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Bayesian Linear Regression & Prediction 

Many figures courtesy Kevin Murphy’s textbook, 
Machine Learning: A Probabilistic Perspective 



Gaussian Distributions 

•! Simplest joint distribution that can capture arbitrary mean & covariance 
•! Justifications from central limit theorem and maximum entropy criterion 
•! Probability density above assumes covariance is positive definite 
•! ML parameter estimates are sample mean & sample covariance 



A Change in Direction 
Supervised Learning Unsupervised Learning 
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classification or 
categorization 

regression 

clustering 

dimensionality 
reduction 

•!GOAL: Predict label/response y from feature x 
•!Generative classification:  Apply Bayes’ rule to learned p(x,y) 
•!Discriminative or conditional regression & classification: 
directly learn a model of p(y | x), assuming x always given 
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Slides adapted from Bishop’s Pattern Recognition and Machine Learning  
Notation differs from Murphy’s Machine Learning: A Probabilistic Perspective  



!"#$%&'(%)")'*+#,-.#'/.0$1)'2A4'
5!;.1<#.8"%1'B%)")'C+#,-.#):'

5!DE$)$'%&$'@1.B%1:'%')8%11'
,E%#@$'"#'x'%F$,G)'%11'B%)")'
C+#,-.#)H'



!"#$%&'(%)")'*+#,-.#'/.0$1)'2I4'
5!J%0"%1'B%)")'C+#,-.#):'

5!DE$)$'%&$'1.,%1:'%')8%11'
,E%#@$'"#'x'.#1<'%F$,G)'
#$%&B<'B%)")'C+#,-.#)H'
;%&%8$G$&)',.#G&.1'
1.,%-.#'%#0'),%1$'2K"0GE4H'



!"#$%&'(%)")'*+#,-.#'/.0$1)'2L4'

Fourier Basis Wavelet Basis 
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number of examples 

M

N

number of features 

y(xn, w) = φ(xn)
Tw

output or response 

input or covariates xn

p(tn | w, xn) = N (tn | φ(xn)
Tw, β−1) =

√
β

2π
exp

{
−β

2
(tn − φ(xn)

Tw)2
}

Equivalent to maximum likelihood (ML) estimation under a Gaussian model: 

E(w) =
1

2

N∑

n=1

(tn − φ(xn)
Tw)2 =

1

2
||t− Φw||2

tn
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E(w) =
1

2

N∑

n=1

(tn − φ(xn)
Tw)2 =

1

2
||t− Φw||2



Finding Least Squares Solution 
E(w) =

1

2

N∑

n=1

(tn − φ(xn)
Tw)2 =

1

2
||t− Φw||2

f : RM → R
Gradient vectors: 

(∇wf(w))k =
∂f(w)

∂wk

∇wf : RM → RM

Gradient identities: 

∇wf(w) =
1

2
(A+AT )w + bf(w) =

1

2
wTAw + bTw

Normal equations: 

ΦTΦŵ = ΦT t rank(Φ) = M

there is a unique solution if and only if 
(requires              ) N ≥ M
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Gaussian Conditionals & Marginals 



Linear Gaussian Systems 

Marginal Likelihood: 

Posterior Distribution: 

Board:  Specialization to linear regression model 
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