
Introduction to 
Machine Learning 

Brown University CSCI 1950-F, Spring 2012 
Prof. Erik Sudderth 

Lecture 7: 
Multivariate Gaussian Distributions 
Preview of Gaussian Classification 

Many figures courtesy Kevin Murphy’s textbook, 
Machine Learning: A Probabilistic Perspective 



A Learning Toolbox 
Tuning Model Parameters to Data 
•!Maximum likelihood (ML) estimation:  Frequency matching 
•!Bayesian MAP estimation:  Regularized ML 
•!Bayesian posterior predictive distribution, posterior means, ! 

Model Selection 
•!Empirical performance on held-out data:  Cross-validation 
•!Model complexity penalization:  Bayesian marginal likelihood 
•!Approximations coming later:  Laplace, AIC/BIC, ! 

Probability Distributions 
•!Dirichlet-multinoulli, beta-Bernoulli:  Discrete data 
•!Multivariate normal, gamma:  Continuous data 

Useful Model Families:  Remainder of course! 



Covariance and Correlation 
Covariance: 

Σ ∈ Rd×d

uTΣu ≥ 0 for any u ∈ Rd×1, u �= 0

uTΣu > 0 for any u ∈ Rd×1, u �= 0

positive semidefinite: 

positive definite: 

Always 

Often 

Correlation: 

Independence: 



Empirical Correlations 

µ̂ =
1

N

N∑

i=1

xi Σ̂ =
1

N

N∑

i=1

(xi − µ̂)(xi − µ̂)T

Sample mean: Sample covariance: 



Gaussian Distributions 

•! Simplest joint distribution that can capture arbitrary mean & covariance 
•! Justifications from central limit theorem and maximum entropy criterion 
•! Probability density above assumes covariance is positive definite 
•! ML parameter estimates are sample mean & sample covariance 



Two-Dimensional Gaussians 
diagonal
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Gaussian Geometry 
•! Eigenvalues and eigenvectors: 

•! For a symmetric matrix: 

•! For a positive semidefinite matrix: 

•! For a positive definite matrix: 

Σui = λiui, i = 1, . . . , d

λi ≥ 0

λi ∈ R uT
i ui = 1 uT

i uj = 0

Σ = UΛUT =
d∑

i=1

λiuiu
T
i

Σ−1 = UΛ−1UT =
d∑

i=1

1

λi
uiu

T
i

λi > 0

yi = uT
i (x− µ)



Gaussian Conditionals & Marginals 

For any joint multivariate Gaussian distribution, 
all marginal distributions are Gaussians, 

and all conditional distributions are Gaussians 



Partitioned Gaussian Distributions 

Marginals: 

Conditionals: 

Intuition: 

p(x1 | x2) =
p(x1, x2)

p(x2)
∝ exp

{
−1

2
(x− µ)TΣ−1(x− µ) +

1

2
(x2 − µ2)

TΣ−1
22 (x2 − µ2)

}



Gaussian Conditionals & Marginals 



Linear Gaussian Systems 

Marginal Likelihood: 

Posterior Distribution: 
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Impact of Prior Covariance 



Vectors of Unknown Parameters 



Observation Reliability 

Red:  Likelihood of observation A 
Green:  Likelihood of observation B 
Black:  Gaussian posterior distribution 



Class-Specific Gaussians 

55 60 65 70 75 80
80

100

120

140

160

180

200

220

240

260

280

height

w
ei

gh
t

red = female, blue=male



55 60 65 70 75 80
80

100

120

140

160

180

200

220

240

260

280

height

w
ei

gh
t

red = female, blue=male

Class-Specific Gaussians 



Discriminant Analysis 
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