


Now suppose @ > 2. First consider the Bordvka steps
executed in Step 1 of FINDFOREST. These steps designate
some MSF edges as in-edges. preserving the soundness con-
ditions.

Next consider the graph G’ obtained from G in Step 2.
Since G’ is a subgraph of G’, every MSF edge of G that
appears in G’ is also an MSF edge of G'. The in-edges of
G’ are precisely the in-edges of G, which are MSE edges
of G by the in-edge soundness of . Thus the in-edges of
G are MSF edges of G’, so in-edge soundness holds for G'.
Out-edge socundness trivially holds for ¢’ since G’ has no
out-edges.

Next consider G' after the call FINDFOREST(G',1 — 1).
By the inductive hypothesis, G’ satisfies completeness and
soundness.

Next in Step 4 there is a call FILTER(G. G), designating
some of the edges of G as out-edges. By the correctness con-
dition of FILTER, these edges satisfv the out-edge soundness
condition.

We have seen that at the beginning of Step 5, G satis-
fies the soundness conditions. By the induction hypothesis,
therefore, after the call FINDFOREST(G, i — 1) in that step,
G satisfies completeness and soundness.

3.2 Bounds on graph parameters

Now we consider the resource requirements of FiNpDFor-
EST. The first step in the analysis is to prove bounds on the
number of neutral edges and the number of in-edge trees in
graphs arising at different levels of recursion. Consider a
call FINDFOREST(G, 1). We claim that the number of active
in-edge trees in G is at most m/(log!*’ m)* and the expected
number of neutral edges in ¢ is at most m/(logt" m)®. The
claim 1s trivially true for the initial call, since for that call
1 = log*m, so logt) = 1. We show that an invocation
FINDFOREST(G, 1} preserves the truth of the claim in its re-
cursive invocations. Each Boriivka step in Step 1 reduces
by a constant factor the expected number of active in-edge
trees in G. Since Step 1 performs O(log[(log"* ™% m)®]) such
steps, by choice of the constant hidden by the big Oh, the
expected number of trees after the step is at most the num-
ber before the step divided by 2(log!*~!) m}®, which in turn
is certainly at most m/{(log*™" m)¢. Now we consider the
number of edges.

The neutral edges of G’ are obtained from the neutral
edges of G by sampling with probability p = 1/(log!*~% m)®.
Thus the expected number of neutral edges in G’ is p times
the number of neutral edges in G. The number of edges in
G is certainly at most m, so the expected number of neutral
edges in G’ is at most pm, which is m/(logt* ™1 m)®. Thus
the recursive call in Step 3 satisfies the claim.

Next we consider the recursive call in Step 5. We use
a bound on the number of edges not designated out-edges
in Step 4. The following lemma is a generalization of the
lemma at the heart of the analysis of a linear-time random-
ized sequential algorithm for minimum spanning trees [19].

Lemma 2 Let n be the number of in-edge trees in G. After
the call FILTER(G, G'), the expected number of neutral edges
i G is at most 2n/p.

Since n < m/2(log"" ™ m)* and p = 1/(log""™" m)?, we
infer that the expected number of neutral edges in G after
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Step 4 is at most m/(log m)®~®, which in turn is at most

m/(log" ™) m)® since a > 2.

3.3 Analysis of resource requirements of FINDFOREST

The depth of the recursion is log* m Hence the number of
invocations is 2'°6” 7. In each invocation the dominant step
is the call to FILTER. We show later that the time required
by FILTER is O(log m log log log m/ loglog m). and the work

is linear. Thus the total time is O(2!°5” ™ log m log log log m / log log m

which is o(log m).

Now we bound the work done. For each invocation, the
work done is linear in the number of neutral edges. Hence
at each level of recursion (each value of ¢), the work done
is linear in the number of neutral edges in graphs G that
appear as arguinents to invocations at that level. There is
one top-level call, two calls at the next level, four at the
next, and so on. Using the expected bounds on the sizes
of graphs that were derived in the previous subsection, we
infer that the total expected work is ) 2'0(m/(log*) m)®,
which is linear.

4 The subprocedure BAaseCase

We describe the subprocedure BaSECASE(G) used in Step
0 of FINDFOREST for the base case of the recursion. In this
case, it is assumed of the graph G that the number of trees
in the forest of in-edges is small compared to the number of
vertices in the original graph, and that the number of neu-
tral edges is small compared to the number of edges in the
original graph. Hence we can afford to use a fairly inefficient
algorithm for this case.

The subprocedure also constructs an auxiliary graph,
used by the subprocedure FILTER, consisting of a path Pr
for each tree T of edges that are in-edges at the beginning
of the call. Each such path is called the trunk of T

Let (3 be the graph obtained from G by contracting all
the in-edges. As mentioned in Subsection 2.1, the algorithm
keeps track of the components of in-edges and the edges
between them, so the contraction step is trivial. Fach tree
T of in-edges is contracted to a vertex v in G, called the
target of T. For each such vertex, we calculate an k-min
tree Ty of v. (If v's i*" min edge is an out-edge, we let Ty
be the (+ — 1)-min tree of v.) Finally, for each edge in such
a tree T,, we designate the corresponding edge in G as an
in-edge.

To find the trees T, we proceed as follows. Replace each
edge zy of G with two oppositely directed arcs, z — y and
y — x. Next, for each vertex z determine the k cheapest
outgoing arcs ¢ — y. Let (G be the graph consisting of the
union over all vertices z of the k cheapest outgoing arcs of z.
Next, for each vertex v we execute the following variant of
Prim’s algorithm. Initialize the set S, to {v}. Initialize the
trunk to consist only of the vertex v. Repeat the following
step k times: find the cheapest arc ¢ — y outgoing from
S,. Append it to the end of the trunk. If it is an out-edge,
halt. Otherwise, designate the corresponding edge zy as
belonging to Ty, insert y into Sy, and repeat.

Since S, never contains more than k + 1 vertices and
each vertex has at most k outgoing arcs, the minimum can

be found in O(k?) time. Thus the above loop takes O(k?)
time using one processor per vertex of G.



Lemma 3 BaseCasE(G) satisfies its correctness condition.

Proof sketch: We assume that G satisfies in-edge and out-
edge soundness before the call to BAsECase. By in-edge
soundness, the in-edges of G belong to the MSF. It follows
that the MSF of ¢ is contained in the MSF of G. Each
edge designated as an in-edge by the procedure belongs to
the MSF of G and hence of G. Thus in-edge soundness is
preserved. By out-edge soundness of G before the call, for
every vertex v, the k-min tree of v is contained among the
in-edges and neutral edges of G before the call. Let w be
the vertex into which v is coalesced by the contractions It
1s straightforward to show that each edge of v’s k-min tree
that is neutral before the call belongs to T, and is therefore
designated an in-edge. Thus the call achieves soundness. O

5 The FILTER subprocedure

The goal of FILTER(G, G') is to identify edges in G that
are not needed for completeness and can therefore be des-
ignated as out-edges without violating out-edge soundness.
To facilitate this task, the subprocedure uses the forest of
in-edges selected in the sample graph G’ during the re-
cursive call FINDFOREST(G',7 + 1) in Step 3. More pre-
cisely, FILTER uses the trunks constructed during the call
to BASECASE(G') and a forest, called the merge forest, de-
scribed in the next subsection, that is constructed during
the Bortivka steps. We refer to the nodes of the trunks and
the merge forest to distinguish them from the vertices of the
graphs.

5.1 The merge forest

We define a rooted forest M, called the merge forest, that
captures the effect of the Borlivka steps performed during
a call to FINDFOREST. This structure resembles closely the
Boriivka tree defined and used by King [21] for verification of
minimum spanning trees. (The differences reflect our mod-
ification of the Borivka step.)

‘The nodes of M correspond to in-edge trees in the graph,
and we use ¢ to denote the mapping from in-edge trees to
nodes of M. For each in-edge tree T arising during a call to
FINDFOREST, there is a node ¢(7'). If during a Borivka step
some in-edge trees 11, 73,..., Tt are merged to form a tree T
because some edges between them are designated in-edges,
then ¢(11),...,4(Tt) are the children of ¢(T) in the merge
forest M. For : = 1,....¢, if the new in-edge e incident
to 7. is the cheapest edge incident to 7, then the edge in
M from ¢(T,) to its parent ¢(7') is assigned the cost of ¢;
otherwise the edge in A/ is assigned cost negative infinity.
Construction of the merge forest can be incorporated into
the implementation of Borfivka steps.

Note that the depth of the merge forest for a graph
is bounded by the number of Boriivka steps executed on
that graph. The number of Borivka steps at level i is
O(log[(log"*~* m)?]), which is O(log!*) m), so the total num-
ber of Borivka steps executed on a graph is

O(log(e’) m -+ log(4) m+.-)

which is O(log!®! m).
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Figure 1: A filtering tree is obtained by attaching a stem to
a tree of the merge forest.

5.2 The Filtering Forest

The subprocedure FILTER(G, G’) builds a structure from the
merge forest Al and trunks resulting from the recursive call
FINDFOREST(G',z + 1) in Step 3. For each rooted tree 7" in
the merge forest, the filtering structure contains the rooted
tree obtained from T by attaching the first node of a trunk
P to the root of . The trunk P used is the trunk associated
with the in-edge tree corresponding to the root of 7. We call
the resulting tree a filtering tree, and the collection of these
trees is called the filtering forest.

We define a kind of least-common ancestor for the filter-
ing forest. Let Fy be the forest of in-edges before the call
FINDFOREST(G',1 + 1) in Step 3, and let F be the forest
after the call. For a vertex v of G, let Fy(v) denote the tree
of Fo that contains v, and similarly define F(v). Let P(v)
denote the trunk whose first node is the target® of F(v).

For vertices » and w of G', we define ancy(w) accord-
ing to the following three cases (depicted in Figure 5.2).
If F(w) = F(v) then ¢(Fo(v)) and ¢(Fo(w)) are nodes of
the same rooted tree of the merge forest Af. In this case,
anc,(w) is defined to be the least common ancestor of these
two nodes. Assume F(w) # F(v). Suppose that the tar-
get of I'(w) appears as a node in the trunk P(v). In this
case, anc,(w) is defined to be that node. Finally, suppose
that the target of F'(w) does not appear in the trunk P(v).
In this case, anc,(w) is the last node of the trunk attached
to M(v), i.e. the root of the corresponding filtering tree.
Note that in each of the tree cases, anc,(w) is a ancestor of
#(Fo(v)) in the filtering forest.

Define c,(w) to be the maximum cost of an edge on the
path in the filtering forest from ¢(F5(v)) to ancy(w).

Lemma 4 Suppose that after the call FINDFOREST(G, i+1)
in Step 3, G' satisfies soundness and completeness. Let vw
be an edge of G. If the cost of vw exceeds max cy(w), cy(v)
then vw is not in the k-min tree of any node in G.

The procedure FILTER designates as out-edges all those
edges of G that satisfy the condition of Lemma 4.

2 That 18, the result of contraction in BASECASE See Section 4.
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Figure 2: The three cases in the definition of anc,(w). In
the first case, v and w map to nodes of the same merge
tree. In the second case, w maps to a node on the trunk of
the merge tree containing v. In the third case, w does not
appear on either v’s merge tree or on the attached trunk.
combined tree is obtained by attaching a stem to a tree of
the merge forest.
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5.3 Efficient implementation of FILTER

We describe how to efficiently identify all edges vw that
by Lemma 4 can be designated as out-edges. First process
the filtering forest so that anc.{w) can be determined in
constant time for any vertices v and w

5.3.1 Structures for calculating anc,(w)

This step consists in processing the trunks and processing
the merge forest. For each trunk, build a perfect hash table
of the nodes comprising it. This can be done in time pro-
portional to the size of the trunk. (This step can be done
once during BASECASE(G').)

For the merge forest, build aleast-common ancestor struc-
ture [14, 27] for M so that, given a pair of nodes r and y,
the least common ancestor of r and y in M can be deter-
mined in constant time. We use the structure proposed by
Schieber and Vishkin, but to construct it we use an algo-
rithm whose running time depends on the height D of M.
It is straightforward to adapt their algorithm to run in time
O(Dlog n/loglogn) and work O(n), where n is the size of
3. The main difficulty in the Schieber/Vishkin algorithm
is to number the vertices in left to right order. but this can
be done by means of a sweep up the trees to compute the
size of the subtree of each node, followed by a sweep down
to calculate the numbering. Each step in the up-sweep is a
parallel prefix-sums computation.

Once these structures have been built. one can find anc,{w)
in constant time. If F/{(v) = F(w) then use the least-common-
ancestor structure for the merge forest. If F(v) # F(w)
then use the hash table associated with the trunk P(v) to
determine 1f the target of F(w) occurs in P(v). If so. that
occurrence is anc, (w) I[f not. then anc.(w) is the last node

of P(v).

5.3.2 Processing the lengths on trunk edges

Next, build a table for each of the trunks by traversing its
edges, first to last. For the o th edge, record the maximum
cost among edges 1 through :. This step takes time propor-
tional to the size of the trunk. (This step can also be done
during BaseCase(G').)

5.3.3 Determining costs on leaf-to-root paths of the merge
forest

Next, build a table for each node of the merge forest by
scanning down the merge forest starting at the roots. For
each node, record the maximum cost on the path from the
root to that node.

5.3.4 Determining ¢.(w): the easy case

For each edge vw, if anc,(w) belongs to P(v) then c,(w),
the maximum cost on the path from ¢{Fo(v)) to anc,{w).
can be determined in constant time by consulting the table
for the merge forest and the table for the trunk P(v).

5.3.5 Determining c,(w): the hard case

Use a parallel version of King’s algorithm [21] to determine
c(w) for each edge vw in G such that ¢(Fo(v)) and ¢{Fo(w))
occur in the same tree of the merge forest. King’s algorithm
consists primarily of scanning down the forest, assigning la-
bels to the nodes. The time per node is O(loglog n). At each



level, the work needs to be rebalanced among the processors
but this can be done in Ofloglog n) time using standard
techniques. The total time is thus O(D loglog n), where D
is the depth of the merge forest. The total work is linear
in the number of edges that need to be checked, which is
bounded by the number of neutral edges of G.

5.3.6 Designating out-edges

Finally, designate edges vw of G as out-edges in accordance
with Lemma 4: if the cost of vw exceeds c¢.(w) and cy(v)
then vw is designated an out-edge. To maintain the rep-
resentation of out-edges, calculate for each in-edge tree the
cost of the cheapest incident out-edge. This can be done in
O(log log n) time and linear work using the minimum-finding
algorithm of Shiloach and Vishkin [28].

5.3.7 Resource requirements

The most time-consuming step is constructing the least-
common ancestor structure. This takes time O(D log n/ log log n)
and O(n) work, where n is the size of the merge forest M,
and D is its depth. We showed that D = O(log!® m), and of
course n is the number of in-edge trees in G’ before the recur-

sive call FINDFOREST(G', i+ 1) in Step 3. The total time for
FILTER(G, G') is therefore O(log n log log log m /log log n). The
work is O(n + m), where m is the number of neutral edges.

6 The Phase Il Algorithm

The Phase II algorithm, FiNisSHUP(G), is much simpler. It
invokes a recursive procedure that resembles FINDFOREST;
however, each recursive call finds a minimum spanning for-
est. Edges can therefore be simply deleted instead of being
designated out-edges. Furthermore, the recursion depth is
constant. Here is the procedure FINISHUP(G):

Step 0: Let G’ be obtained from G by including each edge
of G independently with probability p = 1/\/%, where
k is as specified in the top-level algorithm.

Step 1: Call Basic(G/, 3) to obtain the MSF of G'.

Step 2: Use the minimum spanning forest of G’ to deter-
mine some edges of G that do not belong to the MSF
of G, and delete these edges from G.

Step 3: Call Basic(G, 3) to find the MSF of G.

The choice of edges to delete in Step 2 is based on a simpler
condition than that used in FILTER. For an edge vw of G, if
there is a path in the MSF of G’ that connects v to w, and
every edge on this path is cheaper than vw, then vw does
not belong to the MSF of G. Dixon, Rauch, and Tarjan [7]
have given a parallel algorithm to implement this check for
all edges of G in logarithmic time and linear work.

As in the main algorithm, we let m denote the number of
edges in the original input graph Go. Then at the beginning
of FINISHUP(G), the graph G certainly has at most m edges,
so the expected number of edges in the graph G’ is mp, which
is m/vk. Tt follows from the main lemma of [19] that the
expected number of edges in G after the deletions in Step 3
is at most n/p, where n is the number of vertices in G. As
we showed in Section 3, n < m/k, so the number of edges

in G after the deletions is at most m/V/%.
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Now we give the recursive procedure Basic(@,i). We

assume that on entry the expected number of neutral edges
in G is O(m/log'*) m). This holds for the call Basic(G.3)
in Step 3 of FinisHUp. We show in the procedure that
consequently this invariant holds for recursive invocations
as well.

Step 0; Perform ©{log!") m) Borivka steps. The re-
sulting graph has expected O(m/(log""™!' m)?)
in-edge trees. If 1+ = 1 then the in-edges selected
comprise the MSF of G return in this case.

Step 1: Obtain G’ from G by randomly including
each edge independently with probability p =
1/log(’“1)m. The sample graph has expected
O(m/log!* ="' m) edges.

Step 2: Recursively call Basic(G',i—1) to designate
as in-edges all the remaining MSF edges of G'.

Step 3: Asin Step 2 of FINISHUP, use the MSF of G’
to determine which edges of G to delete. This
takes O(log m) time and expected O(m/ log['I m)
work. By the main lemma of [19], the ex-
pected number of remaining edges is the num-
ber of in-edge trees times 1/p. This product is
O(m/log*= m).

Step 4: Recursively call Basic(G, i — 1) to designate
as in-edges all the remaining MSF edges of G. of
G.

The work done by this procedure is linear in each invocation.
The time required is logarithmic. The number of recursive
invocations resulting from the top-level call Basic(G, 3} in
Step 3 of FINISHUP is seven. Thus the total time is loga-
rithmic and the work is linear.
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