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Basic Monte Carlo Methods

Monte Carlo: 2t ~ p(z) .
1
~ (4)
N= [ 1) dex 732 160)
Target Distribution: Proposal Distribution:
| . |
p(x) = —p"(z) q(z) = —;q" (2) .

Rejection Sampling: Exact sampling with random computation

« Auxiliary variable method: p(z,u) = p(z)p(u | ) = p(z)Unif(u | 0,p*(z))
Scaled proposal must bound target:  cq”(z) > p*(z) for all x
we must know the envelope constant ¢

Importance Sampling: Approximate expectations, not samples

Larger class of permissible proposals:  ¢g(z) > 0 where p(z) > 0
P (0) _ w (33 ) w*(r) =p*(z)/q" ()
fL z_: ’LUEf(CU ) Wy an:1 w*(x(m)) 20 Q(ZC)



Failures for High-Dimensional Posteriors

Monte Carlo: Computationally intractable

* In most cases, must be able to tractably manipulate inverse CDF
» Discrete variables: Sums exponential in number of variables
« Continuous variables: Intractable integrals, quadrature exponential

Rejection Sampling: Computationally intractable

« Small errors in matching individual marginal distributions compound
to produce a very small overall rejection rate
« Problem worse if we can only find a conservative envelope bound:

cq”(x) > p*(x) for all z  we must know the envelope constant ¢

Importance Sampling: Efficiently gives inaccurate estimates
Eolft] =Eolf] 2 p Var [f(x)w(x)] = Eg[f*(2)w?(2)] - 1

« |f we don'’t satisfy the (difficult) envelope bound condition from
rejection sampling, the weights for some samples will be very large

 For some proposals, the variance of the estimator may be infinite

» |f we actually want samples, doesn’t directly provide them



Selecting Proposal Distributions

* For a toy one-dimensional, heavy-tailed target distribution:
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Empirical variance of weights may not predict estimator variance
» Always (asymptotically) unbiased, but variance of estimator
can be enormous unless weight function bounded above:
: ; 1 p(z)

Bglfe] =Bplf]  Var[fr] = 7 Varg[f(2)w(@)]  w(z) =~



Selecting Proposal Distributions

AN

Target Distribution Good Proposal Poor Proposal

Kernel or Parzen window estimators X L (0 (0
interpolate for nonparametric p(x) = Z w N (52, A)
density prediction (=1




High-Dimensional Importance Sampling

« Consider an N-dimensional importance sampling problem:

« By Gaussian central limit  uniform Target Distribution:

theorem, norm of samples P*(x) = { 1 0<p(x)<Rp
from proposal is nearly 1 0 p(x)>Rp
p* ~ No*+V2No? p(x) = (2 41’?)1/2

_ Gaussian Proposal Distribution:
« After 100 samples, ratio

_ 2
of largest weight to median g(z) = N(z [ 0,07Iy)
weight will then be  wr=~
approximately wmed — P (vV2N)

Empirical variance of weights may not predict estimator variance
» Always (asymptotically) unbiased, but variance of estimator
can be enormous unless weight function bounded above:
: ; 1 p(z)

Bglfe] =Bplf]  Var[fr] = 7 Varg[f(2)w(@)]  w(z) =~



Nonlinear State Space Models

@ Tq T ? @ s~ Rd
@ yr € RF

41 = f(xe, we) wi ~ F
yr = g(x¢, vt) v~ G

« State dynamics and measurements given by
potentially complex nonlinear functions

* Noise sampled from non-Gaussian distributions



A Toy Nonlinear Model
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Nonlinear Filtering

=)= =)=y
56 ¢

p(xe | Y1, -5 9—1) = qe(x)
p(xt | Y1, -5 9t) = q(r)
Prediction:
Gt(xy) = /P(a?t | zi—1)qp—1(w4—1) dry_1
Update:

qt () = Z@(%)P(yt | z¢)




Monte Carlo Estimation

O

« Suppose interested in some complex global function of state:

=/f(:v) (x| y)d Zf @)y 2 ~p(z]y)

« Can efficiently draw joint samples from posterior marginals:

» Forward Message Passing:
» Backwards Sampling: p(xe | y), (e, Tega | Y)

(e)( N p(SUT \ y) 0
xT 1Np(.CE - ‘x’{ay)
:v(T) 9 " p(ﬂfT—z ’ fgplpy)

V4 I
({7,259, 2l ~ p(x | y)



Monte Carlo Estimation

©w @

* Procedure only tractable for a limited class of models:
» Discrete states: Sum-product belief propagation algorithm
» Gaussian continuous states: Kalman smoothing algorithm

« Can efficiently draw joint samples from posterior marginals:

i Eggﬁ\?vgrcl;ieéz]?ng;isg:ssmg' p(we | y), p(Te, Tey1 | y)
(Zgg) ~ pler | 9) (£)
Tply ~plar-1 | Ty, Y)
xg,f)_2 ~ p(zr_2 | x&fll,y)

J4 V4 I
({7,259, 2l ~ p(x | y)



Standard Importance Sampling

=" —)'z —)’?—)

« Suppose interested in some complex global function of state:

=/f(:v) (x| y) d Zf Dy 2~ p(x | y)
* Could use Markov structure to c%nstruct efficient proposal:
a(z | y) = q(xo) | [ a(@e | 21, m2)
t=1

q(ze | Te—1,9t) = p(xt | T4-1,Y)
Small local errors give large global estimator variance



Sequential Monte Carlo
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Particle-Based Density Estimates

(i)

Samples x
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Particle-Based Posterior State Estimates: .
* Approximate density by set of N 0) (0)
possibly weighted) samples TroLaE) ;wt‘l’t(s T T
* Dynamically move samples to the L
most probable parts of space Swl, =

* Do this in a way which minimizes bias (=1



Sequential Monte Carlo

o~ ™ o )——(

I\/Ieasurement Update:

0 _
My—1,4(¢) E :wt 1,00(2s 5’7t E:wt—l,t_l

=1
L
¢ ¢ ¢
qz(we) oc my—14(e) plys | T¢) Zwé_)up(yt | CC( )) 5(37t75’7§ ))
(=1
L (£) (£
() ) 0 o W1 P | @)
qz(xt) = wy (e, ) Wy = = —
; S w0 plye | ™)

Variance of importance weights increases with each update



Sequential Monte Carlo

(e (7))

Sample Propagation

qz(x¢) Zwt@(S (¢ :Eg)

¢ 0
(0) 5’7§+)1 ~ p(T+1 | x§ ))

M t+1 (T¢41) Z Wy t+15 Lt4+1, $t+1) 0 (4)
Wy 1 = Wy

Justify as importance estimate of joint distribution (¢, Ti+1 | Yz)

Assumption for now: Can simulate temporal dynamics



Sequential Monte Carlo
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Resampling to Avoid Depletion:

(£) (8)
qz(x¢) E wy ' 0(x, T
Resampled particles

" ¢ ~§g) ~ qz(24)
mt,t+1($t+1) — ng,t)ﬂé(mtﬂ?xwgil) (£) ~(¢)
/=1 Ly ™ p(xepr | 2;7)

¢
wzg t)+1 =1/L

Resampling with replacement preserves expectations,
but increases the variance of subsequent estimators



Sequential Monte Carlo

TARGET

Effective Sample Size:

L 2\
Ler = (Z (w@)) )
(=1 INSTRUMENTAL ,*

]-SLeffSL

Resampling to Avoid Depletion:

gz (¢) Zw@é (¢ a;,ﬁe)

" ¢ ~§g) ~ qz(24)
mt,t+1($t+1) — ng,t)+15(mt+1>$§421) (£) ~(¢)
/=1 Ly ™ p(xepr | 2;7)

¢
w§ t)+1 =1/L

Resampled particles

Resampling with replacement preserves expectations,
but increases the variance of subsequent estimators



Particle Filters

Condensation, Sequential Monte Carlo, Survival of the Fittest,...

- Represent state estimates C\ 12(w2) T a3(23)
using a set of samples ry— o

* Propagate over time using
Importance sampling @

@
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Particle Filtering Movie

(M. Isard, 1996)



Bootstrap Filters

Particle filters where temporal dynamics used to propagate samples.
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General Sequential Monte Carlo

h= /h(xO‘t)ﬂ-O't\O't(xO't|y0't)dx0:t Yt ~ 9(yelze)

~ Yt—1 Yt Yt+1

~ 3 ()
— ]Nld')t])

o Touoa (x(():)t |y0:t) Target Posterior e o e
Wy = :
qo:t (’z(()l:)t |)’0:t) '

Proposal Density

Ty ~ f(ﬂ?t|$t 1

« Exploit temporal structure to propose sequences recursively:

Keep existing path extend path

7\ 7\

qo:t (XO:t ‘)’O:t) = 2lO:t—l (XO:t—l ’)’O:t—li ;lt (xt ’Xt—l ; Yt)‘

(i) 7-‘-O:t|0:t (i(()l)t |y0t) (i) f(it(l) ‘ith)g <yt|52§l)>

Wy = X w2 X

qo:t (’z(()i:)t |y0:t) qt (igi) |£§Za)’t) £t|O:t—1(yt |)’O:t—1)
* Sequential importance sampling without resampling:
SO OING
(i (i) ~(i - g el )X i R B
o% th(xp,xgjl,yt) o = . ( t ) (t : 1> W =505 )

R



General Sequential Monte Carlo

 Resampling happens at the end of one of the updates below,
after importance reweighting but before propagation:
» Mean is unchanged, does not introduce extra bias
» Variance for estimates up to that time strictly increases
» But, equalizing weights improves subsequent steps

* Fancier proposals try to approximate ... .., = fj;(fc]|Xt_1§gEy}|X§)d
X|xt—1)g( ye|x)dx

« Exploit temporal structure to propose sequences recursively:

Keep existing path extend path

7\ 7\

ClO:t(XO:t‘)’O:t) = ElO:t—l (XO:t—l ’yO:t—l)\at(xt’xt—h))t)\
- (i) T00:t|0:t (ng)t |y0t) (i) f(it(l) ‘5@(21>8 <))t|3zt(l)>

Wy = Xw,p X

qo:t (i(()i:)t |y0:t) qt (igi) ‘55917)%) £t|0:t—1(yt |)’0:t—1)
* Sequential importance sampling without resampling:
SO OING
(i (i) ~(i . g el )X i R B
o% th(xp,xgjpyt) 2 = ( : ) (f t 1> Wl :@p/z@o)

R



Resampling: The Good
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Full Particle Filter KDEs Full Sequence Imbortance Sampling

« What is the probability that a state sequence, sampled from
the prior model, is consistent with all observations?
« Marginal estimates degenerate on single, mediocre sample



Resampling: The Bad

» After each resampling step, some particles are discarded,
and can never be restored in subsequent stages.
« Estimates of smoothed marginals/sequences typically poor



