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Abstract. Efficient data transfer between processors is an essential com-
ponent in any large scale parallel computation. Motivated by the growing
interest in parallel computers, a significant amount of theoretical research
has been devoted to the area of interconnection networks for parallel com-
puters, most of it to the packet routing (or store-and-forward) model of
communication. We survey some of the major developments in this field,
and discuss several new alternative models of communication, such as
wormhole routing, virtual cut-through routing, and hot-potato routing.

1 Introduction

Information exchange between processors is essential for any efficient parallel
or distributed computation. In many large scale applications, communication
time dominates the execution time of the whole parallel computation. Thus,
the performance of a large scale parallel computer is highly correlated with the
efficiency of its communication network and communication algorithm. Indeed,
most parallel machines devote a significant portion of their resources to support
communication between processors, or between processors and memory modules.

A communication solution or communication scheme has of two components:

— A communication network, specifying the connection between the various
components (processors, memory modules, and routing switches);

— A communication (or routing) algorithm, computing the route that each
message takes on the network, and resolving scheduling conflicts.

What are the main requirements from an efficient communication scheme for
a parallel computer?
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— Throughput: To support parallel computation, the communication scheme
must be able to simultaneously transmit a large number of messages in min-
imum number of parallel steps. The pattern of the communication is usually
not known in advance, thus the scheme should be able to adapt to various
communication patterns. (However, in most applications the communication
patterns are fairly balanced, no processor is a source or destination of too
many messages (no hot spots).

— Sparse Topology: Supporting fast simultaneous communication of a large
number of messages is relatively easy if each processor is directly connected
to any other processor in the system. Unfortunately, all communication tech-
nologies available today put a severe limit on the number of communication
channels that can be connected to a single component, and to the total num-
ber of channels in the system. Thus, in any realistic system, each processor
can be connected directly to a small number of other processors, and most
communication must proceed through intermediate components.

— Scalable and Uniform Topology: It is highly desirable that the topology
of a communication network will be uniform, symmetric, and in particular,
scalable.

— Small Layout: The total area of chips and boards that make up the network,
and the total volume of wires connecting the boards should be minimal.

— Local Control: In a large scale parallel system it is inefficient to collect,
every communication round, information from all the processors about their
communication needs, compute a global routing solution, and distribute the
solution to all the individual processors and switching nodes. Instead, rout-
ing has to be done locally, using the limited information available to each
processor about the global communication task.

— Fault Tolerance: It is unrealistic in a large system to stop the computa-
tion whenever one component fails. Thus, the communication scheme must
be able to tolerate a certain number of faulty nodes and channels without
significant degradation in the overall performance.

Most of the theoretical work on interconnection networks has dwelt on a
communication method termed packet routing. Indeed, in the past packet routing
had been the method of choice for virtually all large scale systems. The first part
of this paper gives a survey of some of the major theoretical results related to
packet routing.

Following progress in hardware and system design, there is a growing trend
in multicomputer architecture to experiment with new routing techniques such
as wormhole routing, virtual cut-through routing, and deflection routing. This
trend has motivated some recent theoretical work. The second part of this paper
discusses these new models, reviews several of the recent results, and suggests
some intriguing open problems.

In this short paper we can only cover a few of the many interesting results in
this research area. The reader is referred to the excellent book of Leighton [23]
for an in-depth treatment of this area, to a survey paper by Dally [12] for a more
practical point of view, to a survey paper by Pippenger [37] for a discussion



of circuit switching which will not be covered here, and to survey papers by

Leighton [25], and by Valiant [44].

2 Preliminaries

We model a communication network by a graph G = (V| E). The vertices of
the graph represent processors, memory models, or routing switches, and the
edges (directed or indirected) represent communication channels. We distinguish
between two types of networks for parallel computers. In a direct network each
node consists of a processor, a memory module, and switching device, thus each
node is both a computing component and a switching node in the network. In
an indirect (multistage) network, processors and memory modules are connected
only to the input and output nodes (in the first and last stage of the network),
internal nodes serve only as routing switches.

Most of the theoretical research has been focused on three type of networks:
meshes, hypercubes and butterflies (in section 3.5 we discuss a fourth type of
network, the multibutierfly that combines the butterfly topology with expander
graphs.)

A k-dimensional mesh (or array) has N nodes {(z1,...,xz) | 1 < z; < NY/F},
Two nodes are connected iff they differ by precisely 1, in exactly 1 coordinate. An
N -node hypercube is an log, N-dimensional mesh. Mesh and hypercube networks
are usually used as direct networks.

An N-input/output, degree d butterfly is a graph with log; N + 1 stages, each
with N nodes. Number the stages 0,...,s = log; N, and the nodes in each stage
by 0, ..., N. Nodes in stage 0 are input nodes, and nodes in stage s are output
nodes. A location in the network is characterized by a pair (¢, z), where £ is the
stage number, and z is the node number in the stage. Let (g, ..., ;) denote the
base d representation of the number z. A node (¢, z) is connected to d nodes
in stage £ 4+ 1. The numbers of these d nodes are (zg,...., Ze—1, %, Tpt1, ...y Ts),
where x = 0,...,d— 1. This topology is used for an indirect network. A wrapped
butterfly, in which the first and the last stages are merged so that node (0, z)
and node (s, z) become one node, is used as a direct network.

The wrapped butterfly topology is closely related to the hypercube topology.
In particular, if we identify as one node each of the log, N nodes (¢, z), £ =
1,...,log, N in a degree 2 wrapped butterfly, we get an N node hypercube.

Most of the theoretical research focused on the combinatorial problem of
routing an h-relation. Each node (or an input in the case of an indirect network)
is a source of up to h-messages, and each node (or output) is a destination of
up to h-messages. Of particular interest is the case of routing a l-relation or a
permutation.

3 Packet Routing

In the packet routing (or store and forward) model, messages are conveyed as
packets. An entire packet can reside at a routing switch, and a packet is sent



from a queue of one switch to the queue of another switch until it reaches its
destination. The entire packet is transmitted from node v to node u before any
part of the packet can proceed from node u to node w. A step is defined as the
time it takes one packet to cross one edge, and at most one packet can cross an
edge in each step. Theoreticians distinguish between networks in which the size of
the queue of each node or edge is bounded, and networks in which the size of the
queues is a function of the network size. Another distinction is between networks
in which a processor can activate all its outgoing channels simultaneously (multi-
port model), and networks in which a processor can activate only one outgoing
channel is each step (single-port model). For simplicity, we consider only the
multi-port model in this survey (see [8] for results comparing the two models).

The goal is to construct routing algorithms that routes an arbitrary per-
mutation in a minimum number of parallel steps. An obvious lower bound is
the diameter of the network, since a packet can traverse at most one edge at
each step. Indeed, we are interested in O(logn) routing algorithms for the N-
node hypercube and for the N-input/output butterfly, and in O(N'/%) routing
algorithms for the d-dimensional mesh.

3.1 Oblivious Routing

Most parallel machines use some form of simple greedy routing algorithm. Mes-
sages follow a shortest path to their destinations, and the path is chosen lo-
cally with almost no global information. While these algorithms perform very
well in most practice applications, it is easy to construct worst case permu-
tations for which greedy algorithms perform poorly on the mesh, the hyper-
cube or the butterfly network. For example, an N-packet transpose permuta-
tion sends the packet at input (21,2, ....,2s) (where s = log; N) to output
(T(s/2)41> T(s/2)42 ) s, T1, .o, Tgy2). 1t is not hard to verify that routing an
N-packet transpose permutation on an N-input/output butterfly network, us-
ing a shortest path, greedy algorithm takes .Q(\/N) steps, while the diameter of
the butterfly is only log V.

Since simple greedy algorithms perform poorly in the worst case, a challeng-
ing question is whether there is a routing scheme that is simple to implement,
uses only local information, and performs well on any permutation. A lower
bound of Borodin and Hopcroft [6] shows that if we restrict the discussion to
deterministic algorithms, then an algorithm that performs well in the worst case
can not be too simple. Borodin and Hopcroft defined the class of oblivious rout-
ing algorithms: a routing algorithm is oblivious if the path of each packet does
not depend on the origin or destination of any other packet in the system. They
show that any deterministic oblivious algorithm for routing on a low degree net-
work performs poorly in the worst case. The following theorem [21] is a slight
improvement of the original lower bound in [6]:

Theorem 1. Let G be an N node network with mazimum degree d, and let A be
an oblivious routing algorithm for G. There is an N-packet permutation w(N),

such that algorithm A routes m(N) on G in 2(v/N/d) parallel steps.



A recent result [8] has shown that the above bound is optimal, i.e. for any
N and d, there is an N node, degree d network, and a deterministic oblivious
algorithm that routes any permutation on that network in O(v/N/d) parallel
steps. An oblivious algorithm that matches this bound for the hypercube network
has been given in [21].

3.2 Randomized Routing

We mentioned before that simple greedy algorithms perform well in most prac-
tical applications. These empirical observations are supported by the following
result:

Theorem 2. Let w(N) be a permutation chosen uniformly at random from all
permutations on N elements. Routing m(N) on an N-input/output butterfly net-
work using a unique shortest path for each packet requires, with high probability,
O(log N) parallel steps.

Similar results hold for the hypercube and the mesh networks (but since a
shortest path is not unique in these networks, the greedy routing algorithm needs
to be properly defined).

Valiant [43, 45] was the first to observe that since any communication request
can be represented as a concatenation of two random requests, two applications
of a routing algorithm that performs well on average, yields a randomized algo-
rithm that performs well on any permutation. Since in practice it is complicated
to generate a random permutation, Valiant’s result uses the following variant of
Theorem 2:

Theorem 3. Assume that each input of an N-input/output buiterfly generates
one packet, and sends it to a randomly chosen output of the butterfly. If packets
use the unique shortest path, with high probability all packets arrive at their
destinations in O(log N) parallel steps.

Proof. Let P = eq,...,es_1 denote an input to output path in the butterfly
(s = log,; N), where ¢; is an edge connecting a node in stage ¢ to a node in stage
t=+ 1. Let &; denote the number of packets traversing edge e; in routing the set
of N packets. Packets from no more than d* inputs can reach e;. Since packets
are sent to randomly chosen outputs, each of the d’ packets traverse edge e;
with probability #. Thus, the distribution of z;, is stochastically bounded by
B(d, #) (Binomial distribution with parameters d’, and 1/d**!). Since for all
0<i<s—1, E[z;] < %, by Hoeffding inequality [19] the distribution of Ef;ol x;
is stochastically bounded by B(sN, ﬁ) Applying the Chernoff inequality [9],
we prove that

s—1
1
Pr{} 2; > ClogN} < w7
i=0

for some constant C independent of N. Since there are only N packets, with
high probability no packet is delayed more than C'log N steps, or all packets
reach their destinations in O(log V) parallel steps.



Comment: Note that the proof of Theorem 3 does not depend on the order of
the stages in the butterfly. In particular, the same analysis holds if we reverse the
directions of all the edges, and send one packet from each output to a randomly
chosen input.

Consider a wrapped butterfly with N nodes per stage. Assume that each
node in stage 0 is a source and destination of one packet. Valiant’s randomized
routing algorithm has two phases, in each phase we treat the network as an
indirect N-input/output butterfly network (nodes in stage 0 are both input and
out nodes).

— Phase A: Each packet is sent to a random output, where the random output
node is chosen independently and uniformly at random. The packet proceeds
to its random node in log N transitions through the shortest path on the
(indirect) butterfly network.

— Phase B: Each packet is sent from its random location (random input node)
to its final destination (output node). The packet proceeds to its destination
in log N transitions through the shortest path on the (indirect) butterfly
network.

Theorem 3 gives a bound with high probability on the run-time of the first
phase. Furthermore, by symmetry it also gives a bound on the run-time of the
second phase. To see this consider two routing scenarios: In the first scenario
each output chooses one random input, and a packet is sent from that input to
the output node, this scenario corresponds to Phase B of the algorithm. In the
second scenario we reverse the directions of the edges, and each “output” node
sends one packet to a randomly chosen “input” node. Clearly the distribution
of the number of packets traversing a given edge is identical in both scenarios.
By the comment following the proof of Theorem 3, the second scenario, and
thus also the first scenario or phase B of the algorithm terminates with high
probability in O(log N) parallel steps.

Using the correspondence between a wrapped butterfly with N node per
stage, and the N-node hypercube (see Section 2.) we get Valiant’s result [43]:

Theorem 4. There is a randomized routing algorithm that with high probability
routes an arbitrary permutation on an N-node hypercube in O(log N) parallel
steps.

Valiant’s seminal result has been followed by a long chain of works that used
variants of the basic technique to prove further results. Valiant and Brebner [45]
have shown that similar technique gives O(v/N) and O(N'/3) algorithms for
routing a permutation on the 2-dimensional and 3-dimensional meshes. Aleliunas
[3], and Upfal [41] gave O(log N) randomized routing algorithms for routing a
full permutation on bounded degree direct networks, i.e. routing a permutation
of Nlog N packets on a bounded degree graph (such as the wrapped butterfly or
shuffle exchange) with a total of Nlog N routing switches. Pippenger [36], and
later Ranade [40] gave randomized, bounded buffers routing algorithms for the
butterfly network. Packet routing on fat trees was first proposed by Leiserson



[16, 27, 28]. Valiant’s type routing algorithm performs as well on a fat-tree as
on the butterfly network, and the fat-tree has an optimal area layout.

3.3 Time-Randomness Tradeoff for Oblivious Routing

The work on oblivious packet routing may give us some insight into one of the
least understood aspect of complexity theory - the contribution of randomness to
computation. There are many computation problems for which the best known
randomized algorithm performs substantially better than the best known deter-
ministic algorithm. However, oblivious packet routing is one of a very few prob-
lems for which there is a proven gap between its randomized and deterministic
complexity. Peleg and Upfal [35] have used this fact for a study of randomness
as a resource. Their main result is am almost tight tradeoff between the amount
of randomness given to an oblivious routing algorithm, and its performance.

Theorem 5. Let e3logN < T < /N/2d, and assume that the only source of
randomness available to the algorithm is a sequence of independent random bits.

1. Any oblivious randomized routing algorithm that routes an arbitrary permu-
tation on an N-node, degree d network in expected run-time bounded by T,
must use at least log(N/T) — O(1) independent random bits.

2. There exists an oblivious randomized algorithm for the N-node, degree d
butterfly network that uses (1 + o(1))log(N/T) independent random bits,
and routes an arbitrary permutation in expected run time bounded by T.

Roughly speaking, the above theorem states that with less than %logN ran-
dom bits a randomized oblivious algorithm does not perform better than a deter-
ministic oblivious algorithm. Any additional random bit, above the first %log N
bits, improves the run-time by a constant factor, until the run-time reaches the
O(log N) diameter bound. Similar results have been given in [35] for a general
random source, measuring randomness by the entropy of the source.

3.4 Information Dispersal

Information Dispersalis an elegant probabilistic routing technique that achieves
near optimal routing time, uses bounded buffers, and has high fault tolerance
properties. This technique was first proposed and analyzed by Rabin [39].

The basic idea in the information dispersal routing technique is to break
every packet into O(log V) subpackets, and to route each of the subpackets inde-
pendently. Consider the proof of Theorem 4, assume that each node is a source
and destination of h = O(log N) subpackets instead of one packet, and that each
subpacket is routed through a randomly chosen two phase route. The distribu-
tion of the number of subpackets crossing a given edge is stochastically bounded
by B(hN,1/N), thus with high probability no more than O(log N) subpackets
traverse each edge. The total run time of the algorithm is therefore bounded by
O((logn)?) substeps, where a substep is the time it take a subpacket to traverse
and edge.



The efficiency of the information dispersal system depends on two parame-
ters: (a) The ratio between the size of a packet and the size of each subpacket;
(b) The relation between a step and a substep. When a packet is partitioned
into many subpackets, each subpacket must include a header with an address
and routing information. Since with high probability only O(log N) subpackets
traverse each edge, the size of the queue of each edge can be bounded by the
size of O(log N) subpackets. If the original packet is large enough so that the
total size of the additional O(log N') headers is negligible, then the queue of each
edge can be bounded by the size of O(1) packets, thus we can use a network
with bounded edge queues. Furthermore, if the time it takes a node to transmit
packets is mainly proportional to the total size of the messages and not to the
different number of messages it needs to send, then O(log N) substeps corre-
spond to one step, and the algorithm routes and arbitrary permutation on the
hypercube in O(log N') parallel steps.

Fault tolerance is achieved through redundancy in encoding the content of
the original message into the O(log N) subpackets. Using an error correction
code, the content of the original message is encoded in O(log N) subpackets,
such that the total length of all the subpackets is linear in the size of the original
message, and any subset of at least half the subpackets is sufficient for (efficiently)
reconstructing the content of the original message. By sending the subpackets
through almost disjoint random paths, the algorithm guarantees that even if
some nodes or edges become faulty, with high probability the destination node
receives sufficient number of subpackets to reconstruct the original message. (See

[18, 30, 38] for further use of this method.)

3.5 Deterministic Routing - The Multibutterfly

A different approach to packet routing has been introduced in [42]. The multi-
butterfly communication scheme uses a different topology and a new type of
routing algorithm. The routing algorithm is deterministic, and uses bounded
buffers. The algorithm routes an arbitrary permutation on a bounded degree
multibutterfly topology in logarithmic time.

The topology of the multibutterfly network is based on the notion of ex-
pander graphs. Roughly speaking, an expander is a graph in which each set of
vertices that is not too large has a large number of neighbors in the graph. The
multibutterfly construction uses splitters which are graphs with special expan-
sion properties.

Definition6. An («, 8,d, m)-splitter is a bi-partite graph G = (4, B, E) such
that:

1. Each of the two sets of vertices A and B have size m;
2. The set B is partitioned into two disjoint, equal size sets, B, and B; (w.l.o.g.
assume that m is even);
. The degree of each vertex in the graph is d;
4. Any set X C A, such that |X| < am, has at least §|X| neighbors in each of
the two sets B, and B;j.

w



The set A is called the input of the splitter, the set B, is the upper output set,
and the set B; is the lower output set.

Using the explicit construction of expander graphs in [29], for any constants «
and 3 such that af < 1/2, there exists a constant d and an explicit construction
of an («, 3, d, m)-splitter.

An N-input/output multibutterfly has s = log, N + 1 stages, each stage has
N nodes. (We assume for simplicity of exposition that log, N is an integer).
Number the stages 0,...,s5 — 1, and the nodes in each stage 1,..., N. Partition
the N nodes of stage i into 2! blocks, B}, ...,BZ-T, such that block B! has the
nodes (j — 1)% + 1, ,j% To construct the multibutterfly network, use an

(@, B,d, 2")-splitter to connect each block Bf in stage ¢ to the two blocks B?_{_Il

and Bfil in stage 7 + 1. This construction gives an N-input/output acyclic
network with N log, N internal switches, each with in and out degree d. While
there are many paths from each input to each output, the sequence of splitters
that a packet traverses from a given input to a given output is unique, it is
the sequence of log, N splitters that have a node with the same number as the
packet’s destination in their input set.

The routing algorithm is simple. Each internal node has a buffer of size one.
A packet at a given node has d/2 outgoing edges through which it can proceed to
its destination. The packet is sent to the first of these d/2 neighbors that have an
empty buffer (see [42] for the exact protocol). Note that although the sequence
of splitters that the packet traverses depends only on its destination, the exact
path depends on routes of other packets in the network, thus the algorithm is
not oblivious.

The high throughput of the network is due to the expansion property of the
splitters. It can be shown that a set of packets at a given stage does not move
forward in a given step only if it is blocked by a larger set of packets in the
next stage. Thus, at any step, a large portion of the packets in the system moves
forward. Formulating this intuition leads to the proof of the following theorem:

Theorem 7. There is a deterministic algorithm that routes an arbitrary per-
mutation on an N-input/output multibutterfly with bounded buffers in O(log N)
parallel steps.

A more complicated version of the multibutterfly scheme can route an arbi-
trary permutation of Nlog N packets on a wrapped multibutterfly with N log NV
nodes [42]. Note that the only previously known O(log N) deterministic routing
schemes require the use of the AKS sorting network [2, 22].

Leighton and Maggs [26] have shown that the multibutterfly is highly fault-
tolerant. The presence of ¢ worst case faults in an N-input/output multibutterfly
can affect no more than O(?) inputs and outputs. Any permutation between the
remaining N — O(t) inputs, and N — O(t) outputs is routed in O(log N) parallel
steps.



4 Alternative Models

While packet routing is very efficient asymptotically, this efficiency is often
compromised by the overhead required by the packet routing mechanism; es-
pecially in maintaining queues in the intermediate nodes, and breaking long
messages into small packets and then reconstructing the original messages when
the pieces reach their destination (possibly out of order). Following progress in
hardware and system design there is a growing trend in multicomputer archi-
tecture to experiment with new routing techniques such as wormhole routing,
virtual cut-through routing, and deflection routing, These are simple communi-
cation mechanisms that reduce overhead in the local switches, thus lead to faster
communication. Designing efficient routing algorithms for each of these routing
methods, and understanding the power and limitations of each method is a new
challenge for the theory community. To capture the essence of these models,
such a study should focus on simple algorithms that can be implemented with
minimum overhead.

4.1 Wormwhole Routing

In wormhole routing [4, 10, 11, 12, 34], a message is transmitted as a contiguous
stream of bits, physically occupying a sequence of nodes/edges in the network.
There are no queues in the intermediate nodes, and a node can only hold a
(small) fraction of a message (a flit). The routing strategy is simple, keeping
the overhead in the intermediate nodes minimal. When the head of a message
reaches a node, the node reads the first few bits in the message’s header, and
uses them to direct the head of the message to the next node on its path. The
rest of the message follows the head of the message as it moves, requiring no
more intervention by the intermediate node. Thus, a message resembles a worm
burrowing through the network, giving rise to the name for this style of routing.
Since there are no queues, when a message is routed through the network it
occupies a number of switches and edges proportional to its length. If the head
of the message cannot proceed because of congestion, the message is blocking a
chain of edges and nodes, thus simultaneously delaying many other messages in
the network. This fact significantly complicates the analysis of wormhole routing.

Parallel machines that use variants of wormhole routing include the Intel
Delta-machine, Intel iPSC/2, Intel Sigma, Symult S14, MIT J-machine, MIT
April, and others. Previous research on wormbhole routing focused on simula-
tions that study the extent to which a network can be loaded (as a fraction of
the available bandwidth) before it gets clogged, and has addressed the issue of
deadlock [13]. A theoretical study of wormhole routing has been initiated by
Felperin, Raghavan and Upfal [14]. They defined a model for this study, and
analyzed wormhole routing algorithms based on the idea of random oblivious
delays. A message waits at its source for a random initial delay before proceed-
ing greedily on a canonical path to its destination. Their analysis shows that
the randomness introduced to the system by the random delays significantly im-
proves the performance of simple greedy algorithms on bounded degree networks



such as the two dimensional mesh and the butterfly. However, the proven results
are not optimal, and it is an open problem whether an even simpler technique
can achieve a better run-time for worst case input.

4.2 Virtual Cut-Through Routing

There is some confusion between wormhole routing and the model of virtual cut-
through. The latter resembles wormhole routing superficially, but differs in one
crucial aspect: in virtual cut-through, the buffers at nodes can hold a constant
number of messages, rather than a constant number of flits. Thus, in virtual
cut-through, the buffer size at a node is proportional to the worm length, and
when the head of a message is blocked in a given node, the entire message can
“fold” into the buffer of that node, rather than occupying many nodes and edges
and delaying many other messages.

Leighton [24] conducted a probabilistic analysis of virtual cut-through on
meshes. A nice feature of Leighton’s result is that it deals with the greedy al-
gorithm, which is of great practical interest: there are no priorities assigned to
messages, and each message simply keeps moving whenever it can, along the
one-bend path to its destination. Worst case bounds for the mesh are given in
Makedon and Simvonis [31]. Aiello et al. [1] analyzed a non-oblivious algorithm
for the hypercube and other networks of logarithmic degree; however; their al-
gorithm may time-multiplex a link over several worms, so that a worm does not
flow contiguously across a link.

4.3 Deflection Routing

Deflection or hot-potato routing is another routing technique that aims at re-
ducing overhead at the intermediate nodes. In deflection routing this is achieved
through eliminating queues at intermediate nodes. A packet attempts to travel
“towards” its destination. However, two or more packets may arrive at a node
and wish to exit it on the same outgoing link. In that event the node forwards
one of the packets along the preferred edge. The other packet(s) will be “de-
flected” away from the preferred direction, exiting the nodes along other link(s).
In particular, some packets may temporarily move further away from their des-
tinations. The analysis of deflection routing is considerably more difficult than
that of packet routing. There is no a priory bound on how many links a packet
would traverse until reaching its destination. A packet may be deflected to un-
expected regions of the network, interfering with other packets in these regions.
Nevertheless, deflection routing seems to perform very well in practice, parallel
machines that use this method include the Tera computer, the HEP multipro-
cessor, and others.

Hajek [17] gave a 2k + log N deterministic hot-potato algorithm for routing
k packets (with arbitrary destinations) on the N node hypercube. His algorithm
is the first proven livelock free algorithm. Feige and Raghavan [15] developed
and analyzed hot-potato algorithms that use random oblivious delays. Their



algorithm for the N-node hypercube routes a set of N packets with random des-
tination in O(log V') parallel steps. On the 2-dimensional mesh their randomized
algorithm routed an arbitrary permutation in O(\/ﬁ) steps. These results have
been extended in [20] to an O(dN'/?) randomized algorithm for routing an arbi-
trary permutation on the d-dimensional mesh. Bar-Noy, et al. [5] gave determin-
istic algorithm that route an arbitrary permutation on the 2-dimensional mesh
in O(N1/2+E) steps, for any € > 0. They also gave the first non-trivial analysis
of a hot-potato algorithm for wormhole routing. Finally, Newman and Schuster
[32, 33] have explored the relation between hot-potato and sorting, and packet
routing algorithms. Many of the above algorithms do not meet the simplicity
requirement, thus the problem of designing efficient, and simple to implement
hot-potato algorithms, in particular deterministic algorithms, for routing a per-
mutation is still wide open.

Several researches have tried to strengthen Hajek’s result for a general set of
destinations, and to extend it to other networks. Borodin and Rabani [7] have
shown an O(k) + dist hot-potato algorithm for routing k packets in any dimen-
sional mesh (including the hypercube), where dist is the maximum distance of
any packet from its destination. An obvious conjecture is that there exists such
an algorithm for any network.

Acknowledgment: Many thanks to Allan Borodin and Prabhakar Raghavan
for their comments on early versions of this paper.
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