CS 157

Design and Analysis of Algorithms

Valiant

Team Algos: “So you think you can algos”
September 26–30, 2018
Rules
You will be assigned a team of 4 – 5 students to solve the following problems and compete with
other teams to present solutions. The team contest will have eight sessions, each with roughly 20
students. In each session, teams will take turns selecting a member who has not presented yet and
selecting a problem that has not been presented yet. When it is your turn to present a problem:
• Read your chosen problem aloud to the class
• You may draw a diagram on the whiteboard, or copy out some equations or brief pseudocode,
but you may not write any text. You must now put away any notes you have.
• As soon as you start speaking, you will have 3 minutes to present the solution to your problem.
As usual in this course, you must justify what you say. Course staff may pause the clock to
ask you clarifying questions, or nudge the presentation in a productive direction.
• Our course staff will then give you feedback on your presentation.
• Go back to your seat and enjoy the rest of the show!
The team contest will count as one regular homework. Most of the points are for showing up: the
process of preparing and presenting as a team is a valuable experience. The remaining points will
reflect the total quality of your team’s presentations.

Problems
1. Prove via divide-and-conquer that, given a 2k × 2k board of squares with the top right
square removed, you can exactly cover the entire board with L-shaped pieces (each covering 3 squares).
2. After a successful quarter, our startup’s founder and CEO decides to host a pancake breakfast
for her employees. Worried about keeping up with the demand from our hungry employees,
you think that the chefs could be arranging their pancakes more efficiently. Given a stack of
pancakes, our chefs can stick their spatulas in between any two pancakes, and flip the stack of
pancakes above the spatula upside-down. Find an algorithm to sort n pancakes from largest
to smallest, using at most 2n flips.
3. Given c different types of coins with positive integer denominations d1 , . . . , dc , each of infinite
supply, find an O(cn) algorithm to find the smallest number of coins needed to make n cents.
You may assume that there is at least one way to make each value with the coins.
4. Given c different coins with positive integer denominations d1 , . . . , dc , where you only have
one of each coin, find an O(cn) algorithm to determine if it is possible to make n cents.
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5. Given c different coins (only one of each) worth a total of n cents, with positive integer
denominations d1 , . . . , dc , and weights w1 , . . . , wc (that might not be integers!), suppose you
can carry at most b total weight in your bag. Find an O(cn) algorithm to find the most
valuable subset of coins that you can carry in your bag.
6. Matlab has a function unique that, given n numbers, returns a list of the unique elements,
namely, it returns the same values as are in the input but with no repetitions. Find an
O(n log n) algorithm for this task.
7. Prove that if a value v appears in a list L that is sorted in ascending order, then the following
Binary-Search algorithm will find it:
Binary-Search(L)
1 low = 1
2 high = length(L)
3 loop


low + high
4
mid =
2
5
if L[mid ] > v then high = mid − 1
6
elseif L[mid ] < v then low = mid + 1
7
else return mid
8. Prove the correctness of the Quicksort algorithm:
Quicksort(list)
1 Let n be the total length of the list
2 if n ≤ 1
3
return
4 else
5
Choose a random element x from list
6
Let c be the number of elements < x, and let d be the number of elements ≤ x in the list
7
Reorder the list so that numbers < x are to the left of numbers equal to x,
which are to the left of the other numbers
8
Quicksort(list(1 . . . c))
9
Quicksort(list(d + 1 . . . n))
9. Radix Sort I. We refer to the d-th bit of a binary number by zero-indexing from the least
significant bit, e.g., d = 0 is referring to the rightmost bit whereas d = 3 is referring to the
4th bit from the right. Prove the correctness of the following sort algorithm when it is run
with input the list of binary numbers and the maximum number of bits of all numbers in the
list:
Radix-Sort-1(list, d)
1 Reorder the list so that numbers with d-th bit 0 come before numbers with d-th bit 1
2 if d > 0
3
Let c be the number of elements in the list with d-th bit 0
4
Let n be the total length of the list
5
Radix-Sort-1(list(1 . . . c), d − 1)
6
Radix-Sort-1(list(c + 1 . . . n), d − 1)
2
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10. Radix Sort II. A sorting procedure is called “stable” if it preserves the order of elements
that are indistinguishable to the comparison function. We refer to the d-th bit of a binary
number by zero-indexing from the least significant bit (as in Radix Sort I, above). Prove the
correctness of the following sorting algorithm:
Radix-Sort-2(list)
1 for i = 0 to maximum number of bits of all numbers in list
2
Perform a stable sort on the i-th bits of the numbers
11. One of our engineers is going through a midlife crisis and has decided to quit the corporate
world in favor of pursuing her dream of becoming a pop superstar. On her first tour, she
knows that if she performs a concert on day i she will make d(i) dollars. While she would
like to perform for all n days of her tour, she must give her voice a rest, and she can never
sing for k days in a row. Design an O(kn) algorithm for former employee to compute the best
days to play on her tour.
12. Inspired by our ex-engineer, our young, impressionable Intern decides to pursue his dreams of
being a SoundCloud rapper. On his tour across the globe, he knows that if he plays a concert
on day i he will make d(i) dollars. He also just turned 21 and wants to visit a local club at
each stop on his tour, so he wants a break from performing for at least k days after every
time he sings. Design an O(kn) algorithm for the intern to compute the best days to perform
on his tour.
13. During one of his wild nights out, our former intern ends up somehow filling in for the DJ,
and he needs to figure out which songs to play at the club. Each song i from his collection of
n songs has a speed si and a loudness ℓi . In order to keep the club hoppin’, each song needs
to be both faster and louder than the previous song. Design an algorithm that, in O(n2 )
time will find the longest possible sequence of songs he can play. Make sure your algorithm
correctly deals with the case where two songs have equal speed or loudness, in which case our
intern cannot play both of them.
14. Prove that the following algorithm always terminates and correctly sorts its input L:
Mysterious-Sort(L)
1 loop
2
if L is sorted then return L
3
else
4
Pick an arbitrary index i such that L[i] > L[i + 1].
5
Swap L[i] and L[i + 1]
15. Given k sorted lists, each of length n, design an algorithm to merge them into a single sorted
list in time O(kn log k).
16. In CSCI 2951-M a seminar at Brown, 25 students are paying attention and 25 students are
looking at memes on their phones. They all sit around a circular table (50 people total). An
attendee is “memed” if the people to her left and right are both looking at memes (whether
or not she looks at memes). Show that the following algorithm will always find a memed
attendee:

3
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Find-Memed-Attendee(AttendeesAtTable)
1 for each person x ∈ AttendeesAtTable
2
if the person to x’s left and the person to x’s right are both looking at memes
3
return x
17. Check out our subscription box subscription box! Our new company is following a subscription
box model, where every month we ship you a subscription box full of subscription boxes.
However, all the subscription boxes weigh different amounts, and they must be packed into
boxes for shipping. We have n1 skincare product subscription boxes that each weigh w1 ; n2
meme fridge magnet subscription boxes that each weigh w2 ; and n3 bok choy subscription
boxes that each weigh w3 , where 0 ≤ w1 , w2 , w3 ≤ 1. We want to ship them using as few
boxes as possible (to be as eco-friendly as possible), where each box can hold total weight
at most 1. Find an algorithm to compute the minimum number of boxes we need, in time
O(n1 n2 n3 ).
18. You start at the top left corner of an n × n square of numbers, each of which can be positive
or negative, and must end at the bottom right. In each move you can go left, right, or down
(but never up!), and you can never revisit a square you have already visited. Find an O(n2 )
algorithm to find the maximum sum of numbers you can visit.
19. A list L that is not sorted will have some pairs of indices i < j such that L[i] > L[j]. Find
an O(n log n) algorithm to count the number of such pairs.
20. Given two sorted lists of numbers of total length n, find an O(log n) time algorithm that will
return the median of the entire set of n numbers in the two lists. You may assume that n is
odd.
21. Given the algorithm from homework 1 to find the longest common subsequence between two
strings, design an improved algorithm that uses only O(n log n) memory, while still using time
O(n2 ). Your algorithm must compute the common subsequence, not just its length. You may
assume what you showed in homework 1—that the algorithm from the homework correctly
fills out a table whose (i, j)th entry represents the longest common subsequence between the
first i letters of the first string and the first j letters of the second.
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