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The three classification algorithms start from the assumption that in a realworld object each point is exactly one material, as in (i). The measurement
process creates samples that mix materials together, from which we reconstruct
a continuous, band-limited measurement function (x). For some values of x,
e.g., P1 and P2 , (x) returns the signature of a pure material. For other values
of x, e.g., P3 , (x) returns a combination of the pure material signatures.
Algorithm A, (ii), models the measurements as a linear combination of pure
material signatures and signatures of mixtures of pairs of materials. Two
material mixing occurs in the region labeled “A & B,” and each voxel (delimited
by grid lines) can contain some of each signature. Algorithms B and C, (iii),
use a parametric model that is based on the distance from a voxel to a boundary
between materials. The grid lines surround voxels. : : : : : : : : : : : : :
Dataset parameters for a pure material histogram basis function, shown in (i)
include c, the mean value for the material, and s, which measures the standard deviation of measurements (see Equation 1.6). (ii) shows corresponding
parameters for a two-material mixture basis function. : : : : : : : : : : : :
Histogram basis functions, fboundary(v), for scalar data. The shapes approach
normal distributions as d, the distance from the boundary to a voxel center,
moves away from 0. : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
Histogram basis functions, fboundary(v), for vector-valued data. Three different
values of d, the distance from the boundary to a voxel center, are represented.
The partial volume, boundary distance, and discrete algorithms are compared
in classifying simulated MRI data. (ii) shows the simulated data, which contains three different materials. The geometry that the data measures is shown
in (i). (iii) shows what an “ideal” classification algorithm should produce and
(iv)-(vi) show results from different algorithms. Note that the new algorithms
(v) and (vi) produce results most similar to the ideal case, and that (vi) does
so even with scalar data. : : : : : : : : : : : : : : : : : : : : : : : : : : :
One slice of data from a human brain. (i) shows the original two-valued data,
(ii) shows four of the identified materials, white matter, gray matter, cerebrospinal fluid, and muscle, separated out into different images, and (iii) shows the
results of the new classification mapped to different colors (see Plate ??). Note
the smooth boundaries where materials meet and the much lower incidence of
misclassified samples than in Figure 1.3. : : : : : : : : : : : : : : : : : :
A volume-rendering image of a human hand dataset. The opacity of different
materials is decreased above cutting planes to show details of the classification
process within the hand (see Plate ??). : : : : : : : : : : : : : : : : : : :
A geometric model of tooth dentine and enamel created by collecting MRI data
using a technique that images hard solid materials [GLF+ 95] and classifying
dentine and enamel in the volume data with our new partial-volume mixtures
algorithm. Polygonal isosurfaces define the bounding surfaces of the dentine
and enamel. The enamel-dentine boundary, shown in the lower images, is
difficult to examine non-invasively using any other technique. : : : : : : : :

12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01

14

15

16
16

18

19

20

21

Preface
Data visualization concerns the manipulation of sampled and computed data for comprehensive
display. The goal of the visualization to bring to the user a deeper understanding of the data
as well as the underlying physical laws and properties. Such visualization may be used to
enlighten a physicist on the complex interaction between electrons, to guide the medical
practitioner in a surgery situation, or simply to view the surface of a planet which has never
been seen by human eyes.
Through the presentation of massive amounts of data as images, we allow the visualization
user to rapidly prune useless information, focus on necessary information, and comprehend
the science behind the data. Interaction with data brings another level of understanding. Static
images can be misleading and mask important features of the data. Motion in visualization
brings out hidden features which are inherently dynamic. Interactive manipulation and control
of visualization is an important tool which allows scientists to more quickly focus on the
region of interest. In environments which are immersive, the motion is critical, to the point
that delays or inconsistencies can make the viewer ill. In this case there is a desire to bound
response time using time-critical techniques.
The important aspects of data visualization can be broken down into three categories:
Computation - the ability to speedily compute a visualization. This may include computing
a polygonal approximation to an isosurface of a scalar function, or the computation of a
particle trace through a time-dependent vector field, or any action which requires extracting
an abstract object or representation from the data being examined.
Display - the ability to quickly display the computed visualization. Display encompasses
both computed visualizations as listed above, as well as direct display methods such as
volume visualization and ray tracing.
Querying - the ability to interactively probe a displayed visualization for the purpose of
further understanding on a fine scale what is begin displayed on a coarser scale.
The different chapters of this book address fundamental algorithmic techniques and data
structures for efficient computation, display and querying of scalar, vector and tensor field
data.

DATA VISUALIZATION TECHNIQUES, Edited by C. Bajaj
c 1996 John Wiley & Sons Ltd
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Continuous Bayesian Tissue
Classification for Visualization
David H. Laidlaw
California Institute of Technology

ABSTRACT
This chapter discusses tissue classification–the identification of regions of materials
in volume data. Our primary motivation is creating images for understanding biological
systems from medical imaging data. We advocate an approach to this problem that avoids
some of the pitfalls of approaches derived directly from discrete pattern recognition. By
combining sampling theory and Bayesian probability theory, images can be generated
without many of the aliasing artifacts otherwise introduced.
We first discuss the classification problem, its place in the visualization cycle, and some
approaches to it. We then outline the approach we advocate. It involves reconstructing
a continuous function from samples and examining the function over small, voxel-sized
regions rather than at single points. The behavior of the continuous function over those
regions provides much richer information and is the key to improving classification results.
We discuss three algorithms and a framework for developing additional ones. Results of
applying the algorithms to simulated and real MRI data show their efficacy.

1.1

Introduction

Visualization is inherently an iterative process that must be coupled with scientific questions
to be meaningful. Figure 1.1 shows the cycle, starting with a hypothetical model for some
physical phenomenon, continuing with observation and collection of data, and finishing (one
iteration) with visualization and analysis of the data. The ultimate goal of the process is to
converge on insight and understanding of the phenomenon under study.
Geometry is at the heart of visualization, and extracting geometry from scientific meaDATA VISUALIZATION TECHNIQUES, Edited by C. Bajaj
c 1996 John Wiley & Sons Ltd
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Scientific Visualization cycle.

surements is a central part of scientific visualization. The goal of our visualization process is
the understanding of the development and anatomy of biological systems through the study
of their geometry. We describe here one stage in a three-stage computational framework for
extracting geometry from sampled volume data. Within the framework, shown in Figure 1.2,
we measure the biological systems, identify different regions within them, and create images
and models using information about the regions and the measurement process.
Tissue classification or segmentation, the second step of the framework, is the focus of this
chapter. We will describe the how the search for geometry impacts the classification process,
the algorithmic changes it leads to, a framework for creating new algorithms that work well
for extracting geometry, and some examples of new algorithms.
These techniques convert unclassified volume images into volume images with a physical
interpretation that is more appropriate for many visualization algorithms. Resulting images
may measure, for example, the local density of a material or the distance from a boundary between materials. The physical interpretation of these volume images is appropriate
for volume-rendering [Lev88] (see Chapter ??), extraction of surface models [LC87] (see
Chapter ??), and extraction of volume models. With these images and models we hope to
be able to address anatomical and developmental questions through examination of systems
and through predictive modeling of complex biological shapes and behavior. Applications
also exist for surgical planning and assistance, conventional computer animation, and other
imaging modalities.

1.1.1

Related Work

Many researchers have worked on identifying the locations of materials in sampled datasets
[VBJ+ 85], [VSR88], [CLKJ90], [DH73]. [CVC+95] gives an extensive review of the segmentation of MRI data. However, many of these algorithms generate artifacts like those shown
in Figure 1.3, an example of data classified with a technique based on discrete sample values.
These techniques work well in regions where a voxel contains only a single material, but tend
12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01
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Figure 1.2 The computational framework that we use for creating static and dynamic geometric models
of biological systems from MRI data. Our focus is on the second stage, tissue classification.
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Figure 1.3 Discrete, single-material classification of the same human brain slice shown in Figure 1.12
(See Plate ??).

to break down at boundaries between materials. This introduces both stair-step artifacts, as
shown between gray matter and white matter within the brain, and thin layers of misclassified
voxels, as shown by the white matter between the skull and the skin. Both types of artifacts
can be ascribed to the partial-volume effects ignored by the segmentation algorithms.
A number of algorithms address this limitation of discrete classification techniques.
[DCH88] demonstrates that accounting for mixtures of materials within a voxel can reduce
these artifacts, and approximates the relative volume of each material represented by a sample
as the probability that the sample is that material. Their technique works well for differentiating air, soft tissue, and bone in CT data, but not for differentiating materials in MR data, where
the measured data value for one material may often be identical to the measured value for
a mixture of two other materials. [WAAR+ 88] and [KSW96] avoid partial-volume artifacts
by taking linear combinations of components of vector measurements. An advantage of their
techniques is that the linear operations they perform preserve the partial-volume mixtures
within each sample value, and so partial-volume artifacts are not created. A disadvantage is
that the linear operations are not as powerful as non-linear operations, and so either more data
must be acquired or classification results may not be as accurate. [CHK91] and [NFMD90]
address the partial-volume issue by identifying combinations of materials for each sample
value. As with many other approaches to identifying mixtures, these techniques use only a
single measurement taken within a voxel to represent its contents. Without the additional
information available within each voxel region, these classification algorithms are limited in
their accuracy. [SG93] shares a mixture distribution for histograms with our technique. Their
technique, however, estimates material amounts in an entire dataset, and does not classify the
data at a voxel level.
[WCW88] presents an interesting approach to partial-volume imaging that makes assumptions similar to ours about the underlying geometry being measured and about the measurement
process. The results of their algorithm are a discrete material assignment for each sub-voxel
of the dataset. Taken collectively, these multiple sub-voxel results provide a measure of the
mixtures of materials within a voxel but arrive at it in a very different manner than does our
algorithm. This work has been applied to satellite imaging data, and so results are difficult to
compare, but aspects may combine well with our technique.
12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01
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sample
voxel

volume dataset

Figure 1.4 We define a sample as a scalar or vector valued element of a multi-dimensional dataset. A
voxel is the region surrounding a sample.

1.1.2

Continuous Classification

We have developed a methodology for constructing a probabilistic Bayesian classification
algorithm from a set of assumptions about the underlying data. Our algorithms start with the
premise that the sampled datasets satisfy the sampling theorem, which allows us to reconstruct
a continuous function (x) over the entire dataset [OWY83]. We treat a voxel as a volume
of space (see Figure 1.4). We examine all the values that the reconstructed function takes on
over a voxel by calculating histograms of (x) over small regions of the dataset and classify
those histograms by fitting histogram basis functions constructed from the set of assumptions.
This approach builds upon statistical classification and non-linear digital image and signal
processing.
Using the Bayesian framework, we have constructed three different classification algorithms,
described in more detail below. The first algorithm models the contents of each voxel as a
linear combination of pure materials and mixtures of two materials. The second algorithm
models each voxel as either entirely composed of a single pure material, or composed of
two materials with a separating boundary. The third algorithm is substantially similar to the
second, but allows the expected value, or signature, of each material to vary over a dataset, a
common characteristic of MRI data. These techniques classify MRI data better than previously
available techniques because they use a more accurate model of the collected data. They are
also tailored to produce accurate results near boundaries between materials where extracted
geometric details are most visible.

1.1.3

Organization of Chapter

In Section 1.2 we describe a Bayesian framework for developing new classification algorithms.
As we present each step in the framework, we work through a simple example to illustrate
the process. Section 1.3 gives an overview of the family of algorithms that we have developed
using the framework. They are described in more detail in [Lai95], [LBJ97], [GLF+ 95], and
[LFB97].
We show some results of visualizing volume data classified with our techniques in Section 1.4. Our visualizations take two basic forms, surface rendering and volume rendering.
Most traditional computer graphics imagery is rendered as surfaces, although in the last
decade volume rendering has emerged as a useful adjunct to the more traditional techniques.
Unlike surface-rendering methods, volume rendering produces images that can show internal
structure. Thus, images of solid objects can appear to consist of volumes of transparent or
semi-transparent material (see Chapter ??).
12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01
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A Framework for Classification Solutions

We define a statistical framework for creating classification algorithms. It is based on Bayesian
probability theory [Lor89] and approximations of conditional and prior probabilities. Within
the framework we have created a family of new algorithms that calculate the probability of a
particular combination of materials given the histogram over a small region. We then find the
most likely combination for the region.
In this section we outline how to construct a new classification algorithm within our framework, illustrating the process with an existing algorithm. We begin by defining terms.

1.2.1

Definitions

We refer to the coordinate system of the space of the object we are measuring as spatial
coordinates and generally use x 2 X to refer to points. X is nx -dimensional, where nx is 3
for volume data, but can be 2 for slices.
Each measurement, or sample (see Figure 1.4), may be a scalar or vector and lies in
feature space (see Figure 1.5), with points frequently denoted as v 2 V . Feature space is
nv -dimensional, where nv is one for scalar-valued data, two for two-element vector data, etc.
From the samples we reconstruct a continuous function (x) over X by interpolating sample
values. We use tri-cubic interpolation and so incorporate information from 64 nearby samples
into each interpolated measurement. A voxel, or voxel region, (see Figure 1.4) is the volume
surrounding a sample. The terms are interchangeable. We use voxels that tile the volume of a
dataset, but overlapping or non-adjacent voxels are also possible. We are frequently interested
in the behavior of (x) over the region defined by the volume of a voxel.
Classification algorithms classify a voxel based on information derived from the raw data
in or near the voxel. We refer to the information as voxel-info, and label it h. For each of
our classification techniques we use a histogram over the small region defined by a voxel to
encode the information contained in the voxel. We first reconstruct a continuous function over
the entire dataset from the samples and then use the continuous analog of a discrete histogram,

hR(v) =

Z

R(x) ((x) , v)dx
(1:1)
to calculate a histogram over each voxel. R(x) is non-zero within the region of interest, and
integrates to 1. We define R(x) to be constant in the region of interest making every spatial
point contribute equally to the histogram hR(v). Note also that hR(v) integrates to 1.  is

the Dirac-delta function. Figure 1.5 shows an example of calculating a normalized histogram
from a continuous function.
We use Equation 1.1 both as a starting point for deriving histogram basis functions and also
for calculating histograms of regions of our datasets.

1.2.2

Construction of a New Bayesian Classification Algorithm

Construction of a new classification algorithm involves four steps: choosing voxel-info to
represent the information in a voxel, selecting a set of assumptions about the collection
process, defining a parameterized model of the voxel-info, and deriving material probability
estimates.

12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01
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v

"feature space"
v

v

A
vA

A&B
B

vB
x
(i) sampled data

(ii) continuous
reconstruction

x

h(f)
(iii) histogram

Figure 1.5 Histogram calculation. The scalar samples in (i) are measurements from a dataset containing
two materials, A and B . One material has measurement values near vA and the other near vB . In (ii)
we reconstruct a continuous function from those samples, with relatively flat regions at the two material
values. These flat regions correspond to the Gaussian-shaped peaks centered around vA and vB in the
histogram, (iii), which is shown on its side to emphasize the axis that it shares with the spatial data.

Choose voxel-info. Our algorithms use histograms calculated over the region of a voxel as
voxel-info; other choices are possible. We have chosen histograms for a number of reasons.
First, they generalize single measurements to measurements over a region, so classification
concepts that apply to single measurements generalize. Second, the histograms can be calculated easily. Third, the histograms capture information about neighboring voxels, which
increases the information content of the voxel-info and improves the classification results.
Fourth, histograms are orientation independent; orientation independence reduces the number
of parameters in the classification process hence simplifying and accelerating it.
As with many other techniques, ours works on vector-valued volume data, in which each
material has a characteristic vector value rather than a characteristic scalar value. Vectorvalued datasets have a number of advantages and generally give better classification results.
First, they have an improved signal-to-noise ratio. Second, they frequently distinguish similar
materials more effectively (see Figure 1.6). The jump from scalar to two-valued vector data
is the most significant. In scalar-valued datasets it is difficult to distinguish a mixture of two
pure materials with values vA and vB from a pure material with some intermediate value such
as vC = (vA + vB )=2. This is because all three material values are collinear, as they must
be for such a dataset. With more measurement dimensions in the dataset, collinearity is less
frequent for most combinations of three or more materials, although Figure 1.6(iv) illustrates
that it can still occur. When it does occur, classification works as for scalar-valued data.
Codify collection assumptions. In the second step we codify a set of assumptions about the
data-collection process. The assumptions embody information about:






how sampling works on the machine we are using,
the responses of materials or combinations of materials to the measurement process,
the spatial uniformity of the measurements, and
geometric characteristics of our objects.

For our example we will assume that there is a known discrete set of materials, that measurements for a single material are distributed normally, and that each voxel consists of exactly one
material. Section 1.3 lists the assumptions for our algorithms, some of which are illustrated in
Figure 1.7.

12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01
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Pure A
Pure B

A&B

Pure C

A&C
B&C

Image intensity
(i)
(ii)

(iii)

(iv)

Figure 1.6 Benefits of histograms of vector-valued data. We show histograms of an object with
three materials. (i) is a histogram of scalar data and shows that material mean values are collinear;
therefore, distinguishing among more than two materials is often ambiguous. (ii) represents a histogram
of vector-valued data, with one MRI value along the axes at the bottom of the figure and one along the
left side. Brighter points represent larger values of the histogram. (iii) is another representation of the
same histogram. The histogram shows that mean values often move away from collinearity in higher
dimensions. (iv) shows a different histogram demonstrating that the collinearity problem can occur with
vector-valued data.
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Model voxel-info. From our choice of voxel-info and the set of assumptions about the datacollection process, we define a parameterized model of the voxel-info, f ( ). The parameters,
, for the voxel-info model are divided into two classes. The first, dataset parameters, consists
of those that are known before the voxel classification process. The second, voxel parameters,
vary from voxel to voxel.
For our example the dataset parameters are a mean and deviation for measurements of each
materials; the single voxel parameter is discrete-valued and each value corresponds to one of
the possible materials.
Estimate material probabilities. Given voxel-info, h, which encodes information from a
single voxel and a parameterized model of the voxel-info, f ( ), we want to find the most
likely set of parameters . The posterior probability defines how likely a set of parameters
is given an observed voxel-info, h:

P ( jh)

(1

:2)

By maximizing the posterior probabilitywe find the most likely set of parameters. Equation 1.2
cannot, in general, be calculated directly, so we use Bayes’ Theorem to decompose it into pieces
that we can either calculate directly or estimate.

P ( jh) = P ( P)P(h()hj

)

(1

:3)

P (hj ) is the likelihood of a particular instance of voxel-info for a given set of voxel
parameters. We calculate it by comparing the parameterized model of the voxel-info to the
actual voxel-info and quantifying the difference.
P ( ) is the prior probability and tells us how likely each set of parameters is. We estimate
the prior probability from the model of the voxel-info and from the assumptions that we make
about the data-collection process.
P (h) is the global likelihood of a particular instance of voxel-info. We assume that it is a
constant function of h. It becomes a normalization factor for Equation 1.3.
1.2.3

Classification

Estimate dataset parameters. Any dataset parameters must be estimated before the classifier
can be used. We estimate them by calculating their values for a training set of voxels with
known voxel parameters. In our example we would calculate the mean and variance of a set
of measurements known to be from each discrete material.
Classify voxels. Finally, we calculate the voxel-info, h, for each voxel and use the classifier
to estimate the voxel parameters.

1.2.4

Example of Classification Algorithm Construction

In this section we construct the Bayesian classifier for the example we introduced in Section 1.2.2. This classifier is not new [DH73], but its construction within our framework
illustrates how to create a classifier.

12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01
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Example voxel-info. For our example we define voxel-info he as the single data measurement
at the center of a voxel.
Example assumptions.

e1 :
e2 :
e3 :

Each measurement comes from exactly one material.
The measurements from each material are normally distributed.
We know the number of materials and can identify samples from each material within the
data.
e4 : All materials are equally likely.
Example model of voxel-info. Our model of the voxel data, fe ( e), has a single discrete
voxel parameter, e , that specifies the material within the voxel.

fe (

e) =  e

(1

:4)

For each material i, our model has two dataset parameters, i and i , defining the expected
value and the standard deviation of measurements.

Example material probabilities. From assumptions e1 and e2 , the likelihood, P (hej e), can
be calculated by evaluating a normal distribution with mean  e and variance 2 e :

Pe(he j

e) =



p exp , 12
e 2
1



e, e



2 !

e

(1

:5)

From assumption e4 , the prior probability, Pe( e ), is n1m where nm is the number of materials.
Example dataset parameter estimation. The dataset parameters consist of the mean and
variance of measurements of each discrete material. From assumption e3 we find the dataset
parameters by interactively selecting a set of points in the dataset for each material. We define
each set as measurements of the single material they represent; from them we calculate the
mean and variance for each material.
Example classification. We iterate over each voxel calculating the most likely value for the
single voxel parameter, e; for each voxel we measure he , the value at the center of the voxel.
For each possible material we calculate the corresponding posterior probability, P ( ejhe ),
and choose the largest of these values. This gives us the most likely material.

1.3

A Family of Solutions

In this section we give an overview of three new classification algorithms constructed within
our framework and compare and contrast them with one another. We first list the assumptions
that are common to all three algorithms and the dataset parameters that these assumptions
imply. We then present the assumptions unique to each algorithm and summarize both the
dataset and voxel parameters.

12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01
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Assumptions Common to New Algorithms

We make several assumptions that are consistent among the new algorithms that we have
developed. Each algorithm also makes additional assumptions detailed in subsequent sections.

ec1 :

Discrete materials. The first assumption is that materials within the objects that we
measure are discrete at the resolution that we are sampling. Material boundaries are not
assumed to be aligned with the sampling grid. We make this assumption because we are
generally looking for boundaries between materials, and because we are starting from
sampled data, which loses information about detail that is finer than the sampling rate.
This assumption does not preclude homogeneous combinations of sub-materials that can
be treated as a single material at our sampling resolution. For example, muscle may contain
some water, and yet be treated as a separate material from water. This assumption is not
satisfied where materials gradually transition from one to another over many samples or
are not relatively uniformly mixed. Section 1.5 discusses cases where this assumption is
not satisfied.
ec2 : Normally distributed noise. The second assumption is that noise is added to each
discrete sample and that the noise is normally distributed. We assume a different variance
in the noise for each material. This assumption is not strictly satisfied for MRI data in some
cases, but seems to be satisfied sufficiently to classify data well.
ec3 : Data satisfies sampling theorem. The third assumption we make is that the sampled
datasets we classify satisfy the sampling theorem [OWY83]. The sampling theorem states
that if we sample a sufficiently band-limited function, we can exactly reconstruct that
function from the samples.
From assumption ec1 the underlying physical object has discontinuous boundaries between
materials, and an infinite-precision MRI machine would generate a dataset with discontinuities at material boundaries. At finite resolutions, the measurement function must be band
limited so that it can be reconstructed from the samples.
MRI slice data generally satisfies this assumption or can be pre-processed to satisfy it
[Lai92], [GLS+ 97] within the slice. Without data that satisfy the sampling theorem, we
cannot reconstruct a continuous function, and without a continuous function, we cannot
extract geometric models as shown in Section 1.4.

1.3.2

Overview of Algorithm A: Partial Volume Mixtures

Our new partial volume mixtures algorithm was developed to create classified data with fewer
boundary artifacts so that we could produce better geometric models. The choice of voxelinfo, the model of the voxel-info, and some of the assumptions are formulated to capture and
identify information about the boundaries. The remainder of the assumptions help make some
of the probability calculations more tractable.
We assume, as in Figure 1.7(i), that each voxel is a mixture of materials, with mixtures like
“A & B” occurring where the band-limiting effects of the data collection process blur pure
materials together, as in Figure 1.7(ii). From this assumption we derive basis functions that
model histograms for pure materials and for mixtures of two materials.
Additions to common assumptions.
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Figure 1.7 The three classification algorithms start from the assumption that in a real-world object
each point is exactly one material, as in (i). The measurement process creates samples that mix materials
together, from which we reconstruct a continuous, band-limited measurement function (x). For some
values of x, e.g., P1 and P2 , (x) returns the signature of a pure material. For other values of x, e.g., P3 ,
(x) returns a combination of the pure material signatures. Algorithm A, (ii), models the measurements
as a linear combination of pure material signatures and signatures of mixtures of pairs of materials.
Two material mixing occurs in the region labeled “A & B,” and each voxel (delimited by grid lines) can
contain some of each signature. Algorithms B and C, (iii), use a parametric model that is based on the
distance from a voxel to a boundary between materials. The grid lines surround voxels.

em4 :

Linear mixtures. Each voxel measurement is a linear combination of pure material
measurements and measurements of their pair-wise mixtures.
em5 : Uniform tissue measurements. Measurements for the same material have the same
expected value throughout a dataset.
em6 : Box filtering. The spatial measurement process can be approximated by a box filter for
the purpose of calculating histogram basis functions.
em7 : Materials identifiable in histogram of entire dataset. The signatures for each material
and mixture must be identifiable in a histogram of the entire dataset.
Description. The parameters for each voxel in this algorithm are density values for each pure
material and for each pair-wise combination of materials and an estimate of the low-frequency
noise within the voxel. The densities sum to one, and each density weights a histogram basis
function for either a pure material or a mixture. The basis function for pure materials is a
normal distribution.

fsingle(v; c; s) =

n

v
Y

p exp , 12
i=1 si 2
1



vi , ci 2
si

!

(1

:6)

(1

:7)

The basis function for a mixture is

fdouble(v; c; s) =

Z 1

0

fsingle (v; (1 , t)c1 + tc2 ; s)dt:

Both basis functions are shown in Figure 1.8.
The dataset parameters are the mean, c, and standard deviation, s, for each pure material, as
well as an expected deviation of the model histogram from actual histograms. The parameters
are estimated by analyzing a histogram taken over the entire dataset and fitting a combination
of materials to that histogram.
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Figure 1.8 Dataset parameters for a pure material histogram basis function, shown in (i) include c,
the mean value for the material, and s, which measures the standard deviation of measurements (see
Equation 1.6). (ii) shows corresponding parameters for a two-material mixture basis function.

1.3.3

Overview of Algorithm B: Boundary Distance

The boundary distance algorithm addresses some of the limitations we discovered in the partial
volume mixtures algorithm. The voxel-info and most of the assumptions are the same, but
the histogram basis functions differ. The main change is that the distance from a boundary
is explicitly incorporated into the histogram basis function for mixtures, as shown in Figure 1.7(iii). The explicit model better fits histograms of voxels near boundaries. A second
change is that the histogram basis functions are derived with the more-accurate assumption of
Gaussian filtering.
Additions to common assumptions.

eb4 :

Only pair-wise mixtures. Each voxel measurement is of either a pure material or a
mixture of exactly two materials near a boundary.
eb5 : Uniform tissue measurements. Measurements for the same material have the same
expected value throughout a dataset.
eb6 : Gaussian filtering. The measurement process can be approximated by a Gaussian filter
for the purpose of calculating histogram basis functions.
eb7 : Known materials. We know the number of materials and can identify samples from
each material and mixture within the data.
Description. The voxel parameters for this algorithm are a discrete parameter, b that determines the material or mixture, a signed distance, d, from a boundary for mixtures, and an
estimate, N̄ , of the low-frequency noise within the voxel. Once again, the histogram basis
functions for pure materials are normal distributions. The basis functions for mixtures are

fboundary(v; d;N̄; c; s; kw) =

kn(v; s)  H (d + k2h , kek(wv) ) , H (d , k2h , kke (wv) )

eke(v) p
(c2 ,c1 )kw



(1

:8)

c2 ,2v
where ke(v) = erf ,1 ( c1 +
c1 ,c2 ) and H (x) is the Heaviside, or step, function. The basis
functions are shown in Figure 1.9 and 1.10.
The dataset parameters are the mean, c, and standard deviation, s, values for each pure
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Figure 1.9 Histogram basis functions, fboundary (v), for scalar data. The shapes approach normal distributions as d, the distance from the boundary to a voxel center, moves away from 0.
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Figure 1.10 Histogram basis functions, fboundary (v), for vector-valued data. Three different values of
d, the distance from the boundary to a voxel center, are represented.

12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01

Bayesian Tissue Classification

17

material, the width, kw (in samples), of the acquisition sampling kernel, and an expected
deviation of the model histogram from actual histograms. They are estimated from a training
set of points interactively chosen for each material and mixture.

1.3.4

Overview of Algorithm C: Boundary Distance with Non-Uniform
Material Signatures

Our third algorithm augments the boundary distance algorithm to handle a common characteristic of MRI data that often complicates classification: MRI measurements of the same material
can be different at different spatial locations. There are a number of factors that can cause
these intensity distortions, from antenna coils that produce spatially dependent RF radiation to
different amounts of RF absorption in different parts of an object being imaged. The algorithm
relaxes the assumption that the expected value for a material is constant; instead, the expected
value is a function of spatial location.
Additions to common assumptions. Only ev5 differs from the assumptions for the boundary
distance algorithm.

ev4 :
ev5 :

Only pair-wise mixtures.
Predictable tissue measurements. Measurements for the same material have an expected value that can be modeled with a small number of parameters across a dataset.
ev6 : Gaussian filtering.
ev7 : Known materials.
Description. This algorithm is very similar to the boundary distance algorithm. The basis
functions and voxel parameters are the same. Only the dataset parameters that determine the
expected value for a tissue measurement are different. In this case, the expected value is
a parameterized function of space. Its parameters are calculated from a set of interactivelyspecified points for each material. The calculation is similar to calculating a mean and variance
from a set of points, but the mean is now a function of spatial location.

1.4

Results

We have applied our new technique to several MRI datasets, both simulated and real. Figure 1.11 shows results generated from simulated imaging data of a tennis ball-like object – a
hollow ball with two concentric surface layers. Figures 1.3 and 1.12 show classification results
from an MRI section of a human brain.
We first compare our techniques with a probabilistic approach that uses pure materials only
and only a single measurement value per voxel. The new technique produces many fewer
misclassified voxels, particularly in regions where materials are mixed due to filtering. The
difference is illustrated in Figures 1.11(iii) and (iv) where an incorrect layer of background
material has been introduced between the white and gray regions. This layer occurs because
multiple materials are present in each voxel. The simulated data that we classified is shown in
Figure 1.11(ii) with Figure 1.11(iii) illustrating what an ideal classification algorithm would
produce. Discrete classification, using vector data, but only a single measurement point per
voxel and assuming only pure materials, produces the results in Figure 1.11(iv). Note the jaggy
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(i) Geometry of
slices

(ii) Raw data

Mat. 1:

Mat. 2:

Mat. 3:

(iii) \Ideal"
classi cation

(iv) Discrete
classi cation
(vector)

(v) Partial volume
mixture
classi cation
(vector)

(vi) Boundary
distance
classi cation
(scalar)

Figure 1.11 The partial volume, boundary distance, and discrete algorithms are compared in classifying
simulated MRI data. (ii) shows the simulated data, which contains three different materials. The geometry
that the data measures is shown in (i). (iii) shows what an “ideal” classification algorithm should produce
and (iv)-(vi) show results from different algorithms. Note that the new algorithms (v) and (vi) produce
results most similar to the ideal case, and that (vi) does so even with scalar data.
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(i) Original Data

(ii) Results of Algorithm
Classi ed White Matter, Gray Matter
Cerebro-Spinal Fluid, Muscle

(iii) Combined Classi ed Image
Figure 1.12 One slice of data from a human brain. (i) shows the original two-valued data, (ii) shows
four of the identified materials, white matter, gray matter, cerebro-spinal fluid, and muscle, separated
out into different images, and (iii) shows the results of the new classification mapped to different colors
(see Plate ??). Note the smooth boundaries where materials meet and the much lower incidence of
misclassified samples than in Figure 1.3.
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Figure 1.13 A volume-rendering image of a human hand dataset. The opacity of different materials is
decreased above cutting planes to show details of the classification process within the hand (see Plate ??).

edges and the band of misclassified data for material 3 along the boundary between materials 1
and 2. Figure 1.11(v) and Figure 1.11(vi) show the partial volume mixtures algorithm and the
boundary distance algorithm. Even with scalar data the boundary distance algorithm achieves
results very close to the ideal case.
Figure 1.3 and 1.12(iii) also show comparative results for classification of an MR section
through a human brain. Note in the new classification results the reduction of jagged edges
between materials and the virtual elimination of the layer of misclassified brain material just
under the skin.
Models and volume rendered images, as shown in Figure 1.13 and 1.14, benefit from our
approach because less incorrect information is introduced into the classified datasets, and
so the images and models more accurately depict the objects they are representing. With
other classification techniques, models and images contain jaggy artifacts, particularly along
surfaces where materials meet, because the algorithms are less accurate there.

1.5

Discussion

We have made several assumptions and approximations while developing and implementing
the continuous Bayesian algorithms. This section discusses some of the tradeoffs and suggests
some possible directions for future work.

1.5.1

Mixtures of Three or More Materials.

We assume that each measurement contains values from at most two materials, although the
approach easily extends to mixtures with more materials. We chose two-material mixtures
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Figure 1.14 A geometric model of tooth dentine and enamel created by collecting MRI data using
a technique that images hard solid materials [GLF+ 95] and classifying dentine and enamel in the
volume data with our new partial-volume mixtures algorithm. Polygonal isosurfaces define the bounding
surfaces of the dentine and enamel. The enamel-dentine boundary, shown in the lower images, is difficult
to examine non-invasively using any other technique.

because surfaces between boundaries of pure materials are one of the most important parts
of computer graphics models. Voxels containing three-material mixtures happen near lines
where three materials meet, and are generally much less common because the dimensionality
of the lines is smaller than the dimensionality of surfaces where two materials meet.
Our algorithm chooses a classification for voxels containing more than two materials from
the set of 2-material mixtures. Generally, the two most prevalent materials in the voxel influence
the choice, producing a dataset with small artifacts where three or more materials come
together.

1.5.2

More sophisticated geometric basis functions.

The basis functions that we have developed model the two most common geometric cases:
samples within regions of pure material and samples near surface boundaries. Additional basis
functions, however, could model other geometries and create more accurate models. Examples
include samples near edges where three materials come together, or points near membranes
that are thinner than the sample spacing, where, again, three materials would have an effect
on the measurement.

1.5.3

Ambiguous classification.

For a voxel that is well within a region of pure material A, the algorithms sometimes correctly
classify the voxel as pure material A, and sometimes classify it as a mixture of A and a small
amount of some other material. Both solutions are physically reasonable because the mixture
basis functions approach a normal distribution as the boundary distance parameter d moves
away from zero.
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Similarly, two different mixtures, each containing material A, can match a voxel that is
within a region of pure material A. Again, the choice is not critical.

1.5.4

Sensitivity to interactively selected material classes.

The results of the algorithm are highly dependent on the material points selected interactively
to represent each pure material and each pair of materials. These points must be selected
carefully, and should come from a set of points that actually represent a single consistent
material. Representing points from two materials as one material can create a situation where
the distributions of the sample values do not match a normal distribution, and the classification
results are less accurate.

1.5.5

Sensitivity to contrast between materials.

The classification is sensitive to the contrast-to-noise ratio between different materials. If this
ratio is too small, materials cannot be distinguished effectively. We pass this requirement back
to the data acquisition process, and use goal-directed techniques to ensure that we collect data
that can be classified effectively [LBJ97].

1.5.6

Computational expense.

The implementations described in this chapter are computationally expensive. The optimization process must be run on each voxel in a dataset. At ten voxels per second, a medium-sized
dataset of 256  256  64 voxels runs in about 5 days. Through approximations it may be
possible to reduce this time significantly.
The algorithm processes each voxel independently, and so is highly amenable to a domaindecomposition parallel solution. In fact, we have run it on a network of ten HP 9000/700 and
DEC Alpha workstations and gotten a speedup of almost ten in classifying medium to large
datasets.

1.5.7

Incorporating additional global information.

Except for the interpolation of samples, we currently classify each voxel without regard to its
neighbors and without directly using the interactively selected representative points for each
material. Both types of information could be incorporated into the prior probability estimates
to influence the classification process.

1.6

Conclusions

The algorithms described here for classifying scalar- and vector-valued volume data produces
more-accurate results than existing techniques in many cases, particularly at boundaries between materials. The aspects responsible for this improvement are: 1) the reconstruction of a
continuous function from the samples, 2) the use of histograms taken over voxel-sized regions
to represent the contents of the voxels, 3) the modeling of sub-voxel partial-volume effects
caused by the band-limiting nature of the acquisition process, and 4) the use of a Bayesian
classification approach. We have demonstrated the technique on both simulated and real data,
and it correctly classifies many voxels containing multiple materials.
12/6/1997 16:48—PAGE PROOFS for John Wiley & Sons Ltd—jwtrbk01

Bayesian Tissue Classification

23

The construction of a continuous function is based on the sampling theorem, and while
it does not introduce new information, it provides a richer context for the information that
classification algorithms such as ours can use. It incorporates information about neighboring
samples into the classification process for a voxel in a natural and mathematically rigorous
way and thereby greatly increases classification accuracy. In addition, because the operations
that can be safely performed directly on sampled data are so limited, treating the data as a
continuous function helps to avoid introducing artifacts.
Histograms are a natural choice for representing voxel contents for a number of reasons.
First, they generalize single measurements to measurements over a region, allowing classification concepts that apply to single measurements to generalize. Second, the histograms
can be calculated easily. Third, the histograms capture information about neighboring voxels;
this increases the information content over single measurements and improves classification
results. Fourth, histograms are orientation independent; orientation independence reduces the
number of parameters in the classification process hence simplifying and accelerating it.
Partial-volume effects are a nemesis of classification algorithms, which traditionally have
drawn from techniques that classify isolated measurements. These techniques do not take into
account the related nature of spatially-correlated measurements. Many attempts have been
made to model partial-volume effects, and ours continues that trend, with results that suggest
that further study is warranted.
We believe that the Bayesian approach we describe is a useful formalism for capturing the
assumptions and information gleaned from the continuous representation of the sample values,
the histograms calculated from them, and the partial-volume effects of imaging. Together, these
allow a generalization of many sample-based classification techniques, three of which we have
demonstrated.
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