


the 4un log n most recent steps.

the 4un log n most recent steps.

While in the normal state repeat:

1. Place new packets in the buffer.

If Random_number < X/8alogn then

Else

While in the reset state repeat:

1. Append any new packets to the queue.

Count_attempts(s) keeps a count of the number of times s tried to transmit a packet from its buffer in
Failure_counts(s) stores the failure rates in transmission attempts of packets from the buffer of s in

Random_number is a function that returns a random number uniformly chosen in the range [0, 1],
independent of the outcomes of previous calls to the function.

2. Let X denote the number of packets in the buffer.

(a) Try to transmit a random packet from the buffer.
(b) Update Count _attempts(s) and Count.failure(s).

If Random number < 1/n? then transmit the packet at the head of the queue.
3. M (Count attempt(s) > plogn and Failure_count(s) > 5/8), or If (X > 2alogn) then

(a) Move all packets in the buffer to the end of the queue.
(b) Switch to the reset state for 4un? log n steps.

2. If Random _number < 1/n? then transmit the packet at the head of the queue.

Figure 1: Communication Protocol for Sender s.

Lemma 1: 1. Under the stationary distribution,
Pr(X; > 2alogn] < 1/n?.
2. La T = 4un®logn + ylogn (The con-
stant 7y is fixed in the proof of Claim 2). For
any value © < 2anlogn 4+ n assumed by X,_r,
Pr(X, > 2alogn | X;_r = z] < 1/n%°

Proof: Clearly it suffices to prove (2) since it im-
plies (1).

Claim 1: If X, 1 > 6alogn, then with probabil-
ityl—n"thereisastepr €[t —T,t— ylogn].
such that X, < 6alogn.

Proof: We show that as long as the total number of
packets in buffers exceeds 6o log n, then in each in-
terval of 4unlog n steps at least one sender switches
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to the reset state with high probability (and stays in
that state for 4un? log n steps).

Caveat: With care, the independence assumptions
latent in calculations (1), (2) and (3) below can be es-
tablished either directly or by stochastic domination.

Consider an interval of 4unlog n steps. and sup-
pose that throughout the interval there were at least
6a log n packets in buffers. The expected number of
transmission attempts in the interval is at least

(4punlogn)(6alogn)

8alogn 0

= 3unlogn.

Thus, with probability 1 — e~2#m1087/3 there were
at least unlogn attempts to transmit packets from
buffers, so that at least one sender s was involved in
plog n or more attempts. Since there were at least



6a log n packets in buffers throughout the interval,
the success probability of each attempt is at most

1

_ 6alogn—1 <
8alogn) <1/2

(1 2)

The probability that sender s has a success rate better
than 5/8 in the interval is at most

e~ 3saklogn, 3)
Thus, as long as there are at least 6 log n packets
in buffers, with probability at least

- ~ 111 -
1—e (2plogn)/3 e 55 agplogn > 1—-n 12

(for sufficiently large constants « and 3) in each inter-
val of length 4un log n. at least one sender switches
to the reset state and moves all its packets from its
buffer to its queue. Thus, with probability 1 — n=*1,
at some step 73 < t + 4un?logn, X, < 6alogn.
0

Lemma 2: Suppose that there is a positive in-
teger L such that if X, € [L,L + alogn] then
the probability that a packet is delivered from a
buffer at step T is at least p. If X,, < L. then

Pr[X, > L + alogn for some step T € [11, 71 + W]]

is at most Wn~*2 for any constant p > A and a suf-
ficiently large constant o.

Proof: Since at most one message can be delivered
from all buffers in each step, X, can decrease by at
most one in each step. Thus, it is sufficient to prove
that there is no time interval of length o log » during
which X, remains above L.

Consider an interval of alogn steps, starting
at step 7. Assume that X, , < L. Let
e = (p— A)/3X. The probability that more than
(1 4 €)Aalogn packets are injected to the buffers in
that interval is at most n=3/2.

Let 2z, be a 0-1 random variable defined as fol-
lows: 1if X, < L or a packet is deliv-
ered from a buffer in step 7, else z, = 0. Clearly,

Zr
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Pr(z; = 1| z1,...,2,21] > p. Let § = (p — ) /3p.

T2+alogn

Pr| Z zp < (1 - §)palog n]

k:'rz

12
< 6—36 palogn S n-—-13/2.

Since (1+€)Aalogn < (1—§)palogn, the prob-
ability that X, > L in the interval |3, 7, + alog n]
isat most n~ '3, forany p > ) and a sufficiently large
constanto. O

Claim 2: If X, < 6alogn for some T, € [t —
T,t—logn], then with probability at least 1 —n~1*,
there is a step Ty € [11,t] such that X,, < alogn.

Proof: As long as X, € [alogn,7alogn] the
probability of a successful transmission from some
buffer at time 7 is at least p, where

X, 1 ( 1 )Xv—l
p= 1— —
1 ) 8alogn 8alogn

S X, X.au
~ Balogn 8alogn

n2

n

(- D

>
n? ~

Let £, denote the event: “X, < 6alogn, and
there is a 7 € [ry, 7y + vlogn] such that X, >
Talogn”.

By Lemma?2, Pr[€;] < n™3ylog nforany A < p,
and a sufficiently large constant «.

The expected number of new packets arriving in
the time interval [y, + ylogn] is Aylogn. Let
6 = (p— A)/3X and let £; denote the event “More
than Ay(1+ &) packets arrived inthe interval [y, 71 +
vlogn].” Then Pr[&;] < n~11.

Let e = (p — A)/3p, and define the event &5: “Ei-
ther X, < alogn for some 7 € [t — ylogn,t].
or at least (1 — €)pylogn packets were delivered

from the buffer at that interval.” Then Pr{&; | &] >
1— e—ezp'y logn/3'

Fix v such that y(p — X)/3 > 6a. Then the prob-
ability that there isno 7, € [ry, 71 +7 log n] such that



X,, < alogn is at most

Ay log né2

n"Bylogn+e " 3 +e

2
__p‘ylo: né ~11

=7 ’

for A < p and sufficiently large constants « and 7.
0

Claim 3: I/ X., < alogn then the probability
that there exists T € [11, 71 + T] such that X, >
2alog n is at most n~ 1.

Proof: If X, € [alogn,2alogn] then the prob-
ability of a successful transmission from a buffer at
time 7 is at least

: Xt 1 (1 1 )Xi—l__i
P=11 4dalogn dalogn n?

X
> -
~ 4alogn

X n 1

() - 52 =
4alogn n 10

Using Lemma 2, the probability of having 2alog n

packets in buffers in the interval is at most Tn =2 for

any A < p, and a sufficiently large constant . O

To conclude the proof of Lemma 1 we combine the
error probabilities of the three claims above to show
that for any value z,

Pr[X, > 2alogn | X,_r = 2] < 3n" 1t <710,

]

We turn to the analysis of the queues.

Claim 4: In the stationary distribution. the prob-
ability that any sender switches to the reset state at
any step is at most n=8,

Proof: By Lemma 1, Pr[X, > 2alogn] at any
time 7 € [t — 4unlogn — n,t + n] is at most
4un~(logn + 2).

If X, < 2alogn forall 7 € [t — 4unlogn —
n,t + n], then the probability of a success in
each transmission attempt is at least p = 1 —
(2alogn)/(8alogn)—(n/n?) > 3/4—1/n. Then,

the probability that any sender switches to the reset
state because of a high failure rate in the 4unlogn
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most recent steps is at most n2e~57sarlogn < p=9
for a sufficiently large constant . O

Claim5: /. The expected number of steps a
packet spends in a buffer is O(logn).

2. The probability that a given packet is delivered
from the buffer is at least 1 — n~=5,

Proof: Consider a packet generated at sender s at
time t.

Consider an interval of n steps throughout which
(1) s is never in the reset state,and (2) X, < 2alogn.
Let p = 1 — (2alogn)/(8alogn) — n/n?. If the
packet was in the buffer of sender s at the start of the
interval, the probability that it is not delivered until
the end of the interval is at most (1 — p/8alog n)™.
During the interval the expected number of steps be-
tween two attempts to transmit the packet is 8a log n,
and the expected number of attempts until the packet
is delivered is 1/p. Thus, if the packet is deliv-
ered during the interval, by Wald’s identity [2] the
expected delay of the packet from the start of that
interval is at most (alog n)/p.

The probability that the interval [t, ¢ + n] satisfies
conditions (1) and (2) is (by Lemma 1 and Claim 4)
atleast 1 — (4un®logn+n)n~8 —n~°, and with this
probability, any subsequent interval of 4un? log +n
steps has a segment of n steps that satisfies the above
conditions. Thus, the expected number of steps a
packet spends in the buffer is at most

1
52 logn + Y k(n+ 4un’logn) -

E>1

k
2 -8 -9 _ p n
((4,un logn+n)n™" +n7° 4+ (1 8alogn) )

= —;-alogn + o(1).

(The above estimate ignores the possibility that a
packet is moved to the queue before it is delivered



from the buffer. This can only decrease the expected
number of steps a packet spends in the buffer.)

The probability that the packet is delivered from
the buffer is bounded from below by the probability
that the first n steps following the creation of the
packet satisfy conditions (1) and (2) and the packet is
delivered in that time. This probability is at least

p

— 2 -8 _ =9 _ (1 _
1 - (4pun‘logn + n)n n (1 Salogn

)'ﬂ

>1-—n75.

Claim 6: Fix a sender s and let Z; denote the
number of packets in the queue of sender s. The
expected length of a segment of consecutive steps
during in which Z; > 0 is at most O(n*logn).

Proof: When a sender switches to the reset state it
moves all the (upto 2a.log n + 1) packets in its buffer
to its queue. In addition, all the (up to 4un? logn)
packets it receives in the next 4un?logn steps are
placed in the queue.

When a queue is not empty, and the total number of
packets in all buffers in the system is at most 2a log n,
a sender succeeds in transmitting a packet from its
queue in each step with probability at least

1 1
8alogn

1 1
Sy >
nz) — 2n?

)2alogn(1

Let L = 16un*logn + 8an®logn, and T =
4un®logn + vlogn. Partition time, from the step
in which the packet is put in to the queue, into in-
tervals of L + T steps. By Lemma 1 the probability
that a given interval of length L + T does not have a
segment of L steps in which X, < 2alogn during
the entire segment is at most Ln~? independent of
previous intervals of L + T steps.

Thus, in a given interval of L + T steps, the prob-
ability that either Z, = 0 at some point in the interval
or at least 4un? log n+2a log n packets are delivered
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from the queue is at least 1 — Ln~10 — g~ $un’logn >
1~ (17plogn)/ns.

Givena sequence of < intervals, the probability that
either Z; = 0 at some step in these intervals, or at least
4(i/2 + 1)un?log n + ialog n packets are delivered
is at least 1 — (JQ(%‘%)“Q > 1 — (%Blogny/2,

Given a sequence of 7 intervals, the probabil-
ity that s switches to the reset state more than /2
times in the sequence is at most (i(I;fZT))(;lg)i/ 2 <
(4e(T + L)/n®)2. (Once sender s switches back
from the reset state the probability that it returns to a
reset state in a given step is again at most n=8.)

The probability that Z, > 0 for at least ¢ > 1
intervals is at most the probability that in 7 intervals
either s switches to a reset state more than /2 times or
fewer than (/2 + 1)4un?log n packets are delivered
from the queue.

Thus, the expected length of time in which Z, > 0
is at most

(L+T)(1+Z(681;gn 4 élcf(l'J;I—T))i/2

121 n

= O(n*logn).
O
By Claim S the expected time a packet spends in
the buffer in O(log n). With probability O(n~°) the
packet is transferred to the queue where its expected

delay is O(n*logn). Thus, the expected delay of a
given packet is O(logn). O

3. The for

senders and m receivers

protocol

In our protocol each sender runs m “one-channel pro-
tocols” simultaneously. Each sender keeps a counter
of transmission failures for each of the receivers.
When this count is too large the sender switches to
the reset state only with respect to packets bound for
that receiver.



The “one channel protocol” requires that if ¢ is a
packet in a buffer, at each step the sender attempts
to transmit this packet with probability 1/8clog n.
To accommodate the m protocols simultaneously in
one sender we modify Step 2 in the “one channel
protocol” as follows:

2. Let Y'(s) denote the number of packets with
destination 7 in the buffer of sender s. Let Y(s) =
T Y(s).

If Y(s) > 8alogn then move all packets to the
queue,

else with probability Y (s)/8alog n transmit a ran-
dom packet from the buffer.

It remains to show that the probability that a sender
has more than 8a log n packets in the buffer is small.
Thus, moving them to the queue does not significantly
change the performance of the protocol.

Lemma 3: Let Y,(s) denote the total number of
packets in the buffer of sender s at time t. In the
stationary distribution

Pr[3s such that Y,(s) > 8alogn] < n7".

Proof: As in the proof of Lemma 1 we show that
there exists a constant y such thatif 7' = 4un?® log n+
vlogn + Blogn, then for any value of Y;_r(s),
Pr[Y,(s) > 2alogn | Y;_7r(s) = y] < n™".

Let X: denote the total number of packets with
destination ¢ in the buffers of all senders. Let £ denote
the event: “Forany 1 <z < m,and t — Blogn <
<t X< 2alogn”.

By Lemma 1, regardless of the state ofthe system at
timet— T, Pr[€] > 1 —8n~3alog n (since there are
no more than 8an log n packets in the system, at most
that many protocols can be active simultaneously).

The total injection rate of sender s is at most
A.  Conditioning on the event £, the probability
that s successfully delivers a message at time 7,
T € [t — Blogn,t] whenY.(s) > alogn is at least

p = 4—821;81(1 — 1/8alog n)?*8™(1 — 1/n?)* >
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1/20. As in the proof of Claim 2 we show that with
probability 1 — n~? there isastep T € [t — 3, ], such
that Y;(s) < alogn, and using Lemma 2 we show
that once the number of packets is below a log n the
probability that the number reaches 7alog n in the
next B3log n steps isat most n=°, O

When a sender has 8alog n packets in its buffer it
transfers them to its queue. Thus, the expected ad-
ditional contribution to the queue from the modified
protocol is O(n~"log n) per step. This contribution
does not change the delivery time of packets in the
queue or the overall performance of the protocol sig-
nificantly.

Theorem 2: There is a constant Ag > 0, such that
the above protocol is stable for any 0 < X < Aq, and
the delay is O(log n).

4, The lower bound

We state and prove the lower bound for the case m =
1: a similar bound holds for the general case. We
consider n senders all running the same protocol.
The protocol running at a sender does not change
state unless (1) it attempts a transmission, or (2) it
generates a packet. We further assume that a sender is
in a unique idle state when its queue in empty. (Thus,
a sender does not keep information on the state of the
channel when it does not have packets to transmit.)
For any such protocol governed by an (probabilistic)
automaton we show that thereisa Ao < 1 such that for
any injectionrate A > )¢ the delay is Q(n). Note that
the class of protocols includes all variants of backoff
protocols.

Let A; = A/n forall 2. Given a system of senders,
we say that X; = j if the total number of packets
pending transmission at all senders at step ¢ is 7. If
X: < n/2, we have at least n/2 senders having no
packets pending transmission at time ¢ (call these
empty senders).

A protocol in our class defines a probability distri-
bution p, on the non-negative integers ¢ such when an



empty sender generates a packet at step £, it transmits
it at step ¢ 4 < with probability p; unless it changes
its behavior (due to the generation of a packet) in
the interval [t,t + 7). We will show that as long
as X; < n/2, the probability of a collision at step
t 4+ n/3 is a constant bigger than 1 — A. Using ar-
guments similar to those in Section 2 we can then
conclude that with high probability X, exceeds n/6.

An empty sender that generates a packet at time
7 does not change the probabilities p, in the interval
[T, + n/3] unless it generates another packet in the
interval. The probability it generates such a packet
is at most a constant a, so that it does transmit the
packet at time 7+ with probability at least (1 — o)p;.
Clearly 21;/3 P, must be at least a constant 5. If at
least n/2 senders are empty at time ¢, the probability
that any one of them transmits at time ¢ + n/3 is thus
at least

n/3 A

(B)>

Then, the probability of a collision at time ¢t + n/3 is
at least a constant g. Now, if A exceeds 1 — ¢ by any
constant, X, /3 (viewed as a particle moving on the
positive integers) is likely to “drift to the right”.

o 2> (1 — a)fA/n.

n

Theorem 3: If all senders follow protocols from
the above class, there is a fixed constant Ao < 1 such
that if A > Ao, the expected delay is Q(n).
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