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Many figures courtesy Kevin Murphy’s textbook,
Machine Learning: A Probabilistic Perspective



A Learning Toolbox

Tuning Model Parameters to Data

« Maximum likelihood (ML) estimation: Frequency matching
» Bayesian MAP estimation: Regularized ML
» Bayesian posterior predictive distribution, posterior means, ...

Model Selection

« Empirical performance on held-out data: Cross-validation
* Model complexity penalization: Bayesian marginal likelihood
* Approximations coming later: Laplace, AIC/BIC, ...

Probability Distributions

* Dirichlet-multinoulli, beta-Bernoulli: Discrete data
» Multivariate normal, gamma: Continuous data

Useful Model Families: Remainder of course...



Covariance and Correlation

Covariance: cov[X,Y] £

E[(X-EX)Y -E[Y])] =E[XY]-E[X]E[Y]
var | X1 | cov | X1, Xo| ---

cov [ X1, X4]
cov [Xg, X1] var [ Xo]

- cov [Xo, X{]
cov [x] £ E [(x — E [x])(x ~ E[x])"] s

2 e R

var [ X ]

cov [ X4, X1] cov[Xg, Xo] -
Always positive semidefinite: ul' Yu > 0 for any u € RdX1, u # 0

Often positive definite: u’ Y > 0 for any u € R¥*1 w #£ 0
Correlation:
corr [X,Y] £ cov [ X, Y] —1<corr[X,Y] <1
\/var [X] var [Y]

(corr[Xl,Xl] corr (X1, Xo| --- COI'I'[XlaXd])
R = ; : ' :

corr [Xg, X1| corr [Xg4, Xao] ---

Independence:

corr[Xd,Xd]
p(X,Y) = p(X)p(Y)  mep

cov(X,Y] =0 <4mmp corr|X,Y| =0



Empirical Correlations




Gaussian Distributions
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Simplest joint distribution that can capture arbitrary mean & covariance
Justifications from central limit theorem and maximum entropy criterion
Probability density above assumes covariance is positive definite

ML parameter estimates are sample mean & sample covariance
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Gaussian Geometry

Eigenvalues and eigenvectors: \2/”1
U i:)\iui,z: 1,...,d
For a symmetric matrix:

X

d }\1/2
> = UAUT — Z )\,,,uzugf 7‘;/2
For a positive semidefinite matrix:
A >0 &
2 ATy —1
For a positive definite matrix: AT = (’; p) X (x— p)
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Gaussian Conditionals & Marginals

1 - 10
e
Ty f’”’ﬂ (/
P Fd -
Ty = 0.7 - o~ 35 p($a|$b = 0.7)
. 4 4 f“’f 3} /
rd 4
ot ¥
,rfif/ff”‘ ,f /)
o
{ // ,f’ f ,f’
0.5} A & 4 - 5t
,r"? / ({f’ i_z‘; f#’
s‘fa 4*} ‘j .’" / ,.f"fi‘rp{,i /f
,,«"f j’f f A‘fff‘; . fr’(
jf”f / ff/
) paam)
f; f‘ y"‘; .x’é
7 et A
/ J.f-’“/ p(CE a)
/ i
ﬁ. w‘“yﬁfﬁy
0 L 0 ,
0 0.5 T, 1 0 05 T, 1

For any joint multivariate Gaussian distribution,
all marginal distributions are Gaussians,
and all conditional distributions are Gaussians



Partitioned Gaussian Distributions
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p(x) = N(x.S)  p Q@ Sl NN

Marginals: p(x1) = N(xi|pg, X11)
p(x2) = N(x2|py, Xo2)

Conditionals: p(x1]x2) = N(Xl‘ﬂq\z, 312)
M2 = K1 T+ 319855 (X2 — o)
= py — AT Ara(x2 — po)
= 21\2 (Allllq — A12(X2 — Nz))

B g = 211 — Y1030 o = ALY
Intuition:
p($17x2) { 1

Txy—1 1 Ty—1
plar [ 22) = P02 o exp {2 o= TS o )+ o = )25 a2 = ) |




Gaussian Conditionals & Marginals
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Linear Gaussian Systems

p(x) =N(x[p,,B:)  plylx) =N(y|Ax+b,%,)
Marginal Likelihood:
p(y) = N(y|Ap, +b, 3, + AX, A7)
Posterior Distribution:
p(xly) = N(x|pz )y Lajy)
Yo, =2, tA'Z A
o, = ey [ATE) N (y —b) + 3, ]




Impact of Prior Covariance
p(z) = N(z|po, ;") p(yilz) = N(yilz, A, ")

prior variance = 1.00 prior variance = 5.00
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Vectors of Unknown Parameters

data prior post after 10 obs
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Observation Reliability
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Red: Likelihood of observation A
Green: Likelihood of observation B
Black: Gaussian posterior distribution
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Class-Specific Gaussians
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Parabolic Boundary
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