


ing the routing on the logical mesh to exploit
its regularity. Meshes of various dimensions
are also used in parallel computers, where all-
optical networks have been proposed [16]. Fi-
nally, in Section 4, we indicate how our algo-
rithms for arbitrary graphs work without mod-
ification in a dynamic setting in which requests
appear and disappear over time.

2. Routing With General-

1zed Switches

2.1. Lower Bound

We give a lower bound on the number of wave-
lengths for routing in an arbitrary graph G,
in terms of its edge-ezpansion B(G), and the
number of rounds. Note that this lower bound
applies a fortiori to networks with elementary
switches.

Theorem 1: For every 8 < 1 and k, there is
a graph G with edge-expansion 3(G) = 3, and
a k-relation R, such that routing R on a net-
work with topology G and generalized switches
requires Q(k/((3?)) wavelengths.

Proof: The proof uses the mesh-like graph
in Figure 1, adapted from [1]. However, in

Figure 1: The graph for the lower bound.
our case, the graph has B = [1/f] rows and

columns. Further, we augment it by connect-
ing each of the r; and ¢, by a single edge to
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a distinct constant-degree expander having B
nodes. Each node in the expander connected to
t; requests k connections to the corresponding
node in the expander connected to rg._,. It is
easy to verify now that the edge-expansion of
this graph is 3, and that the route for each of
the O(kB?) requests shares an edge with the
route for every other request. 0O

2.2. Arbitrary Bounded Degree

Graphs

We now give an algorithm for routing with gen-
eralized switches in arbitrary bounded-degree
graphs, and analyze its performance on an arbi-
trary k-relation. We do so in the general setting
in which the number of available wavelengths is
traded off for the number of rounds of routing.

Our solution for general graphs is based on
a random walk technique. A random walk on
the undirected graph G = (V, E) is a Markov
chain {X;} C V associated to a particle that
moves from vertex to vertex according to the
following rule: the probability of a transition
from vertex %, of degree d;, to vertex j is 1/d;
if {i,7} € E, and 0 otherwise. (For technical
reasons we assumne that the particle actuaily re-
mains where it is with probability 1/2 at each
step, and moves with probability 1/2 only. This
technicality is ignored for the remainder of the
paper.) Let @ denote the transition probability
matrix of this random walk on G, and assume
that the absolute value of all the eigenvalues
of @ other than the largest one is bounded by
A. (All eigenvalues of @ are real.) The station-
ary distribution of the random walk, denoted
7, (or 7(G)) is given by 7, = d,/(2|E|).
trajectory W of length 7 is a sequence of ver-
tices {wo, w1, ..., w;] such that (ws, wi41) € E.
The Markov chain {X;} induces a probability
distribution on trajectories in the obvious way.

Algorithm:

Input: An n-node bounded degree net-
work G = (V,E); a k-relation R
{(als bl)) seey (a‘ly bt)}'

Output: Routing of the relation R on the
network G.



Lo log &
1. Let L = —3—]—587".

2. For each (a;,b,) €R

(a) Choose a node r; € V uniformly at
random.

(b) Choose a trajectory W/ (resp. W/)
of length L from a; to r; (resp. b; to
r;) according to the distribution on
trajectories, conditioned on the end-
points being a, and r; (resp. b; and
i)

(c) Connect a; to b; by the path P; de-
fined by W/ followed by W/'.

(d) Use a wavelength that is not used
by any other transmission sharing an
edge with the path P;.

Analysis of the Algorithm:

Theorem 2: With high probability the al-
gorithm uses O(kL?) wavelengths.

Sketch of the proof: Let Q,(,Tz, denote the
probability that a random walk is at vertex w

at step 7 given that it started at v. It is known
that

Q) = m(w) + O(N /x(w)/x(v)). (1)

Following [13], our analysis of the algorithm
relies heavily on the fact that the trajectories
W/ (resp. W]') have the same distribution
(up to negligible factors) as independent ran-
dom random walks of length L from a; (resp.
b;). The difference is that we pick the end-
point of the trajectory using = (the stationary
probability) instead of Qg{’,).. However, since

_ logkn
L=-3 log X ?

Q57 = m(w)| = O((kn)~?),

for all v,w, and the difference is negligable.
(See [13] for a complete proof.)

Since the paths are generated by random
walks, and the starting points of the paths are
chosen by the stationary distribution (up to a
constant factor), the expected number of paths

traversing an edge is bounded by O(kL), and
the expected number of different paths sharing
an edge with the path of a given message is
bounded by O(kL?/T). Thus, using the Cher-
noff bound we prove that with high probability
there is no path that shared edges with more
than O(kL?) other paths in any iteration. O

To relate the performance of the algorithm
to the lower bound in Theorem 1, we use
the relation between the edge-expansion 3 of
a bounded degree graph and the value of its
second largest eigenvalue in absolute value A

{2, 29]:
1-0(7) <A< 1-0(8™?).

Applying this relation, for graphs for which
the left hand side is equality

kL? = k(logn)?(log 1)? < (kB?)(logn)?,

so that the number of wavelengths used by
the algorithm is within a polylog factor of the
optimal number. For other graphs the num-
ber of wavelengths used is at most the square
of the optimum. In the next two subsections
we present better solutions for some of these
graphs.

2.3. Trees and Rings

Two important topologies in practice are trees
and rings. We study these graphs here, as well
as the related tree of rings found widely in prac-
tice.

Theorem 3: Given any tree, there is a de-
terministic algorithm that routes any set of
requests on that tree using no meore than
(3/2)wop: wavelengths, where wop; is the min-
imum possible number of wavelengths for that
set of requests.

Comments: Note that our algorithm is prov-
ably good on trees of arbitrary degree and for
every set of requests, whether or not it a k-
relation for fixed k. For trees (as well as rings),
Wopy may be linear in n; in both cases, our re-
sults can be “slimmed down” to suit a given

138



bound on w by randomly partitioning the re-
quests into (an easily computed number of)
rounds. This is nearly optimal; details are
omitted.

Proof: We only give a very brief outline
here. The idea is to reduce the problem of re-
quests on a tree to a derived set of requests on
the star graph (a tree consisting of one central
node to which each of the remaining nodes is
connected by a “spoke”).

Once we are down to the star graph, we note
that assigning wavelengths to the requests cor-
responds to edge-coloring a multigraph, each
node of which corresponds to a spoke in the
star. This can be done with at most 3d/2
colors (and no better in general) [11], where
d is the maximum node degree in the multi-
graph. Finally, it turns out that in the reduc-
tion to multigraph edge-coloring, d remains a
lower bound on wy,:. O

For rings, we invoke slightly different tech-
niques to obtain:

Theorem 4: There is a polynomial-time al-
gorithm that, for any set of requests on a ring,
uses no more than 2w,,; wavelengths, where
Wept is the minimum possible number of wave-
lengths for that set of requests.

The tree of rings is a network constructed
as follows: start from a tree, and replace each
node of the tree by a cycle. Each edge corre-
sponds to the corresponding cycles sharing a
node. The tree of rings is a common intercon-
nection pattern in local-area networks: there
is a main ring, with several sub-rings dangling
from it, sub-subrings from the sub-rings, and
so on. By combining the algorithms of Theo-
rems 3 and 4, we can give an algorithm that is
within a factor of 3 of the optimal number of
wavelengths on any tree of rings.

2.4. d-Dimensional Meshes

Let My denote an n node d dimension mesh,
i.e. the set of vertices of My is:

{@ = (a1,.ma4) | 1 <a; <n'? i=1,..

and two vertices are connected by an edge iff
their Hamming distance is one.

Theorem 5: There is a probabilistic algo-
rithm that routes any k-relation on My and
with high probability uses O(kdnl/?) wave-
lengths.

Proof: Let L(a,i) denote the chain of ver-
tices in M, with all their coordinates other than
the ith coordinate equal to the coordinates of
a, i.e.,

L(a,1) = {(a1y ey @im1, %, Gig1y oy 8n) | 1 S 2 <

We route a message from its origin to its des-
tination in 2d ~ 1 segments. The first d — 1
segments are random, the last d take the mes-
sage to its destination. The first segment
starts at the origin of the message. For i =
1,...,d— 1, if segment ¢, starts at node &, then
segment ¢ connects node @ to a random node
(@1, -+ey Bim1, Ty Git1, .-y @g), ON L(&,1), where r
is chosen randomly and uniformly in the range
1,..,nY49.

Let @ be the start point of segment 2d — 1,
1 =1,...,d, and assume that the d — 7 + 1 co-
ordinate in the destination of the message is
b;, then segment i connects node a to node
(a1, -y @i—1, biy Gug1, ..., ag) on L(@, ).

For the analysis of the number of wave-
lengths used by the algorithm we assurne that
all messages that pass an edge in L(&, %) must
use different wavelengths (although they may
use different edges of this chain).

To simplify the presentation we transform
the analysis to an acyclic directed network H
that consists of two degree n'/¢ butterflies con-
nected back to back. The network H has 2d -1
levels and n{4-1)/4 podes per level. Nodes at
levels ¢+ and 2d — i correspond to the chains
L(z,i) in M,.. A node in level 4 is connected to
the nl/4 nodes in level i+1 lying on chains that
can be reached by changing the corresponding
coordinate. Clearly the number of wavelengths
needed in the algorithm is bounded by the max-
imum number of messages that share vertices

with a given message when routed on the net-
work H.
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The routing starts with up to kn(4-1)/4 mes-
sages per input of H. The probability that
when routing on H any message shares ver-
tices with more than 12kdn!/¢ other messages
is bounded by

km—zﬁg‘rg—l-.
n
O
3. Routing With Elemen-
tary Switches
3.1. Arbitrary Bounded Degree

Graphs

Let G be an n node network with generalized
switches. Let G’ be a network with the same
topology as G but with elementary switches.
Clearly, given a routing of a k-relation on G in
one round using w wavelengths, one can route
the k-relation on G’ in w rounds using one
wavelength per round, simply by routing the
set of messages assigned to each wavelength in
a separate round.

When the assumption that the whole com-
munication request is known in advance is un-
realistic (see Section 4), we can use a proba-
bilistic algorithm that randomly assigns routes
to messages.

The idea is to adapt the algorithm of Sec-
tion 2.2, but to route a request in a round
with probability 1/(9kL?). As a result, the
expected number of other routes intersecting
a given route is 1/9. Consider a new graph
in which each route is represented by a node,
with an edge being present if the correspond-
ing routes intersect. An argument from random
graph theory can now be invoked to show that
every component of intersecting routes has size
O(log n) with high probability, so that O(logn)
wavelengths suffice. Details are omitted. Re-
call that A(G) is the second largest eigenvalue
in absolute value, of the network G:
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Theorem 6: With high probability the al-
gorithm routes any k-relation in

O(k(logn)?(log M(G))?)

rounds, usings clogn wavelengths per round for
some constant c.

3.2. Routing on Meshes

Theorem 7: There is a probabilistic algo-
rithm that for any w < +/nk routes any
k-relation with high probability in O((% +

\/g)\/ﬁ log n) rounds using O(w) wavelengths
per round.

Proof: If w < 24k we can partition the rout-
ing problem to O(k/w) sub-problems each of
routing a w-relation. Thus, it suffices to con-
sider the case w > 24k, so let f = /w/(6k) >
2. The algorithm has two phases. In the first
phase we match pairs of columns that have at
least f messages to route between them. In
the second phase we partition the columns into
sets of f, and route all the remaining messages
between nodes in each of these sets. Let H be
a multi-graph on /n nodes; each node corre-
sponds to one column in the mesh. Let my;
be the number of messages from nodes in col-
umn % to nodes in column j of the mesh. Con-
nect node ¢ to node j in H with |my;/(kf)]
edges. Since we are routing a k-relation, the
degree of a node in H is bounded by /nk/kf =
v/n/f, and the edges of H can be colored with
(3/2)(v/n/f) colors. In each round of the first
phase of the algorithm, using kf < w wave-
lengths, we route all the messages that corre-
spond to edges with a given color in H (these
form a matching). Since there are no more than
+/n/2 such edges we can dedicate one row of
the mesh to all requests corresponding to one
edge of H. After (3/2)(v/n/f) rounds, no two
columns of the mesh have more than kf mes-
sages to route between them.

The second phase of the algorithm consists of
3y/nlogn/f = v/nklogn//w rounds. In each
round we randomly partition the /n columns
into v/n/f sets of f columns each, dedicate to



each set a row, and try route all the messages
between nodes in one set. If a set has no more
than w messages between nodes in its columns
then all messages are delivered, else we assume
that no message in that set has been delivered.
We say that a set is good at a given round if it
has fewer than w messages between the nodes
in its columns, so that successful transmission
ensues.

Assume that at round 7 columns i and j are
in the same set A. What is the probability
that this set is good at this round? Consider
the other f —2 columns in that set. They were
chosen at random from among all sets of f — 2
columns that do not include columns ¢ and j.
The expected number of messages in a random
set of (f —2) columns that do not include i and
j is bounded by k(f — 2)y/n=% < 2k(f —
2)2. Thus, with probability at least 1/2 the f—
2 other columns in A do not contribute more
than 4k(f —2)2 messages, and the total number
of messages in A is bounded by 4k(f — 2)? +
2kf(f ~2) + kf < 6kf? = w. Thus, with
probability at least 1/2 the set is good.

To show that all the messages are delivered
in O(s/nlogn/f) rounds we need to show that
each pair of columns appears at least once in a
good set. The probability that two columns do
not share a good set in 3 /nlogn/f rounds in
bounded by

(\/T_L)z(l _ 2\];_7)3\/510571/] = n-—ﬂ(l).
n

Thus, with high probability all messages are
transmitted. O

Using a more complicated version of the
above technique we can obtain similar results
for meshes of higher dimensions. Details are
omitted.

4, Extensions

An important practical consideration is that of
routing when the requests are dynamic: there
is a sequence of time steps at each of which
we either have a new request or are told that
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an existing request ceases to exist. Even in
the case of non-optical networks, algorithmic
work on this problem has been relatively re-
cent [3, 4, 5, 6], and has taken the direction
of extending known work on “offline” multi-
commodity flow; however, there is substantial
evidence that adding wavelength constraints
makes the problem much harder than online
multicommodity flow.

Our offline algorithms for arbitrary graphs
in both switch models (Sections 2.2 and 3.1)
are randomized oblivious algorithms: a request
chooses its route independently of other re-
quests, and with high probability we do not use
too many wavelengths. We pause to observe a
very useful property of such algorithms: an ad-
versary may specify (before the execution of the
algorithm) a sequence of insertions and dele-
tions of requests, subject to the set of requests
being a k-relation at every point in time. Then,
the bound on wavelengths remains valid for
each step regardless of the adversary’s choices;
summing probabilities, we can tolerate this for
a request sequence of length polynomial in n.
All we require is that the adversary be obliv-
tous [10]: the sequence is prescribed without
knowledge of the actual random choices made
by the algorithm. We omit a detailed proof of
the following theorem.

Theorem 8: Let S be a sequence of re-
quest insertions and deletions of length n°(1),
such that the requests valid at any time
are a k-relation. Then, the number of
wavelengths used with generalized switches is
O(k(lognlog A)?), where ) is the second largest
eigenvalue (in absolute value) of the adjacency
matrix of the network.

An analogous result (building on Theorem 6)
can be shown for elementary switches. The
main difference here is that even though the
number of wavelengths required at any time
remains O(logn), an inserted request may re-
quire “recoloring” currently established paths.
This happens when the path created for a
newly inserted request joins two components of
paths, both of which use the same wavelength.
Using the backwards analysis trick common in



computational geometry, we can show that the
expected number of existing paths recolored at
an insertion is a (small) constant, and with high
probability is O(log n).

The major problem left open by our work is
to tighten the gap between the upper and lower
bounds for arbitrary graphs, particularly those
of poor expansion. This would be especially
interesting for elementary switches, for which
our current algorithmic tools (as well as lower
bounds) appear to be weak.

Acknowledgements: We thank Rajiv Ra-
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munications.

References

[1] A. Aggarwal, A. Bar-Noy, D. Coppersmith,
R. Ramaswami, B. Schieber, and M. Sudan.
Efficient routing and scheduling algorithms
for optical networks. In Proc. ACM-SIAM
SODA., pages 412-423, January 1994.

Noga Alon. Eigenvalues and expanders. Com-
binatorica, 6(2):83-96, 1986.

J. Aspnes, Y. Azar, A. Fiat, S. Plotkin, and
O. Waarts. On-line machine scheduling with
applications to load balancing and virtual cir-
cuit routing. In Proc. 25th Annual ACM Sym-

postum on Theory of Computing, pages 623—
631, May 1993.

B. Awerbuch, Y. Azar, and S. Plotkin.
Throughput competitive on-line routing. In
Proc. 84th IEEE Annual Symposium on Foun-

dations of Computer Science, November 1993.

(2]
(3]

(4]

To appear.
[6] B. Awerbuch, Y. Aszar, S. Plotkin, and
O. Waarts. Competitive routing of virtual

circuits with unknown duration. In Proc.
5th ACM-SIAM Symposium on Discrete Al-
gorithms, January 1994. To appear.

Y. Azar, B. Kalyanasundaram, S. Plotkin,
K. Pruhs, and O. Waarts. On-line load balanc-
ing of temporary tasks. In Proc. Workshop on
Algorithms and Data Structures, pages 119—
130, August 1993.

K. Bala, T.E. Stern, and K. Bala. Algorithms
for routing in a linear lightwave network. In
Proc. INFOCOM, pages 1-9. IEEE, 1991.

(6]

142

[8] R. A. Barry and P. A. Humblet. On the num-
ber of wavelengths and switches in all-optical
networks. To appear in IEEE Trans. Comm.,
1993.

R. A. Barry and P. A. Humblet. Bounds on
the number of wavelengths needed in WDM
networks. In LEOS'92 Summer Topical Mtg.
Dagest, pages 114-127, 1992.

S. Ben-David, A. Borodin, R.M. Karp, G. Tar-
dos, and A. Wigderson. On the power of ran-
domization in on-line algorithms. In Proc.
22nd Annual ACM Symposium on Theory of
Computing, pages 379-388, 1990.

C. Berge. The Theory of Graphs and its Ap-
plications. John Wiley, 1962.

9]

(10]

(11]

[12] C. Brackett. Dense wavelength division multi-
plexing networks: Principles and applications.
IEEE J. Selected Areas in Comm., 8:373-380,

August 1990.

A.Z. Broder, A. Frieze, and E. Upfal. Exis-
tence and construction of edge disjoint paths
on expander graphs. In Proc. 24{th ACM
STOC, pages 140-149. ACM, 1992.

K-W. Cheng. Accousto-optic tunable filters
in narrowband WDM networks. IEEE JSAC,
8:1015-1025, 1990.

N.K. Cheung, K. Nosu, and G. Winzer. IEEE
JSAC: special issue on dense WDM networks.
IEEE JSAC: Special Issue on Dense WDM
Networks, 8, 1990.

P. E. Green. Fiber-Optic Communication Net-
works. Prentice Hall, 1992.

H.S. Hinton. Architectural considerations for
photonic switching networks. IEEE J. Selected
Areas in Comm., 6:1209-1226, August 1988.

P. Klein, S. Plotkin, C. Stein, and E. Tardos.
Faster approximation algorithms for the unit
capacity concurrent flow problem with appli-
cations to routing and finding sparse cuts.
SIAM Journal on Computing, 1992. Accepted
for Publication.

(13]

[16]

[17]

(18]

[19] M. Kovacevic and M. Gerla. Rooted routing
in a linear lightwave networks. In Proc. IN-

FOCOM, pages 39-48. IEEE, 1992.

T. Leighton, F. Makedon, S. Plotkin, C. Stein,
S. Tragoudas, and E. Tardos. Fast approx-
imation algorithms for multicommodity flow
problem. J. Comp. and Syst. Sci., 1992. Ac-
cepted for Publication.

(20]



21]
(22]

(23]

(24]

(25]

(26]

(27]

28]

(29]

(30]

A.D. McAulay. Optical Computer Architec-
tures. John Wiley, 1991.

R.K. Pankaj. Architectures for lLinear light-
wave networks. PhD thesis, MIT, 1992.

S. Personick. Review of fundamentals of op-
tical fiber systems. IEEE J. Selected Areas in
Comm., 3:373-380, April 1983.

G. R. Pieris and G. H. Sasakii A ln-
ear lightwave Bene§ network. Submitted to
IEEE/ACM Trans. on Networking.

G. R. Pieris and G. H. Sasaki. Schedul-
ing transmissions in broadcast and select net-
works. Unpublished manuscript, 1993.

S. Plotkin, D. Shmoys, and E. Tardos. Fast
approximation algorithms for fractional pack-
ing and covering problems. In Proc. 82nd
IEEE Annual Symposium on Foundations of
Computer Science, pages 495-504, October
1991.

R. Ramaswami. Multi-wavelength lightwave
networks for computer communication. IEEE
Commaunications Magazine, 31:78-88, 1993.

M. Settembre and F. Matera. All optical im-
plementations of high capacity TDMA net-
works. Fiber and Integrated Optics, 12:173—
186, 1993.

A. Sinclair and M.R. Jerrum. Approximate
counting, uniform generation and rapidly mix-
ing Markov chains. Information and Compu-
tation, 82:93-133, 1989.

R.J. Vetter and D.H.C. Du. Distributed
computing with high-speed optical networks.
IEEE Computer, 26:8-18, February 1993.

143



