19]) that

w/2

Pr(jz - y| < a) sin" 20 do

it
Wl — ] —
i oo

< ( '—é))

m/2
where S = / sin®~20df. Note that § < 2siné, for
0

any 6 < 3. It follows that 7 — b < 2sin(§ — 6) =

2cosf = 2a = n=°~1, Therefore it suffices to show that
s> 1.
Zn
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It is known (e.g. see (131) of §60 in [19]) that

r(25L + 1)na"/2
2(n — 1)x(n=1/2T(2 + 1)

S =

for any n > 2. Therefore

s> 1@ _1
“E+0) n

O

A uniformly distributed random vector z on the sur-
face of the n-dimensional unit sphere can be obtained by
randomly generating n values z;,...,z, independently
from the standard normal distribution, and then nor-
malizing the resulting vector (e.g. see page 130 of [11].)
The standard normal distribution can be simulated us-
ing the uniform distribution between 0 and 1 (e.g. see
page 117 of [11].) Let z = z(x), where k = [1 In(25)].
It follows from Lemma 5 and Lemma 6 that Ae (zx%) >
(1+€)~'A; holds with probability at least 1—~n~°. Since
each iteration of the vower method involves a matrix-
vector multiplication, which takes time O(m), the run-
ning time of DIRECTION(y, €) is O(me~!1lnn).

5 VECTOR COLORING

In this section we show how to obtain an O(¢)-optimal
solution to (4), which we restate here for convenience.

min A

s.t. X;=1 forevery1<i<n
Xij <A for every edge ij of G
X=0.

(10)

In order to put the problem into the framework of
Plotkin, Shmoys, and Tardos [18], we can reformulate
this program as follows,

max 7y
s.b. X, > for every edge ij of G
X eP,

where P/ = {X': X/;=—-1,-X' > 0}. Let P = —P'.
Like P, P’ is a convex body. The framework of [18]
requires that we optimize over P’. Equivalently, we can
optimize over P.

5.1 Definitions

In this section, we say a matrix X is feasible if X €
P. We say (X, ) is feasible if X is feasible and every
component X;; of X, where ij is an edge of G, is at
most A.



A matrix Y is a cost matriz for G if Y is a nonneg-
ative matrix such that Y;; = 0 for every i that is not
an edge of G. Let

p(Y)=min{Y e X : X € P}.

Since [ is feasible and Y ¢ I = 0, we know that p(Y) <
0.

5.2 Bounding the values

The following lemma bound the value of any feasible
solution, including the value of an optimal solution.

Lemma 7 Let (X, A) be a feasible solution. Then A < 1.

Proof By the feasibility of (X, ) we know X > 0,
which implies that «” Xu > 0 for any vector u. If X;; >
1 for some edge ij of G, then uT Xu < 0, where u is
defined by

1 fk=1
ug = -1 ifk=j
0 otherwise.

The lemma thus follows. []

5.3 The algorithm

We give an algorithm that produces an ¢-optimal solu-
tion. The algorithm starts with finding an initial solu-
tion (X, A). It then iteratively updates (X, A) until it
is e-optimal. In each iteration a procedure IMPROVEC
is called to improve the precision of (X,A). Specifi-
cally each call to IMPROVEC either reduces the value
of the current solution by a factor of two or yields a
solution that is near-optimal with respect to the pre-
cision parameter given to IMPROVEC. The algorithm
VECTORCOLORING(G, €) is as follows.

1. Let (X, A) = INITIALC(G).
Let ¢ = 2.

2. While ¢ > ¢ do

(a) Let ¢ = €'/2.
(b) While (X, A) is not ¢-optimal do
Let (X, A) = IMPROVEC(X, A, §).

The procedure INITIALC(G) obtains an initial solu-
tion (X, A) as follows:

1 fi=y
Xi; =< —+ ifij is an edge of G
0 otherwise.

Clearly X = 0 (e.g. see the GerSgorin’s theorem in
§10.6 of [13]), and thus the initial solution (X, ~2X) is
feasible.

At the beginning of the procedure IMPROVEC(X, A, €},
we assume that A* /X = 1+ O(e). The solution (X', X)
output by this procedure satisfies A*/X < 1 +¢, so out
assumption holds for the next call to the procedure,
when ¢’ has been halved.

The procedure IMPROVEC uses a nonnegative ma-
trix Y defined as a function of the current solution
(X,A). The procedure proceeds iteratively to update
the current solution. A procedure DIRECTIONC(Y,¢) is
called in each iteration to obtain a matrix X that with
high probability is an approximate minimizer for

(11) p(Y) =min{Y ¢ X : X € P}.

The current solution is moved towards X by a small
amount 0. Namely let X = (1 — o)X + oX, and let
A be the new maximum X;; over all ij that are edges
of G. One can easily verify that the new (X, A) is still
feasible. The procedure can stop when the following
condition holds.

(12) (X)y — <X>y S e((X)y + Ay 0
The procedure IMPROVEC(X, Ao, €) is as follows.

1. Let A = Aq.
Let a = 4e~*)\; ' In(4n2e™1).
Let o = ¢/(4c).

2. Repeat

(a) Let Y;; = e*X+ for every edge ij of G.
(b) Let X = DIRECTIONC(Y¢).
(c) If A < Ao/2 or (12) is satisfied then

Return (X, A).

else _
Let X = (1-0)X +0X.
Let A be
max{X,; : ij is an edge of G}.

By Lemma 7 we know the width of (10) is one. It
follows from the framework of [18] that the number of
iterations is O(¢~%logn). Suppose G is k-colorable. It
follows from Lemma 9 that DIRECTIONC can be imple-
mented as VECTORMAXCUT(Y, &), which takes time

O(e=3k3nlogn). Therefore we obtain the following lemma.

Lemma 8 The running time required by the algorithm
VECTORCOLORING (G, €) is O(e~3mn).

Lemma 9 Suppose G is k-colorable, where k > 2. Sup-
posee < 1. Let (X, ;\) an F-optimal solution to the graph
MAX CUT problem corresponding to the cost matrix Y.
Then X is an e-optimal minimizer for (11).
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Proof Let (X, ) be an optimal solution to the VEC-
TOR COLORING problem (10). Since G is k-colorable,
it follows from the results in (9] that A < 3% < —¢-
By the feasibility of (X, A} we know that

(13) Yong—*%YoJ.

Let X* be an optimalsolution to the VECTOR MAX-
CUT problem (3) corresponding to the cost matrix Y.
Clearly u(Y) =Y o X*. Since X is also feasible for (3),
it follows from Lemma 1 that

(14) =Y e X* > ~-Y o X.

By the assumption we know

€

Ye(J—-X)> (1+-3—k)“Yo(J—X*),
and thus
€ = € .
—(l+§-£)YoX > —-ﬁYoJ—YoX
2 —(l—g)YOX',

using (13) and (14).
3
€

-
O

Since € < 1, we know _that (1 —
J(1+ 5)"" > (1 +¢)~L. Therefore ~Y X > —(1 +
'Y e X*. The lemma follows because ¥ e X* = pu(Y').
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