
Expandable Stack
Stack( ):

data = array of size 20
count = 0
capacity = 20

function push(object):
data[count] = object
count++
if count == capacity

new_capacity = capacity + e /* incremental */
             = capacity * 2 /* doubling */
new_data = array of size new_capacity
for i = 0 to capacity - 1

new_data[i] = data[i]
capacity = new_capacity
data = new_data

Run time depends on 
count which depends on 

# of previous pushes



Amortized Analysis of Incremental
‣ Summary

‣ Total cost of n pushes:  S(n) = O(n2)

‣ Amortized cost of n pushes:  S(n)/n = O(n)
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Amortized Analysis of Double



Amortized Analysis of Doubling
‣ Doubling stack with initial capacity c=5?
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<latexit sha1_base64="iWr5fshUGDEOFu/mLbQmdj1bXoo=">AAACBnicbVDLSgMxFL3js9ZX1aUgwSLUTZkRi7oQim5cVnRsoR1KJs20oZnMkGSEMszOjb/ixoWKW7/BnX9j+hC09UDg3HPu5eYeP+ZMadv+submFxaXlnMr+dW19Y3Nwtb2nYoSSahLIh7Jho8V5UxQVzPNaSOWFIc+p3W/fzn06/dUKhaJWz2IqRfirmABI1gbqV3YawUSk/SmJA6zVGTo/KeumLqStQtFu2yPgGaJMyFFmKDWLny2OhFJQio04VippmPH2kux1IxwmuVbiaIxJn3cpU1DBQ6p8tLRHRk6MEoHBZE0T2g0Un9PpDhUahD6pjPEuqemvaH4n9dMdHDqpUzEiaaCjBcFCUc6QsNQUIdJSjQfGIKJZOaviPSwCUKb6PImBGf65FniHpXPys71cbF6MUkjB7uwDyVw4ASqcAU1cIHAAzzBC7xaj9az9Wa9j1vnrMnMDvyB9fENIm+YZg==</latexit><latexit sha1_base64="iWr5fshUGDEOFu/mLbQmdj1bXoo=">AAACBnicbVDLSgMxFL3js9ZX1aUgwSLUTZkRi7oQim5cVnRsoR1KJs20oZnMkGSEMszOjb/ixoWKW7/BnX9j+hC09UDg3HPu5eYeP+ZMadv+submFxaXlnMr+dW19Y3Nwtb2nYoSSahLIh7Jho8V5UxQVzPNaSOWFIc+p3W/fzn06/dUKhaJWz2IqRfirmABI1gbqV3YawUSk/SmJA6zVGTo/KeumLqStQtFu2yPgGaJMyFFmKDWLny2OhFJQio04VippmPH2kux1IxwmuVbiaIxJn3cpU1DBQ6p8tLRHRk6MEoHBZE0T2g0Un9PpDhUahD6pjPEuqemvaH4n9dMdHDqpUzEiaaCjBcFCUc6QsNQUIdJSjQfGIKJZOaviPSwCUKb6PImBGf65FniHpXPys71cbF6MUkjB7uwDyVw4ASqcAU1cIHAAzzBC7xaj9az9Wa9j1vnrMnMDvyB9fENIm+YZg==</latexit><latexit sha1_base64="iWr5fshUGDEOFu/mLbQmdj1bXoo=">AAACBnicbVDLSgMxFL3js9ZX1aUgwSLUTZkRi7oQim5cVnRsoR1KJs20oZnMkGSEMszOjb/ixoWKW7/BnX9j+hC09UDg3HPu5eYeP+ZMadv+submFxaXlnMr+dW19Y3Nwtb2nYoSSahLIh7Jho8V5UxQVzPNaSOWFIc+p3W/fzn06/dUKhaJWz2IqRfirmABI1gbqV3YawUSk/SmJA6zVGTo/KeumLqStQtFu2yPgGaJMyFFmKDWLny2OhFJQio04VippmPH2kux1IxwmuVbiaIxJn3cpU1DBQ6p8tLRHRk6MEoHBZE0T2g0Un9PpDhUahD6pjPEuqemvaH4n9dMdHDqpUzEiaaCjBcFCUc6QsNQUIdJSjQfGIKJZOaviPSwCUKb6PImBGf65FniHpXPys71cbF6MUkjB7uwDyVw4ASqcAU1cIHAAzzBC7xaj9az9Wa9j1vnrMnMDvyB9fENIm+YZg==</latexit><latexit sha1_base64="iWr5fshUGDEOFu/mLbQmdj1bXoo=">AAACBnicbVDLSgMxFL3js9ZX1aUgwSLUTZkRi7oQim5cVnRsoR1KJs20oZnMkGSEMszOjb/ixoWKW7/BnX9j+hC09UDg3HPu5eYeP+ZMadv+submFxaXlnMr+dW19Y3Nwtb2nYoSSahLIh7Jho8V5UxQVzPNaSOWFIc+p3W/fzn06/dUKhaJWz2IqRfirmABI1gbqV3YawUSk/SmJA6zVGTo/KeumLqStQtFu2yPgGaJMyFFmKDWLny2OhFJQio04VippmPH2kux1IxwmuVbiaIxJn3cpU1DBQ6p8tLRHRk6MEoHBZE0T2g0Un9PpDhUahD6pjPEuqemvaH4n9dMdHDqpUzEiaaCjBcFCUc6QsNQUIdJSjQfGIKJZOaviPSwCUKb6PImBGf65FniHpXPys71cbF6MUkjB7uwDyVw4ASqcAU1cIHAAzzBC7xaj9az9Wa9j1vnrMnMDvyB9fENIm+YZg==</latexit>
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=
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<latexit sha1_base64="0pR/6YQxfA5CVRcrgR7ibSlXljU=">AAACCHicbVBNS8NAEJ3Ur1q/oh69LBahXkoignoQil48VjS20Jay2W7apZtN2N0IJeTqxb/ixYOKV3+CN/+N2zaCtj4YePveDDvz/JgzpR3nyyosLC4trxRXS2vrG5tb9vbOnYoSSahHIh7Jpo8V5UxQTzPNaTOWFIc+pw1/eDn2G/dUKhaJWz2KaSfEfcECRrA2UtdG7UBikt5UxGGWigyd/7xdxwiuk3XtslN1JkDzxM1JGXLUu/ZnuxeRJKRCE46VarlOrDsplpoRTrNSO1E0xmSI+7RlqMAhVZ10ckmGDozSQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//NaiQ5OOykTcaKpINOPgoQjHaFxLKjHJCWajwzBRDKzKyIDbKLQJrySCcGdPXmeeEfVs6p7fVyuXeRpFGEP9qECLpxADa6gDh4QeIAneIFX69F6tt6s92lrwcpnduEPrI9vBlKY0g==</latexit><latexit sha1_base64="0pR/6YQxfA5CVRcrgR7ibSlXljU=">AAACCHicbVBNS8NAEJ3Ur1q/oh69LBahXkoignoQil48VjS20Jay2W7apZtN2N0IJeTqxb/ixYOKV3+CN/+N2zaCtj4YePveDDvz/JgzpR3nyyosLC4trxRXS2vrG5tb9vbOnYoSSahHIh7Jpo8V5UxQTzPNaTOWFIc+pw1/eDn2G/dUKhaJWz2KaSfEfcECRrA2UtdG7UBikt5UxGGWigyd/7xdxwiuk3XtslN1JkDzxM1JGXLUu/ZnuxeRJKRCE46VarlOrDsplpoRTrNSO1E0xmSI+7RlqMAhVZ10ckmGDozSQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//NaiQ5OOykTcaKpINOPgoQjHaFxLKjHJCWajwzBRDKzKyIDbKLQJrySCcGdPXmeeEfVs6p7fVyuXeRpFGEP9qECLpxADa6gDh4QeIAneIFX69F6tt6s92lrwcpnduEPrI9vBlKY0g==</latexit><latexit sha1_base64="0pR/6YQxfA5CVRcrgR7ibSlXljU=">AAACCHicbVBNS8NAEJ3Ur1q/oh69LBahXkoignoQil48VjS20Jay2W7apZtN2N0IJeTqxb/ixYOKV3+CN/+N2zaCtj4YePveDDvz/JgzpR3nyyosLC4trxRXS2vrG5tb9vbOnYoSSahHIh7Jpo8V5UxQTzPNaTOWFIc+pw1/eDn2G/dUKhaJWz2KaSfEfcECRrA2UtdG7UBikt5UxGGWigyd/7xdxwiuk3XtslN1JkDzxM1JGXLUu/ZnuxeRJKRCE46VarlOrDsplpoRTrNSO1E0xmSI+7RlqMAhVZ10ckmGDozSQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//NaiQ5OOykTcaKpINOPgoQjHaFxLKjHJCWajwzBRDKzKyIDbKLQJrySCcGdPXmeeEfVs6p7fVyuXeRpFGEP9qECLpxADa6gDh4QeIAneIFX69F6tt6s92lrwcpnduEPrI9vBlKY0g==</latexit><latexit sha1_base64="0pR/6YQxfA5CVRcrgR7ibSlXljU=">AAACCHicbVBNS8NAEJ3Ur1q/oh69LBahXkoignoQil48VjS20Jay2W7apZtN2N0IJeTqxb/ixYOKV3+CN/+N2zaCtj4YePveDDvz/JgzpR3nyyosLC4trxRXS2vrG5tb9vbOnYoSSahHIh7Jpo8V5UxQTzPNaTOWFIc+pw1/eDn2G/dUKhaJWz2KaSfEfcECRrA2UtdG7UBikt5UxGGWigyd/7xdxwiuk3XtslN1JkDzxM1JGXLUu/ZnuxeRJKRCE46VarlOrDsplpoRTrNSO1E0xmSI+7RlqMAhVZ10ckmGDozSQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//NaiQ5OOykTcaKpINOPgoQjHaFxLKjHJCWajwzBRDKzKyIDbKLQJrySCcGdPXmeeEfVs6p7fVyuXeRpFGEP9qECLpxADa6gDh4QeIAneIFX69F6tt6s92lrwcpnduEPrI9vBlKY0g==</latexit>

S(n)

n
=

S(20)
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<latexit sha1_base64="7kP025i+Pz4dvXLLPpf8tR/KBRc=">AAACCHicbVBNS8NAEJ34WetX1KOXxSLUS0mKoB6EohePFa0ttKFstpt26WYTdjdCCbl68a948aDi1Z/gzX/jto2grQ8G3r43w848P+ZMacf5shYWl5ZXVgtrxfWNza1te2f3TkWJJLRBIh7Jlo8V5UzQhmaa01YsKQ59Tpv+8HLsN++pVCwSt3oUUy/EfcECRrA2UtdGnUBikt6UxVGWigyd/7yrjhGqTta1S07FmQDNEzcnJchR79qfnV5EkpAKTThWqu06sfZSLDUjnGbFTqJojMkQ92nbUIFDqrx0ckmGDo3SQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//PaiQ5OvZSJONFUkOlHQcKRjtA4FtRjkhLNR4ZgIpnZFZEBNlFoE17RhODOnjxPGtXKWcW9Pi7VLvI0CrAPB1AGF06gBldQhwYQeIAneIFX69F6tt6s92nrgpXP7MEfWB/fCWGY1A==</latexit><latexit sha1_base64="7kP025i+Pz4dvXLLPpf8tR/KBRc=">AAACCHicbVBNS8NAEJ34WetX1KOXxSLUS0mKoB6EohePFa0ttKFstpt26WYTdjdCCbl68a948aDi1Z/gzX/jto2grQ8G3r43w848P+ZMacf5shYWl5ZXVgtrxfWNza1te2f3TkWJJLRBIh7Jlo8V5UzQhmaa01YsKQ59Tpv+8HLsN++pVCwSt3oUUy/EfcECRrA2UtdGnUBikt6UxVGWigyd/7yrjhGqTta1S07FmQDNEzcnJchR79qfnV5EkpAKTThWqu06sfZSLDUjnGbFTqJojMkQ92nbUIFDqrx0ckmGDo3SQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//PaiQ5OvZSJONFUkOlHQcKRjtA4FtRjkhLNR4ZgIpnZFZEBNlFoE17RhODOnjxPGtXKWcW9Pi7VLvI0CrAPB1AGF06gBldQhwYQeIAneIFX69F6tt6s92nrgpXP7MEfWB/fCWGY1A==</latexit><latexit sha1_base64="7kP025i+Pz4dvXLLPpf8tR/KBRc=">AAACCHicbVBNS8NAEJ34WetX1KOXxSLUS0mKoB6EohePFa0ttKFstpt26WYTdjdCCbl68a948aDi1Z/gzX/jto2grQ8G3r43w848P+ZMacf5shYWl5ZXVgtrxfWNza1te2f3TkWJJLRBIh7Jlo8V5UzQhmaa01YsKQ59Tpv+8HLsN++pVCwSt3oUUy/EfcECRrA2UtdGnUBikt6UxVGWigyd/7yrjhGqTta1S07FmQDNEzcnJchR79qfnV5EkpAKTThWqu06sfZSLDUjnGbFTqJojMkQ92nbUIFDqrx0ckmGDo3SQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//PaiQ5OvZSJONFUkOlHQcKRjtA4FtRjkhLNR4ZgIpnZFZEBNlFoE17RhODOnjxPGtXKWcW9Pi7VLvI0CrAPB1AGF06gBldQhwYQeIAneIFX69F6tt6s92nrgpXP7MEfWB/fCWGY1A==</latexit><latexit sha1_base64="7kP025i+Pz4dvXLLPpf8tR/KBRc=">AAACCHicbVBNS8NAEJ34WetX1KOXxSLUS0mKoB6EohePFa0ttKFstpt26WYTdjdCCbl68a948aDi1Z/gzX/jto2grQ8G3r43w848P+ZMacf5shYWl5ZXVgtrxfWNza1te2f3TkWJJLRBIh7Jlo8V5UzQhmaa01YsKQ59Tpv+8HLsN++pVCwSt3oUUy/EfcECRrA2UtdGnUBikt6UxVGWigyd/7yrjhGqTta1S07FmQDNEzcnJchR79qfnV5EkpAKTThWqu06sfZSLDUjnGbFTqJojMkQ92nbUIFDqrx0ckmGDo3SQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//PaiQ5OvZSJONFUkOlHQcKRjtA4FtRjkhLNR4ZgIpnZFZEBNlFoE17RhODOnjxPGtXKWcW9Pi7VLvI0CrAPB1AGF06gBldQhwYQeIAneIFX69F6tt6s92nrgpXP7MEfWB/fCWGY1A==</latexit>



Amortized Analysis of Doubling
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<latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit>

T (n)

n
= O(1)

S(n)

n
<latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit>

Assume:
c=2
n=2k



Amortized Analysis
‣ Summary for Incremental
‣ Total cost of n pushes:  S(n) = O(n2)
‣ Amortized cost of n pushes:  S(n)/n = O(n)

‣ Summary for Doubling

‣ Total cost of n pushes:  S(n) = O(n)

‣ Amortized cost of n pushes:  S(n)/n = O(1)
‣ In practice: always use doubling

6



How do we feel about amortized analysis?

‣ Situations where worst case is most important?

7



Expandable Queue



Queue ADT
‣ enqueue(object):
‣ inserts object

‣ object dequeue( )

‣ returns and removes first inserted object

‣ int size( )

‣ returns number objects in queue

‣ boolean isEmpty( )

‣ returns TRUE if empty; FALSE otherwise
9



Expandable Queue

‣ Can be implemented with expandable array
‣ need to keep track of head and tail

10

tail
head



Expandable Queue

‣ Can be implemented with expandable array
‣ need to keep track of head and tail

11

tailhead



Expandable Queue

‣ Can be implemented with expandable array
‣ need to keep track of head and tail

12

tailhead



Expandable Queue

‣ Can be implemented with expandable array
‣ need to keep track of head and tail

13

tailhead



Expandable Queue

‣ Can be implemented with expandable array
‣ need to keep track of head and tail

‣ What happens when tail reaches end?
‣ Is the queue full?

‣ So when should we expand array?
14

head tail



Expandable Queue

‣ Wrap around until array is completely full
‣ When expanding re-order objects properly

15

headtail



Expandable Queue

16

function enqueue(object):
if size == capacity

double array and copy contents
reset head and tail pointers

data[tail] = object
tail = (tail + 1) % capacity
size++

function dequeue( ):
if size == 0

error(“queue empty”)
element = data[head]
head = (head + 1) % capacity
size--
return element

T (n)

n
= O(1)

S(n)

n
<latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit>
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Hash Tables
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Arrays (Non-expandable)
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Arrays (Non-expandable)
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Arrays (Non-expandable)

20

“WY” “VT” “AK” “ND” “SD” “DE” “MT” “RI”

0 1 2 3 4 5 6 7

1000 1001 1002 1003 1004 1005 1006 1007

‣ Runtime to get the 5th element?
‣ Runtime to get the index of “RI”?



Arrays (expandable)
‣ Implemented like expandable stacks/queues

‣ Resize when full

‣ Accesses still O(1) on average



Dictionary
‣ Collection of key/value pairs 
‣ distinct and unordered keys

‣ Supports value lookup by key
‣ Also known as a map 
‣ “maps” keys to values

‣ examples
‣ name → address

‣ word → definition

‣ postal abbreviation → state name
22



Dictionary ADT
‣ add(key, value): 

‣ adds key/value pair to dict.

‣ object get(key):

‣ returns value mapped to key

‣ remove(key):

‣ removes key/value pair

‣ int size( ):

‣ returns number key/value pairs

‣ boolean isEmpty( ):

‣ returns TRUE if dict. is empty; 
FALSE otherwise



Array-based Dictionary
‣ Can we use an expandable array A?
‣ add(k,v):
‣ store (k,v) in first empty cell of A 

‣ get(k):
‣ scan A to find value with key key=k  

‣ remove(k):
‣ scan A to find pair with key=k & remove  

‣ Runtimes?
24



Q: how would you build a (basic) search engine?



What’s so Hard about Search Engines?

26



Search Through Each Page?
‣ Assume Google indexes 200 billion pages 

‣ If we scan 1 page in 1 microsecond

‣ each search would take 55 hours
‣ How can we improve search time?

27



Q: can we do better?



Yes! with a Hash Table
‣ Hash tables are composed of 
‣ an (expandable) array A

‣ and a “hash” function h: X⟶Y 

29

&   h(x)



Yes! with a Hash Table
‣ A hash function is function h: X⟶Y that

‣ shrinks: maps elements from a large input space to a smaller 
output space

‣ well spread: h spreads elements of X over Y

30

X Y

h
X Y h

X Y

h
X Y



Dictionary vs. Hash Table
‣ A dictionary (or map) is an abstract data type

‣ can be implemented using many different data structures

‣ A hash table is a dictionary data structure

‣ one specific way to implement a dictionary

31



Building a Dictionary w/ a Hash Table

‣ Choose a hash function h:X⟶Y with 

‣ X = “universe of keys” and Y = “indices of array”

‣ add(k,v)
‣ set A[h(k)]=v

‣ get(k)
‣ return v=A[h(k)]

‣ remove(k)
‣ delete A[h(k)]

‣ Runtimes?
32



Hash Table — Add

33

00472885
David Laidlaw

00943855
Kaila Jeter

00238494
Alejandro Molina

00745911
Chantal Toupin

00943855
Kaila Jeter

00238494
Alejandro 
Molina

00472885
David Laidlaw

keys: banner IDs
values: names

00745911
Chantal Toupin



Building a Dictionary w/ a Hash Table

‣ Q: What is the problem with this?

‣ Remember that  |Y|<|X| 

‣ (here |X| denotes size of X)

‣ …so some keys in X  will be hashed to the same location!

‣ this is called the pigeonhole principle 

‣ there just isn’t enough room in Y to fit all of X

‣ …therefore some values in array will be overwritten

‣ this is called a collision 

34



Overcoming Collisions
‣ Hash Table with Chaining

‣ store multiple values at each array location
‣ each array cell stores a “bucket” of pairs
‣ can implement bucket as a list or expandable array or …

35

&   h(x)A

buckets:
FYI: there are many 

other approaches
e.g., linear probing, 
quadratic probing, 
cuckoo hashing,…



Hash Table

36

function add(k, v):
index = h(k)
table[index].append(k, v)

function get(k):
index = h(k)
for (key, val) in table[index]:

if key = k:
return val

error(“key not found”)

table: array
h: hash function

O(1) if computing
hash function 

is O(1)

runtime 
depends on 
bucket size



Hash Table

‣ Let’s do another example but with Chaining!
‣ We’ll use the following hash function
‣ h(banner_id)=banner_id % 7  

37



Hash Table — Add

38

00472885
David Laidlaw

00943855
Kaila Jeter

00238494
Alejandro Molina

00745911
Chantal Toupin

00543163
Surbhi Madan

00231924
Lauren Ho00943855

Kaila Jeter

00238494
Alejandro 
Molina

00472885
David Laidlaw

keys: banner IDs
values: names

h(key)=key%7

Array of buckets w/ 
key/value pairs

00231924
Lauren Ho

00745911
Chantal Toupin

00543163
Surbhi Madan



Hash Table — Get

39

00472885
David Laidlaw

00943855
Kaila Jeter

00238494
Alejandro Molina

00745911
Chantal Toupin

00543163
Surbhi Madan

00231924
Lauren Ho

keys: banner IDs
values: names

h(key)=key%7

Array of buckets w/ 
key/value pairs

00543163

What is the 
worst-case 

run time of Get?



Hash Table with Chaining
‣ What is the worst-case runtime of Get?

‣ ≈ size of largest bucket

‣ What is the size of largest bucket?
‣ assume we have n students and a table of size m 

‣ if h “spreads” keys roughly evenly then
‣ each bucket has size ≈ n/m 

‣ ex: if n=150 and m=7 each buckets has size ≈ 150/7 = 21

‣ But what is the size of the largest bucket asymptotically?
‣ assume m is a constant (i.e., it does not grow as a function of n)

‣ each bucket has size ≈ n/m = n/c = O(n)

40



Q:Can we do better than O(n)?



Beating O(n) — Idea #1
‣ Idea: use large table
‣ Banner IDs have 8 digits so max ID is 99,999,999
‣ Use table of size m=100,000,000

‣ w/ hash function h(key)=key

‣ Are there any collisions in this case?
‣ no collisions because every pair gets its own cell
‣ What is run time of Get?

‣  O(1) since we don’t need to scan buckets

‣ What is the problem with this approach?
‣ what if we only store 150 students? we’re wasting 99,999,850 cells

42



Beating O(n) — Idea #2
‣ Idea: use a table of size equal to the number of students + “good” hash function

‣ set the table size to m=n

‣ use a hash function h that spreads keys well

‣ No wasted space since n = m 

‣ in other words, “table size” = “number of students”

‣ If h spreads keys roughly evenly then each bucket has size 

‣ ≈ n/m = n/n = 1 = O(1)

‣ What hash function should we use?

‣ Suppose n = 150 (i.e., we want to insert 150 students)

‣ should we use the hash function h(key) = key % 150 ?

43



Beating O(n) — Idea #2
‣ Idea #2 relied on an assumption:

‣ if h spreads keys roughly evenly then each bucket has size 

‣ ≈ n/m = n/n = 1 = O(1)

‣ Will h(ID)=ID%11 spread banner IDs evenly?
‣ it depends on the banner IDs…
‣ if banner IDs are chosen randomly then Yes

‣ But what if next year all banner IDs are multiples of 11? 

‣ Then all banner IDs will map to 0!
‣ So there will be one bucket with all IDs 

‣ so worst-case runtime of Get will be O(n)
44



Since keys are not necessarily random, we 
make the hash function random



Universal Hash Functions
‣ Special “families” of hash functions

‣ UHF = {h1,h2,…,hq} 

‣ designed so that if we pick a function from the family at random 
and use it on a set of keys, then it is very likely that the function will 
“spread” the keys (roughly) evenly

46

h2

h5

h3

h8

h6

h1

h7h4
h6





Example of Universal Hash Functions
‣ Setup to store n key/value pairs

‣ choose prime p larger than n

‣ choose 4 numbers a1, a2, 
a3, a4 at random between 0 
and p-1

‣ Hashing a key k

‣ break k into 4 parts

‣ k1, k2, k3, k4

‣ output 

48

‣ Setup to store 150 students

‣ choose p=151

‣ choose a1=12,  a2=43, 
a3=105, a4=83

‣ Hashing a key k=00238918

‣ break k into k1=00,  k2=23,  
k3=89,  k4=18

‣ output

h(k) =
4X

i=1

ai · ki mod p
<latexit sha1_base64="jD4phmVtcxenQziuux8UAHNSi7A=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wsm5JIQV0Uim5cVjC20MQwmUzboTOZMDMRSugnuPFX3LhQcevWnX/j9LHQ1gMXDufcy733RCmjSjvOt1VYWl5ZXSuulzY2t7Z37N29OyUyiYmHBROyHSFFGE2Ip6lmpJ1KgnjESCsaXI391gORiorkVg9TEnDUS2iXYqSNFNrH/crgBNahrzIe5rTuju5rEIXUx7HQcBBS6HMRwzS0y07VmQAuEndGymCGZmh/+bHAGSeJxgwp1XGdVAc5kppiRkYlP1MkRXiAeqRjaII4UUE+eWgEj4wSw66QphINJ+rviRxxpYY8Mp0c6b6a98bif14n093zIKdJmmmS4OmibsagFnCcDoypJFizoSEIS2puhbiPJMLaZFgyIbjzLy8S77R6UXVvauXG5SyNIjgAh6ACXHAGGuAaNIEHMHgEz+AVvFlP1ov1bn1MWwvWbGYf/IH1+QMwC5sF</latexit><latexit sha1_base64="jD4phmVtcxenQziuux8UAHNSi7A=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wsm5JIQV0Uim5cVjC20MQwmUzboTOZMDMRSugnuPFX3LhQcevWnX/j9LHQ1gMXDufcy733RCmjSjvOt1VYWl5ZXSuulzY2t7Z37N29OyUyiYmHBROyHSFFGE2Ip6lmpJ1KgnjESCsaXI391gORiorkVg9TEnDUS2iXYqSNFNrH/crgBNahrzIe5rTuju5rEIXUx7HQcBBS6HMRwzS0y07VmQAuEndGymCGZmh/+bHAGSeJxgwp1XGdVAc5kppiRkYlP1MkRXiAeqRjaII4UUE+eWgEj4wSw66QphINJ+rviRxxpYY8Mp0c6b6a98bif14n093zIKdJmmmS4OmibsagFnCcDoypJFizoSEIS2puhbiPJMLaZFgyIbjzLy8S77R6UXVvauXG5SyNIjgAh6ACXHAGGuAaNIEHMHgEz+AVvFlP1ov1bn1MWwvWbGYf/IH1+QMwC5sF</latexit><latexit sha1_base64="jD4phmVtcxenQziuux8UAHNSi7A=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wsm5JIQV0Uim5cVjC20MQwmUzboTOZMDMRSugnuPFX3LhQcevWnX/j9LHQ1gMXDufcy733RCmjSjvOt1VYWl5ZXSuulzY2t7Z37N29OyUyiYmHBROyHSFFGE2Ip6lmpJ1KgnjESCsaXI391gORiorkVg9TEnDUS2iXYqSNFNrH/crgBNahrzIe5rTuju5rEIXUx7HQcBBS6HMRwzS0y07VmQAuEndGymCGZmh/+bHAGSeJxgwp1XGdVAc5kppiRkYlP1MkRXiAeqRjaII4UUE+eWgEj4wSw66QphINJ+rviRxxpYY8Mp0c6b6a98bif14n093zIKdJmmmS4OmibsagFnCcDoypJFizoSEIS2puhbiPJMLaZFgyIbjzLy8S77R6UXVvauXG5SyNIjgAh6ACXHAGGuAaNIEHMHgEz+AVvFlP1ov1bn1MWwvWbGYf/IH1+QMwC5sF</latexit><latexit sha1_base64="jD4phmVtcxenQziuux8UAHNSi7A=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wsm5JIQV0Uim5cVjC20MQwmUzboTOZMDMRSugnuPFX3LhQcevWnX/j9LHQ1gMXDufcy733RCmjSjvOt1VYWl5ZXSuulzY2t7Z37N29OyUyiYmHBROyHSFFGE2Ip6lmpJ1KgnjESCsaXI391gORiorkVg9TEnDUS2iXYqSNFNrH/crgBNahrzIe5rTuju5rEIXUx7HQcBBS6HMRwzS0y07VmQAuEndGymCGZmh/+bHAGSeJxgwp1XGdVAc5kppiRkYlP1MkRXiAeqRjaII4UUE+eWgEj4wSw66QphINJ+rviRxxpYY8Mp0c6b6a98bif14n093zIKdJmmmS4OmibsagFnCcDoypJFizoSEIS2puhbiPJMLaZFgyIbjzLy8S77R6UXVvauXG5SyNIjgAh6ACXHAGGuAaNIEHMHgEz+AVvFlP1ov1bn1MWwvWbGYf/IH1+QMwC5sF</latexit>

h(00238918) = 50
<latexit sha1_base64="iGoxRFe4cctJcorkgedSyRR+zrU=">AAAB+HicbVDLTgJBEOzFF+Jr1aOXicQEL2QWNcLBhOjFIyaukMCGzA4DTJh9ZGaWhGz4Ey8e1Hj1U7z5Nw6wBwUr6aRS1Z3uLj8WXGmMv63c2vrG5lZ+u7Czu7d/YB8ePakokZS5NBKRbPlEMcFD5mquBWvFkpHAF6zpj+5mfnPMpOJR+KgnMfMCMgh5n1OijdS17WEJ48pFteZUz9ENusJdu4jLeA60SpyMFCFDo2t/dXoRTQIWaiqIUm0Hx9pLidScCjYtdBLFYkJHZMDahoYkYMpL55dP0ZlReqgfSVOhRnP190RKAqUmgW86A6KHatmbif957UT3q17KwzjRLKSLRf1EIB2hWQyoxyWjWkwMIVRycyuiQyIJ1SasggnBWX55lbiVcq3sPFwW67dZGnk4gVMogQPXUId7aIALFMbwDK/wZqXWi/VufSxac1Y2cwx/YH3+ADwekFk=</latexit><latexit sha1_base64="iGoxRFe4cctJcorkgedSyRR+zrU=">AAAB+HicbVDLTgJBEOzFF+Jr1aOXicQEL2QWNcLBhOjFIyaukMCGzA4DTJh9ZGaWhGz4Ey8e1Hj1U7z5Nw6wBwUr6aRS1Z3uLj8WXGmMv63c2vrG5lZ+u7Czu7d/YB8ePakokZS5NBKRbPlEMcFD5mquBWvFkpHAF6zpj+5mfnPMpOJR+KgnMfMCMgh5n1OijdS17WEJ48pFteZUz9ENusJdu4jLeA60SpyMFCFDo2t/dXoRTQIWaiqIUm0Hx9pLidScCjYtdBLFYkJHZMDahoYkYMpL55dP0ZlReqgfSVOhRnP190RKAqUmgW86A6KHatmbif957UT3q17KwzjRLKSLRf1EIB2hWQyoxyWjWkwMIVRycyuiQyIJ1SasggnBWX55lbiVcq3sPFwW67dZGnk4gVMogQPXUId7aIALFMbwDK/wZqXWi/VufSxac1Y2cwx/YH3+ADwekFk=</latexit><latexit sha1_base64="iGoxRFe4cctJcorkgedSyRR+zrU=">AAAB+HicbVDLTgJBEOzFF+Jr1aOXicQEL2QWNcLBhOjFIyaukMCGzA4DTJh9ZGaWhGz4Ey8e1Hj1U7z5Nw6wBwUr6aRS1Z3uLj8WXGmMv63c2vrG5lZ+u7Czu7d/YB8ePakokZS5NBKRbPlEMcFD5mquBWvFkpHAF6zpj+5mfnPMpOJR+KgnMfMCMgh5n1OijdS17WEJ48pFteZUz9ENusJdu4jLeA60SpyMFCFDo2t/dXoRTQIWaiqIUm0Hx9pLidScCjYtdBLFYkJHZMDahoYkYMpL55dP0ZlReqgfSVOhRnP190RKAqUmgW86A6KHatmbif957UT3q17KwzjRLKSLRf1EIB2hWQyoxyWjWkwMIVRycyuiQyIJ1SasggnBWX55lbiVcq3sPFwW67dZGnk4gVMogQPXUId7aIALFMbwDK/wZqXWi/VufSxac1Y2cwx/YH3+ADwekFk=</latexit><latexit sha1_base64="iGoxRFe4cctJcorkgedSyRR+zrU=">AAAB+HicbVDLTgJBEOzFF+Jr1aOXicQEL2QWNcLBhOjFIyaukMCGzA4DTJh9ZGaWhGz4Ey8e1Hj1U7z5Nw6wBwUr6aRS1Z3uLj8WXGmMv63c2vrG5lZ+u7Czu7d/YB8ePakokZS5NBKRbPlEMcFD5mquBWvFkpHAF6zpj+5mfnPMpOJR+KgnMfMCMgh5n1OijdS17WEJ48pFteZUz9ENusJdu4jLeA60SpyMFCFDo2t/dXoRTQIWaiqIUm0Hx9pLidScCjYtdBLFYkJHZMDahoYkYMpL55dP0ZlReqgfSVOhRnP190RKAqUmgW86A6KHatmbif957UT3q17KwzjRLKSLRf1EIB2hWQyoxyWjWkwMIVRycyuiQyIJ1SasggnBWX55lbiVcq3sPFwW67dZGnk4gVMogQPXUId7aIALFMbwDK/wZqXWi/VufSxac1Y2cwx/YH3+ADwekFk=</latexit>



Hash Table with UHFs
‣ Hash table w/ chaining using a universal hash function family

‣ Worst-case runtime of Get is O(n) 
‣ But UHFs guarantee that worst-case happens very rarely 
‣ We can “expect” that Get will have runtime O(1)

‣ What do we mean  by expect?
‣ remember that with UHFs we picked one function from family at random

‣ in example we picked the values (a1,a2,a3,a4) at random 

‣ but for some functions in the family, keys will be well-spread & for others keys may 
be clustered

‣ but if we were to compute the runtime of Hash Table with h a million times, where 
each time we sample a hash function at random from the family…

‣ …then the average of those runtimes would be O(1) 
‣ This is called “expected running time”
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Hash Table with UHFs
‣ Hash table w/ chaining using a universal hash function family

‣ We can “expect” that Get will have runtime O(1)

‣ What do we mean  by expect?
‣ remember that with UHFs we picked one function from family at random

‣ in the example we picked the values (a1,a2,a3,a4) at random 

‣ for some functions in the family, keys will be well-spread…
‣ …while for others keys will be poorly spread, e.g., all mapped to same value
‣ but if we were to compute the runtime of Hash Table with a million times, 

where each time we sample a hash function at random from the family…

‣ …then the average of those runtimes would be O(1) 
‣ This is called “expected running time”
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Why does Universal Hashing Work?
‣ See Chapter 1.5.2 in Dasgupta et al. 
‣ and/or read the proof in lecture slides
‣ You do not need to know the proof!
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Summary
‣ Array-based Dictionaries

‣ Add is worst-case O(n)

‣ Get is worst-case O(n)

‣ Hash Table-based Dictionaries with UHFs

‣ Add is

‣ worst-case O(n) but expected O(1)

‣ Get is 

‣ worst-case O(n) but expected O(1)
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Q: what can we build from dictionaries?



A (Basic) Search Engine
‣ Build a dictionary that maps keywords to URLs
‣ query dictionary on keyword to retrieve URLs

‣ In context of search engines
‣ the dictionary is often called an Index
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A (Basic) Search Engine
‣ For a each keyword word w/ a list of relevant URLs url1,…,urlm

‣ store the pairs(word|1, url1),…,(word|m, urlm) in a dict Index

‣ where “|” is string concatenation

‣ Store the pair (word, m) in an auxiliary dictionary Counts

‣ To search for a keyword Brown

‣ retrieve the count for Brown by querying Count.get(Brown)

‣ to recover URLs, query Index on keys Brown|1,…,Brown|m 

‣ Index.get(word|1),…,Index.get(word|m)

55 Idea from Cash et al., NDSS ‘14



Build Index
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function build_index(page_list):
    index = dict()
    counts = dict()
    for page in page_list:
       for word in page:
            try:
                count = counts.get(word)
            except KeyError:
                counts.put(word,0)
                count = counts.get(word)
            counts.put(word, counts[word] + 1)
            key = word + str(counts.get(word))
            index.put(key, page.url)
    return index     

‣ build_index is O(nm) time
‣ where n is number of pages and m is maximum number of words per page

Idea from Cash et al., NDSS ‘14



Search Index

57

def search_index(index, word):
    output_list = list()
    count = 1
    while True:
        try:
            url = index.get(word + str(count))
            count = count + 1
        except KeyError:
            break
        output_list.append(url)
    return output_list

‣ If dictionary is implemented with hash table
‣ search_index is expected O(1) time
‣ fast no matter how many pages and words 



A (Basic) Search Engine
‣ What’s missing from our “search engine”?
‣ No ranking!
‣ But we’ll learn how to rank later in the course
‣ …after we learn about graphs
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Sets
‣ Collection of elements that are 
‣ distinct and unordered 

‣ …unlike lists and arrays



Set ADT

‣ add(object): 

‣ adds object to set if not there

‣ remove(object):

‣ removes object from set if there

‣ boolean contains(object):

‣ checks if object is in set

‣ int size( ):

‣ returns number objects in set

‣ boolean isEmpty( ):

‣ returns TRUE if set is empty; 
FALSE otherwise

‣ list enumerate( ):

‣ returns list of objects in set (in 
arbitrary order)



Set Data Structure
‣ How can we implement a Set?
‣ Using an expandable array

‣ add: O(1)

‣ contains: O(n)(scan array)

‣ remove: O(n) (find & compress)

‣ Can we do better?
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Sets from Hash Tables
‣ We can implement sets with a hash table
‣ Sometimes called a Hash Set
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function add(object):
index = h(object)
table[index].append(object)

function contains(object):
index = h(object)
for elt in table[index]:

if elt == object:
return true

return false

Expected O(1)

Expected O(1)



HashMap vs. HashSet
‣ HashMap, Python dictionaries 
‣ Hash table implementation of a dictionary

‣ HashSet, Python sets
‣ Hash table implementation of a set
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