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Gibbs Sampling

Gibbs sampling benefits from few free choices and
convenient features of conditional distributions:

e Conditionals with a few discrete settings can be explicitly normalized:

P(ZCZ"XJ'#Z') X P(ZUi,Xj;éi)
P(x’bxj#i)

- Zw/_ P(aig,xj;éi) < this sum is small and easy
Lo (T

e Continuous conditionals only univariate
= amenable to standard sampling methods.

> Inverse CDF sampling
» Rejection sampling = I
» Slice sampling S
> .. RUGS




Gibbs Sampling as Message Passing

« Consider a pairwise undirected graphical model:
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i~ il from marginal “slice” of pairwise potential

 Valid for discrete and continuous variables, although sampling
step may be harder for continuous models
« General factor graphs have similar form



Rao-Blackwellized Estimation

« Basic Monte Carlo estimation for joint distribution of x, z:

(29, 2 ~ p(z, 2) ¢t=1,2,...,L
f(z, 2)] //fxz (2,2)drdz ~ — Zf (0, 29y Esf(z, 2)]

« But suppose that the conditional distribution p(x | z) is tractable:
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 Rao-Blackwell: Collapsed estimator always has lower variance



Probabilistic Mixture Models

0.5}
7 ~ Dir(«) O
Op ~ H(A) Ok = {26} o 05 I

p(z; | m) = Cat(z; | m)



A Collapsed Monte Carlo Estimator

(29,00 7Oy ~ p(z, 7,0 | z)
¢t=1,2,....L
Approximate joint samples from Gibbs:
p(zi =k |x,m,0) < mpf(x; | Ok)
p(r| z,z,0) =Dir(r | Ny +a/K,..., Nk + a/K)

« A conventional estimator of the probability that a pair of
observations comes from the same cluster:
- 1 (£) (e) Note choice of statistic which
p(zi = zj) = = Z 0(z; " “j ) avoids “label switching”
/=1
« A provably superior, collapsed estimator of the probability that

a pair of observations comes from the same cluster:

¢
= 2j) ZZka)q;k) (k) =p(zi =k | 3377(@79(6))
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Collapsed Sampling Algorithms
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Conjugate priors allow
exact marginalization of
parameters, to make an

equivalent model with

fewer variables




Bayesian Learning of Probabilities

Multinoulli Distribution: Single roll of a (possibly biased) die

K K
Cat(z|m) = [ [m"  z={o,3% Yz =
k=1 k=1
K
p(Z17°°'7ZN | 7T) — l_Ilczlﬂ-l]cV]~C

Dirichlet Prior Distribution:

K
p(m) = Dir(7 | a) H 77,3"“_1
k=1

Posterior Distribution:

K
p(r | z) o | mp**** ! o« Dir(m | N1 + o, ..., Nk + ak)
k=1

* This is a conjugate prior, because posterior is in same family



Bayesian Learning of Probabilities

Posterior Predictive Distribution: For the next observation,

p(Z:k’Zh"'va):/Wkp(ﬂ-‘zla“'azN) dm
I1

Ny + oy,

— N+a0 — 4:[7T]€|Zl,...,ZN]

Dirichlet Prior Distribution:

K
p(m) = Dir(7 | a) H W,f’“_l
k=1

Posterior Distribution:

K
p(r | z) o | mp**** ! o« Dir(m | N1 + o, ..., Nk + ak)
k=1

* This is a conjugate prior, because posterior is in same family



A Collapsed Gibbs Sampler
+ Collapsed mixture model representation:
p(z | z) oc p(2)p(z | 2)
e x /H p(z | m)p(m | @) drr /@ p(z | z,0)p(0 | ) df

A K
e * Apply standard Gibbs sampling updates:
N

« Conditional prior:

N
Ny = Z 0(25, k) Pz =k | 2y) =
j=1,j#1
* Conditional likelihood:
XA x|z =k,j#i}  pl@]2)ocpla|zm)

p(xi | zi =k, 2\, T\5) = / p(x; | Ok)p(0r | X)) doy
O
Conjugate analysis of “other” data assigned to this cluster

le%—oz/K
N —1+ «




Mixture Sampler Pseudocode

Given previous cluster assignments z(*~1, sequentially sample new assignments as follows:
1. Sample a random permutation 7(-) of the integers {1,..., N}.

2. Set z = 2=V, For each i € {r(1),...,7(N)}, sequentially resample z; as follows:

(a) For each of the K clusters, determine the predictive likelihood
fe(@i) =plzi [{z; | 25 =k, j # i}, A)
This likelihood can be computed from cached sufficient statistics via Prop. 2.1.4.

(b) Sample a new cluster assignment z; from the following multinomial distribution:
K K
1

k=1 k=1
N, " is the number of other observations assigned to cluster k (see eq. (2.162)).
(c) Update cached sufficient statistics to reflect the assignment of x; to cluster z;.

3. Set z(" = z. Optionally, mixture parameters may be sampled via steps 2-3 of Alg. 2.1.

p0 ] 2W, . 2B N =p(0| N) (2.31)

_ Moda 20 Gala?)

X=X+ L Ao
0 0+ o+ L

ac A (2.32)

Integrating over ©, the log—likelihood of the observations can then be compactly written
using the normalization constant of eq. (2.29):

L
logp(zM, ... 2B | \) = Q) —Q(\) + Z log v(z9) (2.33)
/=1




Gibbs: Representation and Mixing
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Standard Gibbs: Alternatively sample assignments, parameters
Collapsed Gibbs: Marginalize parameters, sample assignments



Variational Approximate Inference
:% H wst(xsaxt)H¢8($8)

(s,t)eE seV

* Choose a family of approximating distributions
which is tractable. The simplest example:

— H QS(xS)

« Define a distance to measure the quality of different
approximations. Two possibilities:

Zp log ; (g1l p) = Zq ) log ’3

* Find the approximation minimizing this distance




Fully Factored Approximations

1
p(:c) — E H wst(xs Lt st L g
(s,t)eE seV
q(z) = H qs(Ts)
seV
p()
p(x) log
wll9) =3 pla) q@)
:ZHPZ "I_ZDPZHQZ
1€V 1€V
Marginal J t Joint
Entropies Entropy

» Trivially minimized by setting q:(z;) = pi(z;)

* Doesn’t provide a computational method...



Variational Approximations

- N q(x)
D) |l p(e |9)) = alw)log —r = s

logp(y) = log » p(z,y)

= log Z Q(Cv)péz;?;) (Multiply by one)

> q(z) log p(z,y) (Jensen’s inequality)
x q(x)
J

—
= —D(q(z) || p(z | y)) + log p(y)

* Minimizing KLD maximizes lower bound on data likelihood

« Generalize EM by restricting to tractable families



Free Energies

P | y) = exp {~E(x))

D(q||p) =) q(z)logq(z) — ) q(z)logp(z|y)

= —H(q)+ ) _q(@)E(x) +log Z

Negative Average
Entropy Energy -,

'
Gibbs Free Energy

Normalization

* Free energies equivalent to KL divergence, up to a fixed
normalization constant that can be ignored

 Variational inference equivalent to “energy minimization”



Mean Field Free Energy
p(x — eXp{ Z qbst x37$t Z¢s(x3) >

(s,t)eE seV )

Q(x) — H QS(:BS) ¢St (1‘87 :Et) - log wSt (CES, £Et)
€V Ps (333) —log ¥, (xs)

D(q || p) ) + Z qlx )+ log Z
Mean Field Entropy

— ZHS qs) = — >: >:q8(x8) log gs(xs)
sey seV xg
Mean Field Average Energy (expected sufficient statistics):

Y a@E@) = Y Y a(@)a(@)oa(@s,z) + Y Y as(ws)ds(ws)

(S,t)eg Ls,Tt seV Ts




I\/Iean Field Equations

D(q H p) ) + Z qlx )+ log Z
= ZHS qs) = — >4>4qs (75) log gs(xs)
seV SEV xs
Zq(x)E(x) — S: S: QS<xs)Qt($t)§bst(x87$t) - ZZQS($S)¢S(IS)
x (s,t)EE Ts, Tt seV s

« Add Lagrange multipliers to enforce qu(xs) =1

» Taking derivatives and simplifying, we

x qt(t)
find a set of fixed point equations: 2(Zv) o

Ls
ds (xs) X % (xs) H eXp {_ Z ¢st(3787 xt)Qt (xt)} O
tel(s) Ty qu(u)

« Updating one marginal at a time gives
convergent coordinate descent



Mean Field as Message Passing

Consider a pairwise undirected graphical model:

p) =5 T wuleez) T] se)

(s,t)eE seV
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qi (i) o< Yi(w;) H i ()

Fjer(7)

y

myi(z;) o< exp{ — Y ij (s, ;)5 (w;)
. Y

For continuous variables, valid with sum replaced by integral
If marginals place all of their mass on a single state, becomes
equivalent to Gibbs sampling update equations




(Mean Field) Variational Bayesian Learning

In p(x m(/szzye (0) d )

/ Lo (L) @

q.(2

Inp(x / Zqz 0)Inp(z,z,0) dd + H(q,) + H(qe) = L(q,qp)

- Initialization: Randomly select starting distribution q( )
« E-Step: Given parameters, find posterior of hidden data
(t) _ r (t—1)
— arg n}]ax (92,99 )

« M-Step: Given posterior distributions, find likely parameters

) = argmax £(¢\, qo)
q6
* lteration: Alternate E-step & M-step until convergence



