


Shahrokhi and Matula [17]. In this problem the objective

is to compute the maximum possible value z such that there

is a feasible multicommodity flow with demands z . d, for

2=1 ,. ... k. We call .z the throughput of the multicom-

modiry flow and use z* to denote the optimal (maximum)

value of z.

AS in single-commodity flows, a solution to a multicom-

modity flow problem cannot be achieved if there is a cut

(u, ?7) of the graph for which the demand D(U) that has to

cross this cut exceeds C(U), the capacity of this cut. This

motivates the following definition of the minimum cut for

multicommodity flow. This cut is sometimes referred to as

the minimum-ratio cut to emphasize the difference from

the single-commodity definition.

(2)
c(u)

‘* = r!@ D(U)

By the above, the rein-cut value S* is at least as big as the

max-flow (or throughput) value z*. Formally, the result

in [11] means that for the uniform-demand case, S* /z* =

O(log n); combination of the results in [10, 18, 9, 15]

mean that, in general, S* /z* = O(logz k). We show that,

for graphs not containing a fixed graph as a minor, the

above bounds can be improved to 0(I) for the uniform

demand case and O(log k) for the general demand case.

3 Decomposition and the Min-Cut

Max-Flow Relations

We use a characterization of the optimum solution given

by linear programming duality as follows. Let t : E -+ R+

be a nonnegative length function. For nodes V, w E V let

diste (v, w) denote the length of the shortest path from v to

w in G with respect to the length fimction f?. The following

theorem is a special case of the linear programming duality

theorem.

Theorem 3.1 l/z* < ~~=, dist~(s.,t.) . d., subject to the
constraints 1 ~ O and ~tiWeE I(VW)U(WW) = 1.

It follows that in order to bound S*/.z*, it is sufficient

to provide an upper bound on z~=l dzst~(s,, t, )4 for any

length function f satis~ing the above two constraints. For

the sake of simplicity, we wish to work with integral length

fimctions, and we therefore round the length function as

follows. For each edge VW, we set ~(vw) = [l(vw)/C],

where c is the sum of capacities of all the edges in the

network. It is clear that dist~(s,, t,) < (l/C) dzstZ(s,, t,),

and that

A bound on ~VWcE disti(s,, ti).d, for legal integral

functions ~ (i.e. those satis~kg Equation 3), translates

directly to a bound on the value of z* as stated below,

Theorem 3.2 I/z* < (l/C) ~~=1 distl(sz, tt)di subject

to the constraint ~VWcE ~(ww)u(vw) < 2C.

The method that we (and, implicitly the previous pa-

pers) use to prove our results is to find a graph decompo-

sition where each component has small diameter and the

capacity of edges leaving the regions is small.1

Definition 3.3 An (a, @-decomposition of a graph G under

distance function f! is a partition of the nodes of G into regions

{S1, S2, ...Sk} such that distj(u, v) < a for any nodes u,v

in the same region S,, and the sum of capacities of all edges

with endpoints in different regions is at most ~.

We can restate the results in [10] in terms of existence of a

certain graph decomposition:

Lemma 3.4 Consider a concurrent multicommodity flow in-

stance with network G. Suppose that for every positive

integer q and every integral ~ satisfying (3) there exists

a (crq, a’ C/q) -decomposition. Then the instance satisfies

s*/z* = O(m’ log D).

Proof: (Sketch) Given a distance function ~, let g =

[2r7’C/(S*D)l < 4a’C/(S*D), and construct an

(4aa’C/(S*D), S* D/2)-decomposition.

Define D’ to be the sum of demands of commodities i

for which s, and tiare not in the same region. For each

region, the sum of capacities of edges leaving the region is

at least S* times the sum of demands leaving the region,

by definition of S*. Summing over all regions, we get that

the sum of capacities of edges between regions is at least

S* times D’. (Each demand and each capacity is counted

twice.) The decomposition has the property that the sum

of capacities of edges between regions is at most S“ D / 2,

so it follows that S*D’ < S*D[2.

Thus all but D’ < D/2 of the demand is associated

with commodities with both endpoints in the same region

of the decomposition. For such commodity j, we have

dl(sj, tJ ) < 4un’C/S*D, and hence these commodities

contribute at most ur7’4C/S* to ~z disti(s,, t.)d,.

By recursively applying the argument above for the

remainingD’ < D/2 of the demand, we can bound

z, distj(s,, t,)d, by O(uO’(C/S*) log D). By Theorem

1This is a slight generalization of the graph decomposition used in [1,

2, 3], where there is no notion of edge capacity.
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3.2 we gec
s*
> = 0((7(7’log D).

By using the fact that every graph has a

(O(q), O(C log C/q)) -decomposition [3], we infer from

this lemma that for the general-demand case s“ /z* <

O(log c log D). The following lemma can be proved using

an argument similar to the one used to prove Lemma 3.4

together with the techniques of [1 1].

Lemma 3.5 Under the same hypothesis as in Lemma 3.4,

if the concurrent flow instance is a uniform-demand instance

then S*/z* = O(d).

Combining the results in[15] that imply that O(log D)

in the above bounds can be replaced with O(log k) together

with Lemmas 3.5 and 3.4, and with the decomposition

Theorem 4.6, proved in the next section, we get:

Theorem 3.6 For any concurrent flow problem in a graph not

containing K,,, as a minor, S*/z* = O(r-3 log k), where

k is the number of commodities. For any uniform-demand

concurrent flow in such a graph, S* /z* = O(T3 ).

4 Proof of the main decomposition

theorem

In this section we prove the main technical theorem, which

implies that in any graph we can either exhibit a small

clique as a minor or find a small subset of edges whose

removal separates the graph into connected components

such that any two nodes in the same connected component

are relatively close in the original graph. We prove the

theorem for a graph with unit length and unit capacity

edges. We can apply this theorem to a graph with integral

lengths ~(.) and capacities ii(.) by replacing each edge vw

with U(VW) parallel edges and then replacing each resulting

edge with a path of length ~(vw). This modified graph has

~VW ~(vw)u(vw) edges. (Note that this sum is at most

2C in the concurrent flow application.)

Given a breadth-first search tree T of a graph G, the ~th

level of ‘T is the set of nodes whose distance in G from the

root of ‘T is z, If a node belongs to the ~th level of T, we say

the node’s level is j. For a node v in T, the ancestor-path

of w in T is the path from v to the root of T.

For a graph G1 and a distance parameter 6, we describe

a series of at most r + 1 subgraphs of GI. Assume GI is

connected. Construct a breadth-first search tree 71 of G1

rooted at an arbitrary node. If 71 has fewer than 6 levels,

the series stops. Otherwise, select a set of 6 consecutive

levels of T_, and let Gz be a connected component of the

graph induced on these levels. Repeat this procedure on

G2, obtaining a breadth-first search tree 72, selecting 6 con-

secutive levels of Tz, and choosing a connected component

G3 of the induced subgraph. Continue this construction,

obtaining Gd, Gs, and so on, up to at most G?+l.

The key property of the subgraphs that are produced in

the above process is that each G,+l is a connected com-

ponent induced by the nodes in 6 consecutive levels of

z.

Definition 4.1 Let H and G be graphs. Suppose that for

each node v of H, G contains a connected subgraph A(v),

and for every edge uv of H there is an edge IS(UW) in G

between A(u) and A(v). If the A(v)’s are disjoint, we call

UVA(V) an H-minor of G. In this case, we refer to the A(v)’s

as supemodes, and to the Z (UV)’S as .wperedges.

We use Kr,, to denote the complete bipartite graph with

r nodes gl, . . . , gr on one side of the bipartition, and s

nodes bl, bz, . . . 1bs on the other side. We refer to the

r nodes g% as green nodes and to the s nodes b, as blue

nodes. Correspondingly, in discussing a K.,~-minor of G,

we refer to the supernodes A(v) as green supernodes or

blue supernodes, according to whether v is a green or blue

node of K.,..

The following is the property of the graphs G1, G’2, etc.,

which construction we have described above:

Theorem 4.2 If GI excludes K.,. as a minor, the last graph

Gi in this series has the property that any two of its nodes are

within distance 0(r2d) of each other in the original graph G1.

If the process terminates before producing Gr+l, the

claim is trivially true because in this case the breadth-first

search tree of the last graph Gi has fewer than 6 levels, so

every pair of nodes have distance at most 26 in Gi, and

hence in G1 as well. We therefore assume that the process

continues until Gr+l is produced. In the remainder of

the paper, when we refer to the “distance” between two

nodes, we mean distance in G1 measured in edges unless

otherwise stated.

To prove Theorem 4.2, we assume that there are two

nodes in G,+l that are at distance at least (r – l)(4(r +

1)8+ 1) in G1, and we show inductively that Gr_s contains

K.,. as a minor. The induction shows that G2 contains

K.,,– 1 as a minor; one additional step shows that G1

contains Kv,r.

Before presenting the induction proof, we state several

helpful lemmas and definitions.

Lemma 4.3 Assume there exist two nodes in G,+l that are
a distance of at least (r — 1) (4(r + 1)6 + 1) from each other.
Then there exist nodes VI, V2, . . . , VT such that the distance

between any two of them is at least 4(r + 1)6+ 1.

The lemma uses the fact that Gr+l is connected.
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Definition 4.4 Consider a Kr,b-minor in G such that starting

at each green supernode A(g) there is a path P~. We say that

the paths {P~ } are green tails if each path P~ is disjoint from

the other paths and from all supernodes except A(g). We will

refer to Pg’s ending node (outside of A(g)) as the tip of the

tai/. Note that several nodes of P~ may belong to A(g), not

just P~’s first node.

To aid in finding tails that are disjoint from previous

superedges and supernodes, we use a span of 6 consecutive

levels as a moat. This is illustrated in Figure 2, where we

see three graphs constructed in three consecutive steps of

the decomposition process: G,, Gt+I, and G,+z. The

usefi.dness of moats is captured in the following lemma.

Lemma 4.5 Let v and w be two nodes in G,+ I such that w

lies on v’s ancestor-path in T,. Then the levels of v and w in

~+1 differ by less than 6.

Proof: Recall that all the nodes in G~+l are in some 8

consecutive levels of the ~ tree. Hence an ancestor-path

from v to the root of z consists of two subpaths PIPZ,

where PI goes from v to the last node of the ancestor-path

belonging to one of these 6 levels, and P, continues to the

root of ~. Since w is in G%+l, it belongs to one of these

levels, and hence lies in PI.

By definition of an ancestor-path, each successive node

of PI lies on a lower-numbered level, and hence its length

is less than 6, Therefore the level in T,+l of any node on

PI is within 6 – 1 of the level of v, I

We now commence the induction proof. We show by

reverse induction on b that, for b = T, r – 1, . . . , I the

following conditions hold.

1.

2.

There is a Kr,.-~-minor in Gb+~ with green tads in

Gb that are ancestor-paths in the tree Tb and that have

length exactly 46.

Let hi be the middle node of the .ith tail (i.e. the

26+ ist node in the tail). Then each pair of middle

nodes hj are at distance more than 4bc5 from each

other in G1.

First we establish the basis of the induction. We assumed

that G.+l contained two nodes at distance at least (r –

1)(4(T + 1)6 + 1) in G1. Hence, by Lemma 4.3, G,+l

contains nodes V1, vz, . . . , v~ at distance at least 4(T +

1)6 + 1 from one another. We use these nodes to construct

a K~,O minor. For every Vj, initialize the green supernode

A(gj ) to contain the single node V3. Note that K.,0 has

no edges so we need not construct any superedges. We

do need to construct tails. For each v ~, the tail is the

ancestor-path in T. of length 46 starting at Vj. The fact

that the distance between any two nodes vi, VJ is more than

4(T + 1)6 implies that these paths exist and are disjoint. For

the ~th path, let hj be the 26 + 1st node on this path (the

midd[e node). Note that hj is at a distance exactly 26 in the
path from the first node. Since each pair u<, Wj of distinct

green supernodes are far apart, and since h, is close to v,

and hj is close to v~, we conclude that the middle nodes

are far apart. Thus the induction conditions are satisfied.

Now we address the inductive step. Assuming the con-

ditions 1 and 2 hold for b = z + 1, we show they hold for

b = z, where z > 1. As illustrated in Figure 3, we have a

Kr,T-~-l-minor in G,+2 with green tails Qj of length 48

that go up the tree Ti+l. The middle nodes hj of the tails

are at a distance more than 4(2+1)6 from each other. Note

that each middle node is separated in <+1 from Gi+2 by a
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moat of at least 6 levels of ~+1. Moreover, the tips of the

tails (denoted by ~1, k2, etc. in the Figure), are separated

from the middle nodes by a moat of at least 6 levels.

The inductive step is depicted in Figure 4. Let Pj denote

the ancestor-path in Z of length M from hj, and let UJ be

the 26+ Ist node in Pj. The paths {Pj } are disjoint since,

by the inductive hypothesis, the distance between any two

old middle nodes hj, hj, is more than 4(i + I )6. Similarly,

any two new middle nodes Uj, uy are a distance more than

@ from each other.

We now construct a new blue supernode A(b,+l ) as

illustrated in Figure 4. Let A(b,+l ) consist of the ancestor-

paths in ‘11+1 from the tips of the old tails up to the root

of ~+1. Clearly these paths form a connected subgraph

since each contains the root.

For each ~, augment the green supernode A(gj ) to ob-

tain A’ (gj ) by adding the nodes of the old tail Q~ up to

but not including its tip. The last edge of Qj, which goes

from the augmented supernode A’ (gj ) to the tip of the

old tail, is a new superedge. Thus we have constructed a

Kr,,_,-minor in G,+l. We have also constructed ancestor-

paths Pj of the right length from the green supernodes. It

remains only to show that these paths are proper tails, i.e.

that they do not intersect the supernodes (except that Pj

may intersect A’ (gj )).

We use the “moat” argument. By Lemma 4.5, for any

node w of G,+l that lies on Pj, the level ofw in Z+l cannot

differ from the level of hj by more than 6 – 1. Since the

new blue supernode A(w,+l ) consists only of nodes whose

levels differ from the levels of the middle nodes {hj } by

at least 6, the paths Pj do not intersect it. Similarly, all of

the old (unaugmented) supernodes are contained in GL+ z,

and hence cannot have any nodes in common with Pj.

We must also show that Pj does not intersect the aug-

mented green supernodes. In particular, for each aug-

mented supernode A’ (gj, ) where j’ # j, we must show

that Pj does not intersect the added nodes A’(gJ, ) – A(gj, ).

The added nodes all belonged to the old tail Qj,. Suppose

that a node w belongs to both P] and Qjl. By Lemma 4.5,

w is within 8 levels of the middle node hj in the tree Z+l.

Hence w is within 26 levels of hj,. It follows that w is

a distance at most %5 from h~,. Since every node of P]

that is in Gl+l is a distance at most 6 from h~, it follows

that hj and hj, are at distance at most M apart, contra-

dicting the induction hypothesis. We conclude that the

new ancestor-paths Pj are true tails. This completes the

induction step.

We have shown that G2 contains a KT,T-l -minor with

green tails in G1 such that the middle nodes on these

tails are a distance more than M from each other. Just

as in the induction step, we can construct an Tih blue

supernode in G1 and augment the old green supernodes,

thereby obtaining a Kr,~-minor. This completes the proof

of Theorem 4.2. 1

Following is a direct application of Theorem 4.2:

Theorem 4.6 Given a graph with m edges and parameter a,

we can find (in polynomial time) either a KT,T minor, or a set of

mT/a edges whose deletion will decompose G into connected

components where the distance (in the original graph) between

any two nodes in the same component is 0( T2Q’).

Proof: Given a breadth-first search tree of the graph, we

divide the nodes into a classes. For k = 0,1,... , a –

1, the lcth class consists of nodes at levels k (mod a).

Similarly the edges spanning different levels of the breadrh-

first search tree can be divided up into classes; each such

edge is placed in a class corresponding whichever endpoint

is nearer the root. These edge-classes are disjoint, so one

of them contains at most a fraction 1/a of the edges.

Remove the edges of such an edge-class, find breadth-

first search trees of the components of the resulting graph,

and continue for a total of r- stages. In each stage, at

most m/a edges are removed, for a total of rm/a edges.

By Theorem 4.2, either a Kr,r minor can be constructed,

or each resulting connected component has the desired

properry. I
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