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Abstract 

The random simplex algorithm for linear programming proceeds as follows: at each step, it moves from a vertex u 
of the polytope to a randomly chosen neighbor of u, the random choice being made from those neighbors of u that 
improve the objective function. We exhibit a polytope defined by n constraints in three dimensions with height 
O(log n), for which the expected running time of the random simplex algorithm is fi(n/log n). 

Keywords: Linear programming; Algorithms; Simplex algorithm; Randomized algorithm 

We consider linear programming problems de- 
fined by it constraints involving d variables. The 
constraints define a polytope in d dimensions; we 
seek a point of the polytope that maximizes an 
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objective function that is linear in the variables. It 
is known that the optimum, if bounded, occurs at 
a vertex of this polytope. The classic simplex 

algorithm begins at a vertex of the polytope and, 
at each step proceeds to a neighboring vertex that 
improves the objective function. The simplex al- 
gorithm uses a deterministic rule to choose among 
the neighbors with improving objective function 
at each step. For virtually all such known rules, 
there are polytopes for which the simplex algo- 
rithm requires time exponential in d [S]. 

The random simplex algorithm [1,2] is the fol- 
lowing: at each step, go to a neighbor chosen 
uniformly at random from all neighbors that im- 
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prove the objective function. It is not known 
whether the expected number of steps for the 
random simplex algorithm is sub-exponential in 
d. 

Without loss of generality, we restrict our at- 
tention to polytopes for which the optimum oc- 
curs at a unique vertex. We may associate a 
directed graph with the polytope, in which there 
is one node for each vertex of the polytope. 
There is an arc directed from each node to each 
neighbor that improves the objective function. 
The distance from a node in this graph to the 
optimal vertex is called the height of the node. 

One route to establishing a polynomial bound 
might be to show that for every instance the 
expected number of steps is polynomial in the 
maximum height of any node. Currently the 
best-known upper bound on the height is nloglZd 
[3], but a variant of the celebrated Hirsch conjec- 
ture states that in fact the height is n -d (Todd 
[6] in fact shows that it cannot be exactly n -d, 
but the height could still be very close to II - d). 

If it were possible to show that the expected 
number of steps for the random simplex algo- 
rithm is polynomial in the height, one could then 
focus on improving the upper bound on height. 
We show here that this particular approach is 
doomed, by exhibiting a polytope in the three 
dimensions with height O(log n) on which the 
expected number of vertices visited by the ran- 
dom simplex algorithm is LR(n/log n). However, 
it should be stressed that this does not preclude 
the possibility that the expected number of steps 
is polynomial in the number of variables and 
constraints in the instance. Our result only shows 
that an upper bound polynomial in the height 
alone will not suffice. 

Consider the planar graph shown in Fig. 1. 
This is the edge-vertex graph of a three-dimen- 
sional polytope. Imagine an arrow on each arc 
pointing downwards in the figure; the arrow de- 
notes the direction in which the objective func- 
tion improves. The reader may think of the direc- 
tion of improving objective function as “vertically 
downwards”. Optimality is attained at the vertex 
denoted U. For a constant c > 1, the polytope is 
composed of a cascade of n/log, n “traps”, each 
resembling a parallelogram, one triangle of which 

Fig. 1. Graph of polytope. 

contains a “fan”. Each fan has c log, IZ vertices; 
thus the length of the path running down the 
right edge of the figure is Ln(n/log* n>. 

It may not be immediately apparent that the 
graph of Fig. 1 can be realized as a three-dimen- 
sional polytope with an objective function which 
induces the required ordering. There is a single 
plane “bottom” face containing u and the bound- 
ing polygon in Fig. 1. The remainder of the 
polytope is above this plane. To construct it we 
first build the polytope which results from delet- 
ing the fans in Fig. 1. It is easy to do this 
inductively by adding pairs of points, starting with 
a tetrahedron Pa having vertices uA,B& with u 
far below B,B, in the bottom plane and A, 
above the plane near B, and B,. Then, to con- 
struct Pk+, from Pk for k b 0, we add two ver- 
tices. We put Bk+2 in the bottom plane near 
B k+l so that it forms a convex polygon with the 
other B’s, then we place Ak+, near Bk+* so that 
it forms new edges with A,, Bk, Bk+* and U, and 
the edge A,B,+, disappears. It is clear that this 
can be done by placing the new vertices appropri- 
ately with respect to the existing faces. Now the 
fans are created by “slightly pulling” the edge 
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BiAi+l for i=l, 2,... so that it forms a convex 
polygon in the plane AiBiAi+l whose vertices 
“see” only Bi+l. For i = 0 we do the same but 
with A,, = u. This completes the construction. 

The role of the fans is to repeatedly foil the 
algorithm from getting to the bottom-most vertex 
of any fan (where it would have a constant proba- 
bility of proceeding to v). Instead, the fans re- 
peatedly deflect the algorithm to the path run- 
ning down the right edge of the figure. 

The algorithm is started at the highest neigh- 
bor of A,. With probability (1 -n-9 it fails to 
reach the bottom of the first fan and proceeds to 
the next, and so on. There is a probability (1 - 
necfl) that the algorithm never reaches the bot- 
tom-most vertex of any of the fans, and thus visits 
all the fi(n/log n) vertices of the path running 
down the right edge of the figure. 

The reader may object that the polytope of 
Figure 1 is highly degenerate, particularly at the 
vertex U. However, it is easy to transform each 
high degree vertex into a balanced tree with all 
interior vertices of degree 3. The construction 
consists of repeatedly “pulling apart” the faces 
meeting at the vertex. It is illustrated in Fig. 2. 
This modification will at most double the path 
lengths in the example. 

An even simpler example shows that a similar 
dependence holds for Kalai’s algorithm [4]. It is 
the tilted cone with an n-sided polygon as base as 
shown in Fig. 3. The algorithm is started at U. It 
chooses a random facet incident on u and recur- 
sively optimizes over this facet, and then repeats. 
There is a constant probability that the algorithm 
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Fig. 2. Pulling apart degenerate vertices. 

Fig. 3. Example for Kalai’s algorithm. 

first chooses to traverse the polygon, and hence 
takes n(n) steps, when the height of any vertex is 
O(1og n) (it is not a constant, but rather O(log n) 
because we break up the point of the cone as in 
Fig. 2.) 
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