
any finite number of senders. Our current work is

motivated by their lower bound showing that long

delays are inevitable in backoff-style protocols: they

showed that the delay of any stable exponential or

polynomial backoff protocol is at least polynomial in

the total number of contenders. An important feature

of the analyses in [1] and [5] is that they are exact: no

unproven assumptions are made about the indepen-

dence of the state of the system from one time step

to the next, or between senders (many analyses in the

queuing-theory literature do make such assumptions).

1.30 Our results

We follow the lead of [1, 5] here and make no such

unproven assumptions, assuming only that the gen-

eration of packets is independent between time-steps

and senders. Even for this case, complex depen-

dencies arise between the transmissions at different

senders and time-steps. We focus on protocols with

short packet delay. We first consider the case m = 1.

Our main result (Theorem 1) is a protocol that ensures

delay logarithmic inn, provided the arrival rate is no

more than a fixed constant A’. To our knowledge, this

is the first protocol with sub-linear delay (under an

exact analysis) that is stable for a constant injection

rate. Turning to the case m > 1, we present a pro-

tocol that achieves logarithmic delay provided that

arrival rate at each sender and for each receiver is at

most a fixed constant A’ (Theorem 2). Our protocol

may have fl(log n) delay even if the injection rate

happens to be very small (say, o(l)). In the fill paper

we show that by combining our protocol with a poly-

nomial backoff protocol one can achieve O (log n)

delay for a constant injection rate and smaller delay

for a smaller injection rate. Finally, we show (Theo-

rem 3) that if every sender uses a class of protocols

including backoff protocols. there is a fixed constant

,10<1 such that if A > AO.the delay must be f?(n).

Thus, in this class ofprotocols one cannot achieve fill

throughput and small delay simultaneously (whereas

full throughput alone can be achieved by the polyno-

mial backoff protocol that belongs to the class [5]).

2. Multiple Access to One Channel

In this section we consider the case m = 1. We

show that there exists a positive constant A. and a

contention resolution protocol that is stable for any

O < A s ~0, with delay O(log n).

Each sender in our protocol (Figure 1) has a &ans-

mission buffer of size O (log n), and a queue. Packets

awaiting transmission are stored either in the buffer

or in the queue. Throughout the execution of the

protocol a sender is in one of two states: a normal

state, or a reset state. Note that in the protocol. a

transmission attempt may fail due to collision. The

constants a and p used in the protocol are fixed in the

proof of Theorem 1 below.

Relation to practical protocols: The use of the

queue and especially the reset state may appear to

be somewhat artificial. We use these devices to

cater to catastrophic events (e.g.. every sender gener-

ates a packet in every one of nl” consecutive steps)

that occur with extremely low but positive probabil-

ities. In practice, such catastrophic events are han-

dled by dropping packets: some packets are perma-

nently erased from the system during such rare events.

Rather than drop packets we invoke the emergency

mechanism involving the queues and the reset state.

while proving that the chance of resorting to these

measures is extremely small.

Theorem 1: There is a~xedconstant A. >0, such

that-for any A < A. the aboveprotocol is stable. and

the expected delay of each packet is O (log n).

Proofi Consider the n-vector of non-negative in-

tegers whose ith component is the number of packets

in the buffer of the ith sender. This vector defines

a finite positive recurrent aperiodic Markov chain,

which thus has a stationary distribution. Let X~ be a

random variable counting the total number of pack-

ets. at time -t, in all the buffers. By the condition

tested in Step 3 of the protocol for the normal state,

clearly Xt < 2an log n + n for all t.
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Count .atter@s(s) keeps a count of the number of timess tried to transmit a packet from its buffer in

the 4pn log n most recent steps.

Fadtwe-counts(s) stores the failure rates in transmission attempts of packets from the buffer ofs in

the 4pn log n most recent steps.

Random_number is a function that returns a random number uniformly chosen in the range [(), 1],

independent of the outcomes of previous calls to the function.

While in the normal state repeat:

1. Place new packets in the buffer.

2. Let X denote the number of packets in the buffer.

If Random_number < X/8cY log n then

(a) Try to transmit a random packet from the buffer.

(b) Update Count_attempts(s) and Count_jailu~e(s).

Else

If Randorn_number ~ l/n2 then transmit the packet at the head of the queue.

3. If (Count_attempt(s) > p log n and I’ailurexount(s) > 5/8), or If (X > 2cYlog n) then

(a) Move all packets in the buffer to the end of the queue.

(b) Switch to the reset state for 4pn2 log n steps.

While in the reset state repeat:

1. Append any new packets to the queue.

2. If Random_number < l/n2 then transmit the packet at the head of the queue.

Figure 1: Communication Protocol for Senders.

Lemma 1: 1. Under the stationary distribution, to the reset state with high probability (and stays in

Pr[Xt > 2alog n] s l/nlO.

2. Let T = 4pn2 log n + v log n (The con-

stant ~ is jlxed in the proof of Claiin 2). For

any value x < 2wn log n + n assumed by Xt_T,

pr[x~ > 2~logn [ Xt_T = ~] < l/nlO.

Proofi Clearly it suffices to prove (2) since it im-

plies (l).

Claim 1: If X%-T > 6a log n, then with probabil-

ity 1 – n-n there isastep’rl E [t – T,t – ~logn],

such that X,, < 6CYlog n.

Proofi We show that as long as the total number of

packets in buffers exceeds 6Q log n, then in each in-

terval of 4pn log n steps at least one sender switches

that state for 4pn2 log n steps).

Caveat: With care, the independence assumptions

latent in calculations(1), (2) and (3) below can be es-

tablished either directly or by stochastic domination.

Consider an interval of 4pn log n steps. and sup-

pose that throughout the interval there were at least

6Q log n packets in buffers. The expected number of

transmission attempts in the interval is at least

(4pnlog rz)(6alog n) _ ~pnlog n

8a log n –
(1)

Thus, with probability 1 – e- 2W 1°gn/3 there were

at least pn log n attempts to transmit packets from

buffers, so that at least one senders was involved in

p log n or more attempts. Since there were at least
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6a log n packets in buffers throughout the interval,

the success probability of each attempt is at most

(1 - &&n)6a’”gn-’<l/j),
(2)

The probability that senders has a success rate better

than 5/8 in the interval is at most

Thus, as long as there are at least 6a log n packets

in buffers, with probability at least

1 _ ~-(zJbn)/3 — e-**3+~10gn> 1 _ n–12—

(for sufficiently large constants a and ~) in each inter-

val of length 4pn log n. at least one sender switches

to the reset state and moves all its packets from its

buffer to its queue. Thus. with probability 1 – n-11,

at some step ~1 < t + 4pn2 log n, X,l s 6Q log n.

❑

Lemma 2: Suppose that there is a positive in-

teger L such that if X. G [L, L + a log n] then

the probability that a packet is delivered jiozn a

bufer at step T is at least p. If X,l < L, then

Pr[X, ~ L + a log nforsome step T E [r,, r, + W]]

is at most Wn - 13for any constant p > A and a su~

jiciently large constant a.

Proofi Since at most one message can be delivered

from all buffers in each step, XT can decrease by at

most one in each step. Thus, it is sufficient to prove

that there is no time interval of length a log n during

which X7 remains above L.

Consider an interval of a log n steps, starting

at step T2. Assume that X,,. ~ S L. Let

t = (p – A) /3A. The probability that more than

(1+ ~)klog n packets are injected to the buffers in

that interval is at most n- 13 2./

Let ZT be a O-1 random variable defined as fol-

lows: z, = 1 if X. < L or a packet is deliv-

ered from a buffer in step T, else z, = O. Clearly,

Pr[zT = 1 I zl, ....zT_l] ~ p. Let 6 = (p – A)/3p.

‘rZ+c-zlog?l

Pr[ ~ .zk < (1 – ti)palogn]
k=r>

Since (1+ e)~alog n < (1 – f)palog n, the prob-

ability that XT > L in the interval [Tz, 7-2+ a log n]

is at most n– 13, for any p > A and a sufficiently large

constant a. ❑

Claim 2: Jf X,, < 6a log n for some rl E [t –

T, t – -y log n], then with probability at least 1 – n- 11,

there is a step I-z E [rl, t] such that X., < a log n.

Proofi As long as X, E [a log n, 7a log n] the

probability of a successful transmission from some

buffer at time T is at least p, where

Let &l denote the event: “X,, ~ 6cI log n, and

there is a ~ E [Tl, ~1 + v log n] such that X, >

7CZlog n“.

By Lemma2, pr[&l] s n-13V log n fOr any A < p.

and a sufficiently large constant a.

The expected number of new packets arriving in

the time interval [Tl, TI + ~ log n] is A? log n. Let

6 = (p – A)/3A and let &2 denote the event “More

than A-y(1+ 6) packets arrived in the interval [~1, rl +

v log n].” Then Pr[&z] < n-n.

Let t = (p – A)/3p, and define the event &3: “Ei-

ther XT s slog n for some ~ E [t– ~log n, t].

or at least (1 – C)PYlog n packets were delivered

from the buffer at that interval.” Then I?r[Sa \ El] >
~ _ ~-#p?’10gn/3

Fix v such that -Y(P – A)/3 >60-. Then the prob-

ability that there is no T2 c [Tl, 71+ v log n] such that
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XT, < a log n is at most

1. =62
n ‘13-y log n + e- “l”~m’2 +e-” $ < n-~l,

for A < p and sufficiently large constants CYand y.

❑

Claim 3: !f X,, < a log n then the probability

that there exists T c [TI, T1 + T] such tilot X, >

2Q log n is at most n-~~.

Proofi If X7 E [a log n, 2a log n] then the prob-

ability of a successfid transmission fi-om a buffer at

time 7 is at least

Xt~
4a log n -(

4~3gn)2 - ~ ~ *.

Using Lemma 2. the probability of having 2CYlog n

packets in buffers in the interval is at most Tn- 13 for

any A < p, and a sufficiently large constant a. ❑

To conclude the proof of Lemma 1 we combine the

error probabilities of the three claims above to show

that for any value z.

Pr[Xt > 2alogn I Xt_T = z] < 3n-11 < n-lo.

❑

We turn to the analysis of the queues.

Claim 4: In the stationa~ distribution, rheprob-

ability that any sender switches to the reset state at

any step is at most n-a.

Proofi By Lemma 1, Pr[X, > 2CXlog n] at any

time T E [t – 4pn log n – n, t + n] is at most

4pn-9(log n + 2).

If XT ~ 2cxlog n for all r E

n, t + n]. then the probability

each transmission attempt is at

(2alog n)/(8alog n) - (n/n2) >

[t - 4pnlog n -

of a success in

least p = 1 –

3/4 – I/n. Then,

the probability that any sender switches to the reset

state because of a high failure rate in the 4pn log n

most recent steps is at most n2e– * *+~I”g~ s n–g,

for a sufficiently large constant p. ❑

Claim 5: 1. The expected number of steps a

packet spends in a bgffir is O(log n).

2. The probability that a given packet is delivered

f.i-om the bufer is af leasf 1 – n-5.

Proofi Consider a packet generated at senders at

time t.

Consider an interval of n steps throughout which

(1)s is never in the reset state, and (2) X, < 2alog n.

Let p = 1 – (2alog n)/(8cxlogn) – n/n2. If the

packet was in the buffer of senders at the start of the

interval, the probability that it is not delivered until

the end of the interval is at most (1 – p/8cY log n)n,

During the interval the expected number of steps be-

tween two attempts to transmit the packet is 8CYlog n,

and the expected number of attempts until the packet

is delivered is 1/p. Thus, if the packet is deliv-

ered during the interval. by Wald’s identity [2] the

expected delay of the packet from the start of that

interval is at most (c2log n)/p,

The probability that the interval [t, t + n] satisfies

conditions (J) and (2) is (by Lemma 1 and Claim 4)

at least 1 – (4pn2 log n + n)n-s – n-g, and with this

probability, any subsequent interval of 4pn2 log +n

steps has a segment of n steps that satisfies the above

conditions. Thus, the expected number of steps a

packet spends in the buffer is at most

1
–a
P

log n +~k(n+
k>l

4pn2 log n) .

((4pz2 logn + n)n-s + n-’ + (1 -
8a;gn)n)k

= ~alogn+ o(l).

(The above estimate ignores the possibility that a

packet is moved to the queue before it is delivered
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from the buffer. This can only decrease the expected

number of steps a packet spends in the buffer.)

The probability that the packet is delivered from

the buffer is bounded from below by the probability

that the first n steps following the creation of the

packet satisfi conditions(1) and (2) and the packet is

delivered in that time. This probability is at least

1 – (4pn2 log n + n)n-s – n-g – (1 – p )“8ctlogn

~ 1 – n-5.

❑

Claim 6: Fix a sender s and let Z~ denote the

number of packets in the queue of sender s. The

expected length of a segment qf consecutive steps

during in which Z, >0 is at most 0(n4 log n).

Proofi When a sender switches to the reset state it

moves all the (upto 2a log n + 1)packets in its buffer

to its queue. In addition, all the (up to 4pn2 log n)

packets it receives in the next 4pn2 log n steps are

placed in the queue.

When a queue is not empty, and the total number of

packets in all buffers in the system is at most 2a log n,

a sender succeeds in transmitting a packet from its

queue in each step with probability at least

1 )z”’”g”(l - _L)n> -L.
p= $(1– 8alogn

Let L = 16pn~ log n + 8an2 log n. and T =

4p7z2 log n + y log n. Partition time, from the step

in which the packet is put in to the queue, into in-

tervals of L + T steps. By Lemma 1 the probability

that a given interval of length L + T does not have a

segment of L steps in which XT s 2cI log n during

the entire segment is at most Ln- 10 independent of

previous intervals of L + T steps.

Thus, in a given interval of L + T steps, the prob-

ability that either 2$ = Oat some point in the interval

or at least 4pn2 log n + 2a log n packets are delivered

from the queue is at least 1 – Ln-lo ––~- ~w’lwn ~

1 – (17plogn)/n6.

Given a sequence of i intervals, the probability that

either Zt = Oat some step in these intervals, or at least

4(i/2 + l)pn2 log n + ia log n packets are delivered

is at least 1 – ( ‘ )(*)ii2 ~ 1 – (%)’/2.
%/2

Given a sequence of i intervals, the probabil-

ity that s switches to the reset state more than 2/2

times in the sequence is at most ~(~~~)) ( *)iJ2 ~

(4e(T + L)/n8)ii2. (Once sender s switches back

from the reset state the probability that it returns to a

reset state in a given step is again at most n–’.)

The probability that Zi > 0 for at least z > 1

intervals is at most the probability that in i intervals

eithers switches to a reset state more than i/2 times or

fewer than (i/2 + l)4pn2 log n packets are delivered

from the queue.

Thus. the expected length of time in which Zt >0

is at most

= O(n410g n)

❑

By Claim 5 the expected time a packet spends in

the buffer in O (log n), With probability O(n-5) the

packet is transferred to the queue where its expected

delay is O (n4 log n). Thus, the expected delay of a

given packet is O(log n). ❑

3. The protocol for n

senders and m receivers

In our protocol each sender runs m “one-channel pro-

tocols” simultaneously. Each sender keeps a counter

of transmission failures for each of the receivers.

When this count is too large the sender switches to

the reset state only with respect to packets bound for

that receiver.
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The “one channel protocol” requires that if q is a

packet in a buffer, at each step the sender attempts

to transmit this packet with probability l/8a log n.

To accommodate the m protocols simultaneously in

one sender we modi~ Step 2 in the “one channel

protocol” as follows:

2. Let Yi(s) denote the number of packets with

destination i in the buffer of senders. Let Y(s) =

~g, Y~($).

If Y(s) > 8cYlog n then move all packets to the

queue.

else with probability Y(s)/8a log n transmit a ran-

dom packet from the buffer.

It remains to show that the probability that a sender

has more than 8a log n packets in the buffer is small.

Thus, moving them to the queue does not significantly

change the performance of the protocol.

Lemma 3: Let Yt(s) denote the total number of

packets in the bufler of sender s at time t. In the

stationary distribution

Pr[3s such that Y,(s) > 8a log n] S n-7.

Proofi As in the proof of Lemma 1 we show that

there exists a constant-y such that if T = 4pn2 log n+

v log n + ~ log n, then for any value of Y,_ T(s),

Pr[Yt(s) > 2alogn I Y,-T(5) = y] < n-7.

Let X$ denote the total number of packets with

destination i in the buffers of all senders. Let & denote

the event: “For any 1 ~ i ~ m, and t – ~ log n <

T~ t, x; < 2cl log n“.

By Lemma 1. regardless of the state of the system at

time t – T, Pr[&] ~ 1 – 8n-8~ log n (since there are

no more than 8cm log n packets in the system. at most

that many protocols can be active simultaneously).

The total injection rate of sender s is at most

A Conditioning on the event &, the probability

that s successfi.dly delivers a message at time ~.

T c [~ – ~log n, -t] when Y.(s) > slog n is at least

p = =-1 – l/8alogn)2”10g’(1 – l/n2)” 2

1/20. As in the proof of Claim 2 we show that with

probability 1 – n-g there is a step T E [t– ~, t],such

that Y*(s) ~ a log n, and using Lemma 2 we show

that once the number of packets is below a log n the

probability that the number reaches 7a log n in the

next ~ log n steps is at most n-g. Cl

When a sender has 8a log n packets in its buffer it

transfers them to its queue. Thus, the expected ad-

ditional contribution to the queue from the modified

protocol is O (n-7 log n) per step. This contribution

does not change the delivery time of packets in the

queue or the overall performance of the protocol sig-

nificantly.

Theorem 2: There is a constant AO >0, such that

the above protocol is stable-for any O s A ~ Ao, and

the delay is O(log n),

4. The lower bound

We state and prove the lower bound for the case m =

1; a similar bound holds for the general case. We

consider n senders all running the same protocol.

The protocol running at a sender does not change

state unless (1) it attempts a transmission. or (2) it

generates a packet. We fi.wther assume that a sender is

in a unique idle state when its queue in empty. (Thus,

a sender does not keep information on the state of the

channel when it does not have packets to transmit.)

For any such protocol governed by an (probabilistic)

automaton we show that there is a ~0 < 1 such that for

any injection rate A > Ao the delay is Q(n). Note that

the class of protocols includes all variants of backoff

protocols.

Let ~a = A/n for all i. Given a system of senders,

we say that X~ = j if the total number of packets

pending transmission at all senders at step t is j. If

Xt < n/2, we have at least n/2 senders having no

packets pending transmission at time t (call these

empty senders).

A protocol in our class defines a probability distri-

bution p, on the non-negative integers z such when an
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empty sender generates a packet at step t,it transmits

it at step t + zwith probability pi unless it changes

its behavior (due to the generation of a packet) in

the interval [t,t + z]. We will show that as long

as Xt < n/2. the probability of a collision at step

t + n/3 is a constant bigger than 1 – A. Using ar-

guments similar to those in Section 2 we can then

conclude that with high probability Xt exceeds n/6.

An empty sender that generates a packet at time

~ does not change the probabilities p, in the interval

[T, r + n/3] unless it generates another packet in the

interval. The probability it generates such a packet

is at most a constant w so that it does transmit the

packet at time ~ + z with probability at least ( 1– ct)pi.

Clearly ~~’~ p, must be at least a constant ~. If at

least n/2 senders are empty at time -t, the probability

that any one of them transmits at time t + n/3 is thus

at least

n/3

(1 -a) ~ ~pk ~ (1 - a)~A/n.

k=O n

Then, the probability of a collision at time t + n/3 is

at least a constant q. Now, if A exceeds 1- q by any

constant. Xt+n13 (viewed as a particle moving on the

positive integers) is likely to “drifl to the right”.

Theorem 3: If cdl senders jbllow protocols Jiom

the above class, there is afixed constant AO <1 such

that if A > }., the expected delay is Q(n).
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