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Outline
‣ Recursion


‣ Recurrence relations


‣ Plug & chug


‣ Induction


‣ Strong vs. weak induction



Collaboration policy
‣ Can and should discuss assignments with 

other students!


‣ Still cannot share code or written solutions
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The Scouting Problem
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recursive: defined in terms of itself



Recursion
‣ What is a recursive problem?

‣ a problem defined in terms of itself  


‣ What is a recursive function?

‣ a function defined in terms of itself

‣ example: Factorial, Fibonacci 


‣ At each level, the problem gets easier/smaller
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Recursive Algorithms
‣ Algorithms that call themselves 

‣ Call themselves on smaller inputs (sub-problems)

‣ Combine the results to find solution to larger input


‣ Recursive algorithms

‣ Can be very easy to describe & implement :-)

‣ Especially for recursively-defined data structures (e.g. trees)


‣ Can be hard to think about and to analyze :-(
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Factorial
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n! =
nY

i=1

i = n⇥ (n� 1)⇥ · · ·⇥ 1iterative: 

recursive: n! = n⇥ (n� 1)!, with 1! = 1
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Recursive Factorial — Simulation

‣ call factorial(3)
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def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)




Recursive Factorial — Simulation

‣ call factorial(3) 

‣ level #1:  3≠1 so 3 x factorial(2)
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def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)




Recursive Factorial — Simulation

‣ call factorial(3) 

‣ level #1:  3≠1 so 3 x factorial(2)

‣ level #2:  2≠1 so 2 x factorial(1)
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def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)




Recursive Factorial — Simulation

‣ call factorial(3) 

‣ level #1:  3≠1 so 3 x factorial(2)

‣ level #2:  2≠1 so 2 x factorial(1)


‣ level #3:  1==1 so return 1
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def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)




Recursive Factorial — Simulation

‣ call factorial(3) 

‣ level #1:  3≠1 so 3 x factorial(2)

‣ level #2:  2≠1 so 2 x 1

‣ level #3: 1==1 so return 1
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def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)




Recursive Factorial — Simulation

‣ call factorial(3) 

‣ level #1:  3≠1 so 3 x 2
‣ level #2:  2≠1 so 2 x 1

‣ level #3: 1==1 so return 1
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def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)




Recursive Factorial — Simulation

‣ call factorial(3) = 6
‣ fact(3):  3≠1 so 3 x 2
‣ level #2:  2≠1 so 2 x 1

‣ level #3: 1==1 so return 1
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def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)




Wait a minute!!
you keep calling factorial but never actually implemented it



Recursive Factorial — Simulation
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def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)




Recursive Factorial — Simulation
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def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)




Example: recursive array_max
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def array_max(array, n):

if n == 1:


return array[0]

else:


return max(array[n-1], array_max(array, n-1))




Example: recursive array_max
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array_max([5,1,9,2], 4) = [ ]

max( , array_max([5,1,9,2], ) = [ ] )

max( , array_max([5,1,9,2], ) = [ ] )

max( , array_max([5,1,9,2], ) = [ ] )

def array_max(array, n):

if n == 1:


return array[0]

else:


return max(array[n-1], array_max(array, n-1))


2 3

9 2

1 1 5

5

9
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Running Time of Recursive Algos
‣ Difficult to analyze :-( 

‣ With iterative algorithms 

‣ we can count # of ops per loop


‣ How can we count # ops in a recursive step?

‣ We can’t…
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def factorial(n):

if n == 1:

return 1


else:

return n * factorial(n-1)


def factorial(n):
    out = 1

    for i in range(1, n+1):

        out = i * out

    return out



Recurrence Relations
‣ Functions that express run time recursively


‣ part 1: # of operations in general case

‣ part 2: # of operations in base case
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T (n) = 2 · T (n� 1) + 10| {z }
general case

, with T (1) = 8| {z }
base case



Example: recursive array_max

‣ general: constant # ops for comp & max + cost of recursive call

‣ base: constant # ops for comp and return
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def array_max(array, n):

if n == 1:


return array[0]

else:


return max(array[n-1], array_max(array, n-1))


T (n) = T (n� 1) + c1| {z }
general case

, with T (1) = c0| {z }
base case

What about 
Big-Oh?



Big-O from Recurrence Relation
‣ Step #1: Plug & Chug

‣ algebraic manipulations to guess a Big-O expression


‣ Step #2: Induction

‣ prove that Big-O expression is correct
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Example: recursive array_max
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T (n) = T (n� 1) + c1| {z }
general case

, with T (1) = c0| {z }
base case



Plug & Chug
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T (n) = T (n� 1) + c1| {z }
general case

, with T (1) = c0| {z }
base case

T(1) = c0
T(2) = c1 + T(1)
T(3) = c1 + T(2)
T(4) = c1 + T(3)
T(5) = c1 + T(4)

= c1 + c0
= c1 + c1 + c0
= c1 + 2c1 + c0
= c1 + 3c1 + c0

= 2c1 + c0
= 3c1 + c0
= 4c1 + c0

T(n) = c1 + T(n − 1) = (n − 1)c1 + c0

…

‣ Closed form expression 

T (n) = (n� 1) · c1 + c0 = O(n)

= . . . = . . .



Are we done?
‣ That was just a guess…not a proof!

‣ plugged & chugged to find a pattern

‣ and then we guessed at a Big-O


‣ How can we be sure?

‣ We prove it using Induction
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Induction
‣ Proof technique to prove statements about infinite 

sets of natural numbers


‣ Can also be used for recursively-defined structures 
like trees


‣ To prove that a statement P is true for all positive 
numbers n=1,2,3,4,…

‣ prove that a statement P is true for n=1

‣ prove that if P is true for n=k then P is true for 
n=k+1
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Steps to an Inductive Proof
‣ Base case


‣ prove that statement P is true for base case


‣ Inductive hypothesis


‣ assume that P is true for some case n = k

‣ Inductive step


‣ prove that if P is true for n = k then P is true for n = k+1

‣ Conclusion


‣ Then P must be true for all n
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Induction

Inductive step: 

Base case: 



‣ P(n):                                            is equal to


‣ Prove for base case: n=1
‣               and 


‣  Inductive assumption: n=k
‣  assume


‣ Inductive step:

Induction for array_max

T (1) = c0

T (n) = T (n� 1) + c1, w/ T (1) = c0
<latexit sha1_base64="BczB+c0Vk2PVNtwA1mxXwscc4W0=">AAACFHicbVDLTgIxFO3gC/GFunTTSEwgIs4YE3VBQnTjEhMQEiCTTinQ0OlM2jsqmfATbvwVNy7UuHXhzr+xPBYKnuTmnpxzb9p7vFBwDbb9bSUWFpeWV5KrqbX1jc2t9PbOrQ4iRVmVBiJQdY9oJrhkVeAgWD1UjPieYDWvfzXya3dMaR7ICgxC1vJJV/IOpwSM5KbzlazM4SI27cjJHVLXyeMmsAeQgfKJiPH9MR5Wsk6uSF3bTWfsgj0GnifOlGTQFGU3/dVsBzTymQQqiNYNxw6hFRMFnAo2TDUjzUJC+6TLGoZK4jPdisdXDfGBUdq4EyhTEvBY/b0RE1/rge+ZSZ9AT896I/E/rxFB57wVcxlGwCSdPNSJBIYAjyLCba4YBTEwhFDFzV8x7RFFKJggUyYEZ/bkeVI9KVwUnJvTTOlymkYS7aF9lEUOOkMldI3KqIooekTP6BW9WU/Wi/VufUxGE9Z0Zxf9gfX5A/pbmy8=</latexit><latexit sha1_base64="BczB+c0Vk2PVNtwA1mxXwscc4W0=">AAACFHicbVDLTgIxFO3gC/GFunTTSEwgIs4YE3VBQnTjEhMQEiCTTinQ0OlM2jsqmfATbvwVNy7UuHXhzr+xPBYKnuTmnpxzb9p7vFBwDbb9bSUWFpeWV5KrqbX1jc2t9PbOrQ4iRVmVBiJQdY9oJrhkVeAgWD1UjPieYDWvfzXya3dMaR7ICgxC1vJJV/IOpwSM5KbzlazM4SI27cjJHVLXyeMmsAeQgfKJiPH9MR5Wsk6uSF3bTWfsgj0GnifOlGTQFGU3/dVsBzTymQQqiNYNxw6hFRMFnAo2TDUjzUJC+6TLGoZK4jPdisdXDfGBUdq4EyhTEvBY/b0RE1/rge+ZSZ9AT896I/E/rxFB57wVcxlGwCSdPNSJBIYAjyLCba4YBTEwhFDFzV8x7RFFKJggUyYEZ/bkeVI9KVwUnJvTTOlymkYS7aF9lEUOOkMldI3KqIooekTP6BW9WU/Wi/VufUxGE9Z0Zxf9gfX5A/pbmy8=</latexit><latexit sha1_base64="BczB+c0Vk2PVNtwA1mxXwscc4W0=">AAACFHicbVDLTgIxFO3gC/GFunTTSEwgIs4YE3VBQnTjEhMQEiCTTinQ0OlM2jsqmfATbvwVNy7UuHXhzr+xPBYKnuTmnpxzb9p7vFBwDbb9bSUWFpeWV5KrqbX1jc2t9PbOrQ4iRVmVBiJQdY9oJrhkVeAgWD1UjPieYDWvfzXya3dMaR7ICgxC1vJJV/IOpwSM5KbzlazM4SI27cjJHVLXyeMmsAeQgfKJiPH9MR5Wsk6uSF3bTWfsgj0GnifOlGTQFGU3/dVsBzTymQQqiNYNxw6hFRMFnAo2TDUjzUJC+6TLGoZK4jPdisdXDfGBUdq4EyhTEvBY/b0RE1/rge+ZSZ9AT896I/E/rxFB57wVcxlGwCSdPNSJBIYAjyLCba4YBTEwhFDFzV8x7RFFKJggUyYEZ/bkeVI9KVwUnJvTTOlymkYS7aF9lEUOOkMldI3KqIooekTP6BW9WU/Wi/VufUxGE9Z0Zxf9gfX5A/pbmy8=</latexit><latexit sha1_base64="BczB+c0Vk2PVNtwA1mxXwscc4W0=">AAACFHicbVDLTgIxFO3gC/GFunTTSEwgIs4YE3VBQnTjEhMQEiCTTinQ0OlM2jsqmfATbvwVNy7UuHXhzr+xPBYKnuTmnpxzb9p7vFBwDbb9bSUWFpeWV5KrqbX1jc2t9PbOrQ4iRVmVBiJQdY9oJrhkVeAgWD1UjPieYDWvfzXya3dMaR7ICgxC1vJJV/IOpwSM5KbzlazM4SI27cjJHVLXyeMmsAeQgfKJiPH9MR5Wsk6uSF3bTWfsgj0GnifOlGTQFGU3/dVsBzTymQQqiNYNxw6hFRMFnAo2TDUjzUJC+6TLGoZK4jPdisdXDfGBUdq4EyhTEvBY/b0RE1/rge+ZSZ9AT896I/E/rxFB57wVcxlGwCSdPNSJBIYAjyLCba4YBTEwhFDFzV8x7RFFKJggUyYEZ/bkeVI9KVwUnJvTTOlymkYS7aF9lEUOOkMldI3KqIooekTP6BW9WU/Wi/VufUxGE9Z0Zxf9gfX5A/pbmy8=</latexit>

f(n) = (n� 1) · c1 + c0
<latexit sha1_base64="FkPNqf5fMFZNz/hhghAF87LQpOA=">AAACA3icbVDLSsNAFJ3UV62vqMtuBovQIpZEBHUhFN24rGBsoQ1hMpm0QyeTMDMRSujCjb/ixoWKW3/CnX/jpM1CWw/McDjnXu69x08Ylcqyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxR9e533kgQtKY36lxQtwIDTgNKUZKS55ZDeu8AS9hnR/bjT4OYgWxZ8Mj/VueWbOa1hRwkdgFqYECbc/86gcxTiPCFWZIyp5tJcrNkFAUMzKp9FNJEoRHaEB6mnIUEelm0yMm8FArAQxjoR/XW+Tq744MRVKOI19XRkgN5byXi/95vVSF525GeZIqwvFsUJgyqGKYJwIDKghWbKwJwoLqXSEeIoGw0rlVdAj2/MmLxDlpXjTt29Na66pIowyq4ADUgQ3OQAvcgDZwAAaP4Bm8gjfjyXgx3o2PWWnJKHr2wR8Ynz8cWZTC</latexit><latexit sha1_base64="FkPNqf5fMFZNz/hhghAF87LQpOA=">AAACA3icbVDLSsNAFJ3UV62vqMtuBovQIpZEBHUhFN24rGBsoQ1hMpm0QyeTMDMRSujCjb/ixoWKW3/CnX/jpM1CWw/McDjnXu69x08Ylcqyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxR9e533kgQtKY36lxQtwIDTgNKUZKS55ZDeu8AS9hnR/bjT4OYgWxZ8Mj/VueWbOa1hRwkdgFqYECbc/86gcxTiPCFWZIyp5tJcrNkFAUMzKp9FNJEoRHaEB6mnIUEelm0yMm8FArAQxjoR/XW+Tq744MRVKOI19XRkgN5byXi/95vVSF525GeZIqwvFsUJgyqGKYJwIDKghWbKwJwoLqXSEeIoGw0rlVdAj2/MmLxDlpXjTt29Na66pIowyq4ADUgQ3OQAvcgDZwAAaP4Bm8gjfjyXgx3o2PWWnJKHr2wR8Ynz8cWZTC</latexit><latexit sha1_base64="FkPNqf5fMFZNz/hhghAF87LQpOA=">AAACA3icbVDLSsNAFJ3UV62vqMtuBovQIpZEBHUhFN24rGBsoQ1hMpm0QyeTMDMRSujCjb/ixoWKW3/CnX/jpM1CWw/McDjnXu69x08Ylcqyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxR9e533kgQtKY36lxQtwIDTgNKUZKS55ZDeu8AS9hnR/bjT4OYgWxZ8Mj/VueWbOa1hRwkdgFqYECbc/86gcxTiPCFWZIyp5tJcrNkFAUMzKp9FNJEoRHaEB6mnIUEelm0yMm8FArAQxjoR/XW+Tq744MRVKOI19XRkgN5byXi/95vVSF525GeZIqwvFsUJgyqGKYJwIDKghWbKwJwoLqXSEeIoGw0rlVdAj2/MmLxDlpXjTt29Na66pIowyq4ADUgQ3OQAvcgDZwAAaP4Bm8gjfjyXgx3o2PWWnJKHr2wR8Ynz8cWZTC</latexit><latexit sha1_base64="FkPNqf5fMFZNz/hhghAF87LQpOA=">AAACA3icbVDLSsNAFJ3UV62vqMtuBovQIpZEBHUhFN24rGBsoQ1hMpm0QyeTMDMRSujCjb/ixoWKW3/CnX/jpM1CWw/McDjnXu69x08Ylcqyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxR9e533kgQtKY36lxQtwIDTgNKUZKS55ZDeu8AS9hnR/bjT4OYgWxZ8Mj/VueWbOa1hRwkdgFqYECbc/86gcxTiPCFWZIyp5tJcrNkFAUMzKp9FNJEoRHaEB6mnIUEelm0yMm8FArAQxjoR/XW+Tq744MRVKOI19XRkgN5byXi/95vVSF525GeZIqwvFsUJgyqGKYJwIDKghWbKwJwoLqXSEeIoGw0rlVdAj2/MmLxDlpXjTt29Na66pIowyq4ADUgQ3OQAvcgDZwAAaP4Bm8gjfjyXgx3o2PWWnJKHr2wR8Ynz8cWZTC</latexit>

T (k) = f(k)
<latexit sha1_base64="W1+nrGvgzXX67EnXXksPJzgYbZM=">AAAB8XicbVBNSwMxEM36WetX1aOXYBHqpeyKoB6EohePFbq2sF1KNs22odlkSWaFsvRnePGg4tV/481/Y9ruQVsfhDzem2FmXpQKbsB1v52V1bX1jc3SVnl7Z3dvv3Jw+GhUpinzqRJKdyJimOCS+cBBsE6qGUkiwdrR6G7qt5+YNlzJFoxTFiZkIHnMKQErBa3a6Azf4Nh+vUrVrbsz4GXiFaSKCjR7la9uX9EsYRKoIMYEnptCmBMNnAo2KXczw1JCR2TAAkslSZgJ89nKE3xqlT6OlbZPAp6pvztykhgzTiJbmRAYmkVvKv7nBRnEV2HOZZoBk3Q+KM4EBoWn9+M+14yCGFtCqOZ2V0yHRBMKNqWyDcFbPHmZ+Of167r3cFFt3BZplNAxOkE15KFL1ED3qIl8RJFCz+gVvTngvDjvzse8dMUpeo7QHzifPyzMj2s=</latexit><latexit sha1_base64="W1+nrGvgzXX67EnXXksPJzgYbZM=">AAAB8XicbVBNSwMxEM36WetX1aOXYBHqpeyKoB6EohePFbq2sF1KNs22odlkSWaFsvRnePGg4tV/481/Y9ruQVsfhDzem2FmXpQKbsB1v52V1bX1jc3SVnl7Z3dvv3Jw+GhUpinzqRJKdyJimOCS+cBBsE6qGUkiwdrR6G7qt5+YNlzJFoxTFiZkIHnMKQErBa3a6Azf4Nh+vUrVrbsz4GXiFaSKCjR7la9uX9EsYRKoIMYEnptCmBMNnAo2KXczw1JCR2TAAkslSZgJ89nKE3xqlT6OlbZPAp6pvztykhgzTiJbmRAYmkVvKv7nBRnEV2HOZZoBk3Q+KM4EBoWn9+M+14yCGFtCqOZ2V0yHRBMKNqWyDcFbPHmZ+Of167r3cFFt3BZplNAxOkE15KFL1ED3qIl8RJFCz+gVvTngvDjvzse8dMUpeo7QHzifPyzMj2s=</latexit><latexit sha1_base64="W1+nrGvgzXX67EnXXksPJzgYbZM=">AAAB8XicbVBNSwMxEM36WetX1aOXYBHqpeyKoB6EohePFbq2sF1KNs22odlkSWaFsvRnePGg4tV/481/Y9ruQVsfhDzem2FmXpQKbsB1v52V1bX1jc3SVnl7Z3dvv3Jw+GhUpinzqRJKdyJimOCS+cBBsE6qGUkiwdrR6G7qt5+YNlzJFoxTFiZkIHnMKQErBa3a6Azf4Nh+vUrVrbsz4GXiFaSKCjR7la9uX9EsYRKoIMYEnptCmBMNnAo2KXczw1JCR2TAAkslSZgJ89nKE3xqlT6OlbZPAp6pvztykhgzTiJbmRAYmkVvKv7nBRnEV2HOZZoBk3Q+KM4EBoWn9+M+14yCGFtCqOZ2V0yHRBMKNqWyDcFbPHmZ+Of167r3cFFt3BZplNAxOkE15KFL1ED3qIl8RJFCz+gVvTngvDjvzse8dMUpeo7QHzifPyzMj2s=</latexit><latexit sha1_base64="W1+nrGvgzXX67EnXXksPJzgYbZM=">AAAB8XicbVBNSwMxEM36WetX1aOXYBHqpeyKoB6EohePFbq2sF1KNs22odlkSWaFsvRnePGg4tV/481/Y9ruQVsfhDzem2FmXpQKbsB1v52V1bX1jc3SVnl7Z3dvv3Jw+GhUpinzqRJKdyJimOCS+cBBsE6qGUkiwdrR6G7qt5+YNlzJFoxTFiZkIHnMKQErBa3a6Azf4Nh+vUrVrbsz4GXiFaSKCjR7la9uX9EsYRKoIMYEnptCmBMNnAo2KXczw1JCR2TAAkslSZgJ89nKE3xqlT6OlbZPAp6pvztykhgzTiJbmRAYmkVvKv7nBRnEV2HOZZoBk3Q+KM4EBoWn9+M+14yCGFtCqOZ2V0yHRBMKNqWyDcFbPHmZ+Of167r3cFFt3BZplNAxOkE15KFL1ED3qIl8RJFCz+gVvTngvDjvzse8dMUpeo7QHzifPyzMj2s=</latexit>

f(1) = (1� 1) · c1 + c0 = c0
<latexit sha1_base64="gzmbm+AwXE4js22oHOVRrBKZUyg=">AAACCXicbVDLSgMxFM3UV62vUZduokVoEctEBHUhFN24rODYQjsMmUymDc08SDJCGbp246+4caHi1j9w59+YaWehrQdyOZxzL7n3eAlnUlnWt1FaWFxaXimvVtbWNza3zO2dexmnglCbxDwWHQ9LyllEbcUUp51EUBx6nLa94XXutx+okCyO7tQooU6I+xELGMFKS665H9RQHV7CGjpG9R7xYwWJi+CRrpaWdXXNqtWwJoDzBBWkCgq0XPOr58ckDWmkCMdSdpGVKCfDQjHC6bjSSyVNMBniPu1qGuGQSiebnDKGh1rxYRAL/SK9S67+nshwKOUo9HRniNVAznq5+J/XTVVw7mQsSlJFIzL9KEg5VDHMc4E+E5QoPtIEE8H0rpAMsMBE6fQqOgQ0e/I8sU8aFw10e1ptXhVplMEeOAA1gMAZaIIb0AI2IOARPINX8GY8GS/Gu/ExbS0Zxcwu+APj8wePsZXz</latexit><latexit sha1_base64="gzmbm+AwXE4js22oHOVRrBKZUyg=">AAACCXicbVDLSgMxFM3UV62vUZduokVoEctEBHUhFN24rODYQjsMmUymDc08SDJCGbp246+4caHi1j9w59+YaWehrQdyOZxzL7n3eAlnUlnWt1FaWFxaXimvVtbWNza3zO2dexmnglCbxDwWHQ9LyllEbcUUp51EUBx6nLa94XXutx+okCyO7tQooU6I+xELGMFKS665H9RQHV7CGjpG9R7xYwWJi+CRrpaWdXXNqtWwJoDzBBWkCgq0XPOr58ckDWmkCMdSdpGVKCfDQjHC6bjSSyVNMBniPu1qGuGQSiebnDKGh1rxYRAL/SK9S67+nshwKOUo9HRniNVAznq5+J/XTVVw7mQsSlJFIzL9KEg5VDHMc4E+E5QoPtIEE8H0rpAMsMBE6fQqOgQ0e/I8sU8aFw10e1ptXhVplMEeOAA1gMAZaIIb0AI2IOARPINX8GY8GS/Gu/ExbS0Zxcwu+APj8wePsZXz</latexit><latexit sha1_base64="gzmbm+AwXE4js22oHOVRrBKZUyg=">AAACCXicbVDLSgMxFM3UV62vUZduokVoEctEBHUhFN24rODYQjsMmUymDc08SDJCGbp246+4caHi1j9w59+YaWehrQdyOZxzL7n3eAlnUlnWt1FaWFxaXimvVtbWNza3zO2dexmnglCbxDwWHQ9LyllEbcUUp51EUBx6nLa94XXutx+okCyO7tQooU6I+xELGMFKS665H9RQHV7CGjpG9R7xYwWJi+CRrpaWdXXNqtWwJoDzBBWkCgq0XPOr58ckDWmkCMdSdpGVKCfDQjHC6bjSSyVNMBniPu1qGuGQSiebnDKGh1rxYRAL/SK9S67+nshwKOUo9HRniNVAznq5+J/XTVVw7mQsSlJFIzL9KEg5VDHMc4E+E5QoPtIEE8H0rpAMsMBE6fQqOgQ0e/I8sU8aFw10e1ptXhVplMEeOAA1gMAZaIIb0AI2IOARPINX8GY8GS/Gu/ExbS0Zxcwu+APj8wePsZXz</latexit><latexit sha1_base64="gzmbm+AwXE4js22oHOVRrBKZUyg=">AAACCXicbVDLSgMxFM3UV62vUZduokVoEctEBHUhFN24rODYQjsMmUymDc08SDJCGbp246+4caHi1j9w59+YaWehrQdyOZxzL7n3eAlnUlnWt1FaWFxaXimvVtbWNza3zO2dexmnglCbxDwWHQ9LyllEbcUUp51EUBx6nLa94XXutx+okCyO7tQooU6I+xELGMFKS665H9RQHV7CGjpG9R7xYwWJi+CRrpaWdXXNqtWwJoDzBBWkCgq0XPOr58ckDWmkCMdSdpGVKCfDQjHC6bjSSyVNMBniPu1qGuGQSiebnDKGh1rxYRAL/SK9S67+nshwKOUo9HRniNVAznq5+J/XTVVw7mQsSlJFIzL9KEg5VDHMc4E+E5QoPtIEE8H0rpAMsMBE6fQqOgQ0e/I8sU8aFw10e1ptXhVplMEeOAA1gMAZaIIb0AI2IOARPINX8GY8GS/Gu/ExbS0Zxcwu+APj8wePsZXz</latexit>

T (k + 1) = T (k) + c1

= (k � 1) · c1 + c0 + c1

= k · c1 + c0
<latexit sha1_base64="zS7t4PGe5iXqf/cZLNgnqDm7WgM="></latexit><latexit sha1_base64="zS7t4PGe5iXqf/cZLNgnqDm7WgM="></latexit><latexit sha1_base64="zS7t4PGe5iXqf/cZLNgnqDm7WgM="></latexit><latexit sha1_base64="zS7t4PGe5iXqf/cZLNgnqDm7WgM="></latexit>

= f(k + 1)
<latexit sha1_base64="bCpLYAAyl/RquzGB5yCb1cAswB4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpRdEdSDUPTisYJrC+1Ssmm2Dc0ma5IVytI/4cWDild/jzf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOWqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDm8mfvOJKs2kuDejhAYx7gsWMYKNlVpXKKoOT7zjbrni1twp0CLxclKBHI1u+avTkySNqTCEY63bnpuYIMPKMMLpuNRJNU0wGeI+bVsqcEx1kE3vHaMjq/RQJJUtYdBU/T2R4VjrURzazhibgZ73JuJ/Xjs10UWQMZGkhgoyWxSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKf1i5r3t1ZpX6dp1GEAziEKnhwDnW4hQb4QIDDM7zCm/PovDjvzsesteDkM/vwB87nD3aljnk=</latexit><latexit sha1_base64="bCpLYAAyl/RquzGB5yCb1cAswB4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpRdEdSDUPTisYJrC+1Ssmm2Dc0ma5IVytI/4cWDild/jzf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOWqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDm8mfvOJKs2kuDejhAYx7gsWMYKNlVpXKKoOT7zjbrni1twp0CLxclKBHI1u+avTkySNqTCEY63bnpuYIMPKMMLpuNRJNU0wGeI+bVsqcEx1kE3vHaMjq/RQJJUtYdBU/T2R4VjrURzazhibgZ73JuJ/Xjs10UWQMZGkhgoyWxSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKf1i5r3t1ZpX6dp1GEAziEKnhwDnW4hQb4QIDDM7zCm/PovDjvzsesteDkM/vwB87nD3aljnk=</latexit><latexit sha1_base64="bCpLYAAyl/RquzGB5yCb1cAswB4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpRdEdSDUPTisYJrC+1Ssmm2Dc0ma5IVytI/4cWDild/jzf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOWqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDm8mfvOJKs2kuDejhAYx7gsWMYKNlVpXKKoOT7zjbrni1twp0CLxclKBHI1u+avTkySNqTCEY63bnpuYIMPKMMLpuNRJNU0wGeI+bVsqcEx1kE3vHaMjq/RQJJUtYdBU/T2R4VjrURzazhibgZ73JuJ/Xjs10UWQMZGkhgoyWxSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKf1i5r3t1ZpX6dp1GEAziEKnhwDnW4hQb4QIDDM7zCm/PovDjvzsesteDkM/vwB87nD3aljnk=</latexit><latexit sha1_base64="bCpLYAAyl/RquzGB5yCb1cAswB4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpRdEdSDUPTisYJrC+1Ssmm2Dc0ma5IVytI/4cWDild/jzf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOWqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDm8mfvOJKs2kuDejhAYx7gsWMYKNlVpXKKoOT7zjbrni1twp0CLxclKBHI1u+avTkySNqTCEY63bnpuYIMPKMMLpuNRJNU0wGeI+bVsqcEx1kE3vHaMjq/RQJJUtYdBU/T2R4VjrURzazhibgZ73JuJ/Xjs10UWQMZGkhgoyWxSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKf1i5r3t1ZpX6dp1GEAziEKnhwDnW4hQb4QIDDM7zCm/PovDjvzsesteDkM/vwB87nD3aljnk=</latexit>



P(n):                        is equal to

Induction Example #2

‣ Base case: n = 1
‣              and  


‣ Inductive assumption: n=k
‣   


‣ Inductive step

f(n) = n · (n+ 1)
<latexit sha1_base64="a7WGR94WdwEv9Tkb+tnyOib1BTs=">AAAB+nicbVBNS8NAEJ3Ur1q/Yj16WSxCi1ASEdSDUPTisYKxhTaUzXbTLt1swu5GLKF/xYsHFa/+Em/+G7dtDtr6YODx3gwz84KEM6Ud59sqrKyurW8UN0tb2zu7e/Z++UHFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLqZ+q1HKhWLxb0eJ9SP8ECwkBGsjdSzy2FV1NAVEl3Sj3VVnLi1nl1x6s4MaJm4OalAjmbP/ur2Y5JGVGjCsVId10m0n2GpGeF0UuqmiiaYjPCAdgwVOKLKz2a3T9CxUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XifV4YWfMZGkmgoyXxSmHOkYTYNAfSYp0XxsCCaSmVsRGWKJiTZxlUwI7uLLy8Q7rV/W3buzSuM6T6MIh3AEVXDhHBpwC03wgMATPMMrvFkT68V6tz7mrQUrnzmAP7A+fwCRc5Jk</latexit><latexit sha1_base64="a7WGR94WdwEv9Tkb+tnyOib1BTs=">AAAB+nicbVBNS8NAEJ3Ur1q/Yj16WSxCi1ASEdSDUPTisYKxhTaUzXbTLt1swu5GLKF/xYsHFa/+Em/+G7dtDtr6YODx3gwz84KEM6Ud59sqrKyurW8UN0tb2zu7e/Z++UHFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLqZ+q1HKhWLxb0eJ9SP8ECwkBGsjdSzy2FV1NAVEl3Sj3VVnLi1nl1x6s4MaJm4OalAjmbP/ur2Y5JGVGjCsVId10m0n2GpGeF0UuqmiiaYjPCAdgwVOKLKz2a3T9CxUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XifV4YWfMZGkmgoyXxSmHOkYTYNAfSYp0XxsCCaSmVsRGWKJiTZxlUwI7uLLy8Q7rV/W3buzSuM6T6MIh3AEVXDhHBpwC03wgMATPMMrvFkT68V6tz7mrQUrnzmAP7A+fwCRc5Jk</latexit><latexit sha1_base64="a7WGR94WdwEv9Tkb+tnyOib1BTs=">AAAB+nicbVBNS8NAEJ3Ur1q/Yj16WSxCi1ASEdSDUPTisYKxhTaUzXbTLt1swu5GLKF/xYsHFa/+Em/+G7dtDtr6YODx3gwz84KEM6Ud59sqrKyurW8UN0tb2zu7e/Z++UHFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLqZ+q1HKhWLxb0eJ9SP8ECwkBGsjdSzy2FV1NAVEl3Sj3VVnLi1nl1x6s4MaJm4OalAjmbP/ur2Y5JGVGjCsVId10m0n2GpGeF0UuqmiiaYjPCAdgwVOKLKz2a3T9CxUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XifV4YWfMZGkmgoyXxSmHOkYTYNAfSYp0XxsCCaSmVsRGWKJiTZxlUwI7uLLy8Q7rV/W3buzSuM6T6MIh3AEVXDhHBpwC03wgMATPMMrvFkT68V6tz7mrQUrnzmAP7A+fwCRc5Jk</latexit><latexit sha1_base64="a7WGR94WdwEv9Tkb+tnyOib1BTs=">AAAB+nicbVBNS8NAEJ3Ur1q/Yj16WSxCi1ASEdSDUPTisYKxhTaUzXbTLt1swu5GLKF/xYsHFa/+Em/+G7dtDtr6YODx3gwz84KEM6Ud59sqrKyurW8UN0tb2zu7e/Z++UHFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLqZ+q1HKhWLxb0eJ9SP8ECwkBGsjdSzy2FV1NAVEl3Sj3VVnLi1nl1x6s4MaJm4OalAjmbP/ur2Y5JGVGjCsVId10m0n2GpGeF0UuqmiiaYjPCAdgwVOKLKz2a3T9CxUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XifV4YWfMZGkmgoyXxSmHOkYTYNAfSYp0XxsCCaSmVsRGWKJiTZxlUwI7uLLy8Q7rV/W3buzSuM6T6MIh3AEVXDhHBpwC03wgMATPMMrvFkT68V6tz7mrQUrnzmAP7A+fwCRc5Jk</latexit>

A(n) =
nX

i=1

2i
<latexit sha1_base64="lgJIiK2goI8d/1lmwjnrQlOPgAY=">AAAB/nicbVBNS8NAEN34WetXVPDiZbEI9VKSIqiHQtWLxwrGFtoYNttNu3R3E3Y3Qok9+Fe8eFDx6u/w5r9x2+agrQ8GHu/NMDMvTBhV2nG+rYXFpeWV1cJacX1jc2vb3tm9U3EqMfFwzGLZCpEijAriaaoZaSWSIB4y0gwHV2O/+UCkorG41cOE+Bz1BI0oRtpIgb1/URbHsAY7KuVBRmvu6F7AKg3sklNxJoDzxM1JCeRoBPZXpxvjlBOhMUNKtV0n0X6GpKaYkVGxkyqSIDxAPdI2VCBOlJ9N7h/BI6N0YRRLU0LDifp7IkNcqSEPTSdHuq9mvbH4n9dOdXTmZ1QkqSYCTxdFKYM6huMwYJdKgjUbGoKwpOZWiPtIIqxNZEUTgjv78jzxqpXzintzUqpf5mkUwAE4BGXgglNQB9egATyAwSN4Bq/gzXqyXqx362PaumDlM3vgD6zPH833lD4=</latexit><latexit sha1_base64="lgJIiK2goI8d/1lmwjnrQlOPgAY=">AAAB/nicbVBNS8NAEN34WetXVPDiZbEI9VKSIqiHQtWLxwrGFtoYNttNu3R3E3Y3Qok9+Fe8eFDx6u/w5r9x2+agrQ8GHu/NMDMvTBhV2nG+rYXFpeWV1cJacX1jc2vb3tm9U3EqMfFwzGLZCpEijAriaaoZaSWSIB4y0gwHV2O/+UCkorG41cOE+Bz1BI0oRtpIgb1/URbHsAY7KuVBRmvu6F7AKg3sklNxJoDzxM1JCeRoBPZXpxvjlBOhMUNKtV0n0X6GpKaYkVGxkyqSIDxAPdI2VCBOlJ9N7h/BI6N0YRRLU0LDifp7IkNcqSEPTSdHuq9mvbH4n9dOdXTmZ1QkqSYCTxdFKYM6huMwYJdKgjUbGoKwpOZWiPtIIqxNZEUTgjv78jzxqpXzintzUqpf5mkUwAE4BGXgglNQB9egATyAwSN4Bq/gzXqyXqx362PaumDlM3vgD6zPH833lD4=</latexit><latexit sha1_base64="lgJIiK2goI8d/1lmwjnrQlOPgAY=">AAAB/nicbVBNS8NAEN34WetXVPDiZbEI9VKSIqiHQtWLxwrGFtoYNttNu3R3E3Y3Qok9+Fe8eFDx6u/w5r9x2+agrQ8GHu/NMDMvTBhV2nG+rYXFpeWV1cJacX1jc2vb3tm9U3EqMfFwzGLZCpEijAriaaoZaSWSIB4y0gwHV2O/+UCkorG41cOE+Bz1BI0oRtpIgb1/URbHsAY7KuVBRmvu6F7AKg3sklNxJoDzxM1JCeRoBPZXpxvjlBOhMUNKtV0n0X6GpKaYkVGxkyqSIDxAPdI2VCBOlJ9N7h/BI6N0YRRLU0LDifp7IkNcqSEPTSdHuq9mvbH4n9dOdXTmZ1QkqSYCTxdFKYM6huMwYJdKgjUbGoKwpOZWiPtIIqxNZEUTgjv78jzxqpXzintzUqpf5mkUwAE4BGXgglNQB9egATyAwSN4Bq/gzXqyXqx362PaumDlM3vgD6zPH833lD4=</latexit><latexit sha1_base64="lgJIiK2goI8d/1lmwjnrQlOPgAY=">AAAB/nicbVBNS8NAEN34WetXVPDiZbEI9VKSIqiHQtWLxwrGFtoYNttNu3R3E3Y3Qok9+Fe8eFDx6u/w5r9x2+agrQ8GHu/NMDMvTBhV2nG+rYXFpeWV1cJacX1jc2vb3tm9U3EqMfFwzGLZCpEijAriaaoZaSWSIB4y0gwHV2O/+UCkorG41cOE+Bz1BI0oRtpIgb1/URbHsAY7KuVBRmvu6F7AKg3sklNxJoDzxM1JCeRoBPZXpxvjlBOhMUNKtV0n0X6GpKaYkVGxkyqSIDxAPdI2VCBOlJ9N7h/BI6N0YRRLU0LDifp7IkNcqSEPTSdHuq9mvbH4n9dOdXTmZ1QkqSYCTxdFKYM6huMwYJdKgjUbGoKwpOZWiPtIIqxNZEUTgjv78jzxqpXzintzUqpf5mkUwAE4BGXgglNQB9egATyAwSN4Bq/gzXqyXqx362PaumDlM3vgD6zPH833lD4=</latexit>

A(1) = 2
<latexit sha1_base64="NWZCqOYzdddyVayumo87WMAFQas=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktgnoQql48VnBtoV1KNs22odlkTbJCWfonvHhQ8erv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S3/6Blqgj1ieRStUKsKWeC+oYZTluJojgOOW2Gw5uJ33yiSjMp7s0ooUGM+4JFjGBjpdZVxTtBl6jWLZXdqjsFWiReTsqQo9EtfXV6kqQxFYZwrHXbcxMTZFgZRjgdFzuppgkmQ9ynbUsFjqkOsum9Y3RslR6KpLIlDJqqvycyHGs9ikPbGWMz0PPeRPzPa6cmOg8yJpLUUEFmi6KUIyPR5HnUY4oSw0eWYKKYvRWRAVaYGBtR0Ybgzb+8SPxa9aLq3Z2W69d5GgU4hCOogAdnUIdbaIAPBDg8wyu8OY/Oi/PufMxal5x85gD+wPn8AdZUjhA=</latexit><latexit sha1_base64="NWZCqOYzdddyVayumo87WMAFQas=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktgnoQql48VnBtoV1KNs22odlkTbJCWfonvHhQ8erv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S3/6Blqgj1ieRStUKsKWeC+oYZTluJojgOOW2Gw5uJ33yiSjMp7s0ooUGM+4JFjGBjpdZVxTtBl6jWLZXdqjsFWiReTsqQo9EtfXV6kqQxFYZwrHXbcxMTZFgZRjgdFzuppgkmQ9ynbUsFjqkOsum9Y3RslR6KpLIlDJqqvycyHGs9ikPbGWMz0PPeRPzPa6cmOg8yJpLUUEFmi6KUIyPR5HnUY4oSw0eWYKKYvRWRAVaYGBtR0Ybgzb+8SPxa9aLq3Z2W69d5GgU4hCOogAdnUIdbaIAPBDg8wyu8OY/Oi/PufMxal5x85gD+wPn8AdZUjhA=</latexit><latexit sha1_base64="NWZCqOYzdddyVayumo87WMAFQas=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktgnoQql48VnBtoV1KNs22odlkTbJCWfonvHhQ8erv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S3/6Blqgj1ieRStUKsKWeC+oYZTluJojgOOW2Gw5uJ33yiSjMp7s0ooUGM+4JFjGBjpdZVxTtBl6jWLZXdqjsFWiReTsqQo9EtfXV6kqQxFYZwrHXbcxMTZFgZRjgdFzuppgkmQ9ynbUsFjqkOsum9Y3RslR6KpLIlDJqqvycyHGs9ikPbGWMz0PPeRPzPa6cmOg8yJpLUUEFmi6KUIyPR5HnUY4oSw0eWYKKYvRWRAVaYGBtR0Ybgzb+8SPxa9aLq3Z2W69d5GgU4hCOogAdnUIdbaIAPBDg8wyu8OY/Oi/PufMxal5x85gD+wPn8AdZUjhA=</latexit><latexit sha1_base64="NWZCqOYzdddyVayumo87WMAFQas=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktgnoQql48VnBtoV1KNs22odlkTbJCWfonvHhQ8erv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S3/6Blqgj1ieRStUKsKWeC+oYZTluJojgOOW2Gw5uJ33yiSjMp7s0ooUGM+4JFjGBjpdZVxTtBl6jWLZXdqjsFWiReTsqQo9EtfXV6kqQxFYZwrHXbcxMTZFgZRjgdFzuppgkmQ9ynbUsFjqkOsum9Y3RslR6KpLIlDJqqvycyHGs9ikPbGWMz0PPeRPzPa6cmOg8yJpLUUEFmi6KUIyPR5HnUY4oSw0eWYKKYvRWRAVaYGBtR0Ybgzb+8SPxa9aLq3Z2W69d5GgU4hCOogAdnUIdbaIAPBDg8wyu8OY/Oi/PufMxal5x85gD+wPn8AdZUjhA=</latexit>

f(1) = 1 · (1 + 1) = 2
<latexit sha1_base64="0am0cb2biGWi7YJ97bBjas3jeI8=">AAAB/XicbVDLSgMxFM3UV62vUXHlJliEilAmRVAXQtGNywqOLbRDyWQybWhmMiQZoQwFf8WNCxW3/oc7/8ZMOwttPXDh5Jx7yb3HTzhT2nG+rdLS8srqWnm9srG5tb1j7+49KJFKQl0iuJAdHyvKWUxdzTSnnURSHPmctv3RTe63H6lUTMT3epxQL8KDmIWMYG2kvn0Q1tAJvEI9EghdQ6f5Azb6dtWpO1PARYIKUgUFWn37qxcIkkY01oRjpbrISbSXYakZ4XRS6aWKJpiM8IB2DY1xRJWXTdefwGOjBDAU0lSs4VT9PZHhSKlx5JvOCOuhmvdy8T+vm+rwwstYnKSaxmT2UZhyqAXMs4ABk5RoPjYEE8nMrpAMscREm8QqJgQ0f/IicRv1yzq6O6s2r4s0yuAQHIEaQOAcNMEtaAEXEJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gDNfpJa</latexit><latexit sha1_base64="0am0cb2biGWi7YJ97bBjas3jeI8=">AAAB/XicbVDLSgMxFM3UV62vUXHlJliEilAmRVAXQtGNywqOLbRDyWQybWhmMiQZoQwFf8WNCxW3/oc7/8ZMOwttPXDh5Jx7yb3HTzhT2nG+rdLS8srqWnm9srG5tb1j7+49KJFKQl0iuJAdHyvKWUxdzTSnnURSHPmctv3RTe63H6lUTMT3epxQL8KDmIWMYG2kvn0Q1tAJvEI9EghdQ6f5Azb6dtWpO1PARYIKUgUFWn37qxcIkkY01oRjpbrISbSXYakZ4XRS6aWKJpiM8IB2DY1xRJWXTdefwGOjBDAU0lSs4VT9PZHhSKlx5JvOCOuhmvdy8T+vm+rwwstYnKSaxmT2UZhyqAXMs4ABk5RoPjYEE8nMrpAMscREm8QqJgQ0f/IicRv1yzq6O6s2r4s0yuAQHIEaQOAcNMEtaAEXEJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gDNfpJa</latexit><latexit sha1_base64="0am0cb2biGWi7YJ97bBjas3jeI8=">AAAB/XicbVDLSgMxFM3UV62vUXHlJliEilAmRVAXQtGNywqOLbRDyWQybWhmMiQZoQwFf8WNCxW3/oc7/8ZMOwttPXDh5Jx7yb3HTzhT2nG+rdLS8srqWnm9srG5tb1j7+49KJFKQl0iuJAdHyvKWUxdzTSnnURSHPmctv3RTe63H6lUTMT3epxQL8KDmIWMYG2kvn0Q1tAJvEI9EghdQ6f5Azb6dtWpO1PARYIKUgUFWn37qxcIkkY01oRjpbrISbSXYakZ4XRS6aWKJpiM8IB2DY1xRJWXTdefwGOjBDAU0lSs4VT9PZHhSKlx5JvOCOuhmvdy8T+vm+rwwstYnKSaxmT2UZhyqAXMs4ABk5RoPjYEE8nMrpAMscREm8QqJgQ0f/IicRv1yzq6O6s2r4s0yuAQHIEaQOAcNMEtaAEXEJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gDNfpJa</latexit><latexit sha1_base64="0am0cb2biGWi7YJ97bBjas3jeI8=">AAAB/XicbVDLSgMxFM3UV62vUXHlJliEilAmRVAXQtGNywqOLbRDyWQybWhmMiQZoQwFf8WNCxW3/oc7/8ZMOwttPXDh5Jx7yb3HTzhT2nG+rdLS8srqWnm9srG5tb1j7+49KJFKQl0iuJAdHyvKWUxdzTSnnURSHPmctv3RTe63H6lUTMT3epxQL8KDmIWMYG2kvn0Q1tAJvEI9EghdQ6f5Azb6dtWpO1PARYIKUgUFWn37qxcIkkY01oRjpbrISbSXYakZ4XRS6aWKJpiM8IB2DY1xRJWXTdefwGOjBDAU0lSs4VT9PZHhSKlx5JvOCOuhmvdy8T+vm+rwwstYnKSaxmT2UZhyqAXMs4ABk5RoPjYEE8nMrpAMscREm8QqJgQ0f/IicRv1yzq6O6s2r4s0yuAQHIEaQOAcNMEtaAEXEJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gDNfpJa</latexit>

kX

i=1

2i = k · (k + 1)
<latexit sha1_base64="yovEltq9WlJu2uHCGMvbLcLVgec=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCxCRShJEdRDoejFYwVjC00Mm822XbLJht2NUEJPXvwrXjyoePU/ePPfuG1z0OqDgcd7M8zMC1JGpbKsL6O0sLi0vFJeraytb2xumds7t5JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI50gupz4nXsiJOXJjRqlxIvRIKF9ipHSkm/uuzKL/Zw27fFdBBsUNmHk4pCrWnRsH/lm1apbU8C/xC5IFRRo++anG3KcxSRRmCEpe7aVKi9HQlHMyLjiZpKkCEdoQHqaJigm0sunb4zhoVZC2OdCV6LgVP05kaNYylEc6M4YqaGc9ybif14vU/0zL6dJmimS4Nmifsag4nCSCQypIFixkSYIC6pvhXiIBMJKJ1fRIdjzL/8lTqN+XrevT6qtiyKNMtgDB6AGbHAKWuAKtIEDMHgAT+AFvBqPxrPxZrzPWktGMbMLfsH4+AbtopcK</latexit><latexit sha1_base64="yovEltq9WlJu2uHCGMvbLcLVgec=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCxCRShJEdRDoejFYwVjC00Mm822XbLJht2NUEJPXvwrXjyoePU/ePPfuG1z0OqDgcd7M8zMC1JGpbKsL6O0sLi0vFJeraytb2xumds7t5JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI50gupz4nXsiJOXJjRqlxIvRIKF9ipHSkm/uuzKL/Zw27fFdBBsUNmHk4pCrWnRsH/lm1apbU8C/xC5IFRRo++anG3KcxSRRmCEpe7aVKi9HQlHMyLjiZpKkCEdoQHqaJigm0sunb4zhoVZC2OdCV6LgVP05kaNYylEc6M4YqaGc9ybif14vU/0zL6dJmimS4Nmifsag4nCSCQypIFixkSYIC6pvhXiIBMJKJ1fRIdjzL/8lTqN+XrevT6qtiyKNMtgDB6AGbHAKWuAKtIEDMHgAT+AFvBqPxrPxZrzPWktGMbMLfsH4+AbtopcK</latexit><latexit sha1_base64="yovEltq9WlJu2uHCGMvbLcLVgec=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCxCRShJEdRDoejFYwVjC00Mm822XbLJht2NUEJPXvwrXjyoePU/ePPfuG1z0OqDgcd7M8zMC1JGpbKsL6O0sLi0vFJeraytb2xumds7t5JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI50gupz4nXsiJOXJjRqlxIvRIKF9ipHSkm/uuzKL/Zw27fFdBBsUNmHk4pCrWnRsH/lm1apbU8C/xC5IFRRo++anG3KcxSRRmCEpe7aVKi9HQlHMyLjiZpKkCEdoQHqaJigm0sunb4zhoVZC2OdCV6LgVP05kaNYylEc6M4YqaGc9ybif14vU/0zL6dJmimS4Nmifsag4nCSCQypIFixkSYIC6pvhXiIBMJKJ1fRIdjzL/8lTqN+XrevT6qtiyKNMtgDB6AGbHAKWuAKtIEDMHgAT+AFvBqPxrPxZrzPWktGMbMLfsH4+AbtopcK</latexit><latexit sha1_base64="yovEltq9WlJu2uHCGMvbLcLVgec=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCxCRShJEdRDoejFYwVjC00Mm822XbLJht2NUEJPXvwrXjyoePU/ePPfuG1z0OqDgcd7M8zMC1JGpbKsL6O0sLi0vFJeraytb2xumds7t5JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI50gupz4nXsiJOXJjRqlxIvRIKF9ipHSkm/uuzKL/Zw27fFdBBsUNmHk4pCrWnRsH/lm1apbU8C/xC5IFRRo++anG3KcxSRRmCEpe7aVKi9HQlHMyLjiZpKkCEdoQHqaJigm0sunb4zhoVZC2OdCV6LgVP05kaNYylEc6M4YqaGc9ybif14vU/0zL6dJmimS4Nmifsag4nCSCQypIFixkSYIC6pvhXiIBMJKJ1fRIdjzL/8lTqN+XrevT6qtiyKNMtgDB6AGbHAKWuAKtIEDMHgAT+AFvBqPxrPxZrzPWktGMbMLfsH4+AbtopcK</latexit>

A(k + 1) =
k+1X

i=1

2i

=
kX

i=1

2i+ 2 · (k + 1)
<latexit sha1_base64="LkFcGgBidHNbz4UcFbfjZ5T1sAc="></latexit><latexit sha1_base64="LkFcGgBidHNbz4UcFbfjZ5T1sAc="></latexit><latexit sha1_base64="LkFcGgBidHNbz4UcFbfjZ5T1sAc="></latexit><latexit sha1_base64="LkFcGgBidHNbz4UcFbfjZ5T1sAc="></latexit>

... = k · (k + 1) + 2 · (k + 1)

= (k + 1) · (k + 2)

= f(k + 1)
<latexit sha1_base64="ubErYjlp0SK6JG9RN5neaOLO1DE=">AAACKnicbZBPS8MwGMZT/876r+rRS3A4NgalHYJ6GIx58TjBucE6RpqmW1ialiQVxtj38eJX8aAHHV79IGbdDnPzgcAvz/u+JO/jJ4xK5ThTY2Nza3tnN7dn7h8cHh1bJ6dPMk4FJk0cs1i0fSQJo5w0FVWMtBNBUOQz0vKHd7N665kISWP+qEYJ6Uaoz2lIMVLa6ll127ZhoQqHHg5iVRyW3RIsw8rSzfPMQjXDzIQaK6XMhGFm96y8YzuZ4Dq4C8iDhRo9690LYpxGhCvMkJQd10lUd4yEopiRiemlkiQID1GfdDRyFBHZHWe7TuCldgIYxkIfrmDmLk+MUSTlKPJ1Z4TUQK7WZuZ/tU6qwpvumPIkVYTj+UNhyqCK4Sw4GFBBsGIjDQgLqv8K8QAJhJWO19QhuKsrr0OzYt/a7sNVvlZfpJED5+ACFIELrkEN3IMGaAIMXsAb+ARfxqvxYUyN73nrhrGYOQN/ZPz8AiEcn+M=</latexit><latexit sha1_base64="ubErYjlp0SK6JG9RN5neaOLO1DE=">AAACKnicbZBPS8MwGMZT/876r+rRS3A4NgalHYJ6GIx58TjBucE6RpqmW1ialiQVxtj38eJX8aAHHV79IGbdDnPzgcAvz/u+JO/jJ4xK5ThTY2Nza3tnN7dn7h8cHh1bJ6dPMk4FJk0cs1i0fSQJo5w0FVWMtBNBUOQz0vKHd7N665kISWP+qEYJ6Uaoz2lIMVLa6ll127ZhoQqHHg5iVRyW3RIsw8rSzfPMQjXDzIQaK6XMhGFm96y8YzuZ4Dq4C8iDhRo9690LYpxGhCvMkJQd10lUd4yEopiRiemlkiQID1GfdDRyFBHZHWe7TuCldgIYxkIfrmDmLk+MUSTlKPJ1Z4TUQK7WZuZ/tU6qwpvumPIkVYTj+UNhyqCK4Sw4GFBBsGIjDQgLqv8K8QAJhJWO19QhuKsrr0OzYt/a7sNVvlZfpJED5+ACFIELrkEN3IMGaAIMXsAb+ARfxqvxYUyN73nrhrGYOQN/ZPz8AiEcn+M=</latexit><latexit sha1_base64="ubErYjlp0SK6JG9RN5neaOLO1DE=">AAACKnicbZBPS8MwGMZT/876r+rRS3A4NgalHYJ6GIx58TjBucE6RpqmW1ialiQVxtj38eJX8aAHHV79IGbdDnPzgcAvz/u+JO/jJ4xK5ThTY2Nza3tnN7dn7h8cHh1bJ6dPMk4FJk0cs1i0fSQJo5w0FVWMtBNBUOQz0vKHd7N665kISWP+qEYJ6Uaoz2lIMVLa6ll127ZhoQqHHg5iVRyW3RIsw8rSzfPMQjXDzIQaK6XMhGFm96y8YzuZ4Dq4C8iDhRo9690LYpxGhCvMkJQd10lUd4yEopiRiemlkiQID1GfdDRyFBHZHWe7TuCldgIYxkIfrmDmLk+MUSTlKPJ1Z4TUQK7WZuZ/tU6qwpvumPIkVYTj+UNhyqCK4Sw4GFBBsGIjDQgLqv8K8QAJhJWO19QhuKsrr0OzYt/a7sNVvlZfpJED5+ACFIELrkEN3IMGaAIMXsAb+ARfxqvxYUyN73nrhrGYOQN/ZPz8AiEcn+M=</latexit><latexit sha1_base64="ubErYjlp0SK6JG9RN5neaOLO1DE=">AAACKnicbZBPS8MwGMZT/876r+rRS3A4NgalHYJ6GIx58TjBucE6RpqmW1ialiQVxtj38eJX8aAHHV79IGbdDnPzgcAvz/u+JO/jJ4xK5ThTY2Nza3tnN7dn7h8cHh1bJ6dPMk4FJk0cs1i0fSQJo5w0FVWMtBNBUOQz0vKHd7N665kISWP+qEYJ6Uaoz2lIMVLa6ll127ZhoQqHHg5iVRyW3RIsw8rSzfPMQjXDzIQaK6XMhGFm96y8YzuZ4Dq4C8iDhRo9690LYpxGhCvMkJQd10lUd4yEopiRiemlkiQID1GfdDRyFBHZHWe7TuCldgIYxkIfrmDmLk+MUSTlKPJ1Z4TUQK7WZuZ/tU6qwpvumPIkVYTj+UNhyqCK4Sw4GFBBsGIjDQgLqv8K8QAJhJWO19QhuKsrr0OzYt/a7sNVvlZfpJED5+ACFIELrkEN3IMGaAIMXsAb+ARfxqvxYUyN73nrhrGYOQN/ZPz8AiEcn+M=</latexit>



Another Induction Example

‣ Prove base case: n=1
‣               and


‣ Induction assumption: n=k
‣                    which means 


‣ Prove induction step!

34

kX

i=1

i =
k · (k + 1)

2

A(n) =
nX

i=1

i
<latexit sha1_base64="QD5NoZJERRUvFsJP1lqeLDUnMUk=">AAAB/XicbVBNS8NAEJ34WetXVDx5WSxCvZREBPVQqHrxWMHYQhvDZrttl242YXcjlFDwr3jxoOLV/+HNf+O2zUFbHww83pthZl6YcKa043xbC4tLyyurhbXi+sbm1ra9s3uv4lQS6pGYx7IZYkU5E9TTTHPaTCTFUchpIxxcj/3GI5WKxeJODxPqR7gnWJcRrI0U2PuXZXGMqqit0ijIWNUdPQjEArvkVJwJ0Dxxc1KCHPXA/mp3YpJGVGjCsVIt10m0n2GpGeF0VGyniiaYDHCPtgwVOKLKzybnj9CRUTqoG0tTQqOJ+nsiw5FSwyg0nRHWfTXrjcX/vFaqu+d+xkSSairIdFE35UjHaJwF6jBJieZDQzCRzNyKSB9LTLRJrGhCcGdfnifeSeWi4t6elmpXeRoFOIBDKIMLZ1CDG6iDBwQyeIZXeLOerBfr3fqYti5Y+cwe/IH1+QNWvZQC</latexit><latexit sha1_base64="QD5NoZJERRUvFsJP1lqeLDUnMUk=">AAAB/XicbVBNS8NAEJ34WetXVDx5WSxCvZREBPVQqHrxWMHYQhvDZrttl242YXcjlFDwr3jxoOLV/+HNf+O2zUFbHww83pthZl6YcKa043xbC4tLyyurhbXi+sbm1ra9s3uv4lQS6pGYx7IZYkU5E9TTTHPaTCTFUchpIxxcj/3GI5WKxeJODxPqR7gnWJcRrI0U2PuXZXGMqqit0ijIWNUdPQjEArvkVJwJ0Dxxc1KCHPXA/mp3YpJGVGjCsVIt10m0n2GpGeF0VGyniiaYDHCPtgwVOKLKzybnj9CRUTqoG0tTQqOJ+nsiw5FSwyg0nRHWfTXrjcX/vFaqu+d+xkSSairIdFE35UjHaJwF6jBJieZDQzCRzNyKSB9LTLRJrGhCcGdfnifeSeWi4t6elmpXeRoFOIBDKIMLZ1CDG6iDBwQyeIZXeLOerBfr3fqYti5Y+cwe/IH1+QNWvZQC</latexit><latexit sha1_base64="QD5NoZJERRUvFsJP1lqeLDUnMUk=">AAAB/XicbVBNS8NAEJ34WetXVDx5WSxCvZREBPVQqHrxWMHYQhvDZrttl242YXcjlFDwr3jxoOLV/+HNf+O2zUFbHww83pthZl6YcKa043xbC4tLyyurhbXi+sbm1ra9s3uv4lQS6pGYx7IZYkU5E9TTTHPaTCTFUchpIxxcj/3GI5WKxeJODxPqR7gnWJcRrI0U2PuXZXGMqqit0ijIWNUdPQjEArvkVJwJ0Dxxc1KCHPXA/mp3YpJGVGjCsVIt10m0n2GpGeF0VGyniiaYDHCPtgwVOKLKzybnj9CRUTqoG0tTQqOJ+nsiw5FSwyg0nRHWfTXrjcX/vFaqu+d+xkSSairIdFE35UjHaJwF6jBJieZDQzCRzNyKSB9LTLRJrGhCcGdfnifeSeWi4t6elmpXeRoFOIBDKIMLZ1CDG6iDBwQyeIZXeLOerBfr3fqYti5Y+cwe/IH1+QNWvZQC</latexit><latexit sha1_base64="QD5NoZJERRUvFsJP1lqeLDUnMUk=">AAAB/XicbVBNS8NAEJ34WetXVDx5WSxCvZREBPVQqHrxWMHYQhvDZrttl242YXcjlFDwr3jxoOLV/+HNf+O2zUFbHww83pthZl6YcKa043xbC4tLyyurhbXi+sbm1ra9s3uv4lQS6pGYx7IZYkU5E9TTTHPaTCTFUchpIxxcj/3GI5WKxeJODxPqR7gnWJcRrI0U2PuXZXGMqqit0ijIWNUdPQjEArvkVJwJ0Dxxc1KCHPXA/mp3YpJGVGjCsVIt10m0n2GpGeF0VGyniiaYDHCPtgwVOKLKzybnj9CRUTqoG0tTQqOJ+nsiw5FSwyg0nRHWfTXrjcX/vFaqu+d+xkSSairIdFE35UjHaJwF6jBJieZDQzCRzNyKSB9LTLRJrGhCcGdfnifeSeWi4t6elmpXeRoFOIBDKIMLZ1CDG6iDBwQyeIZXeLOerBfr3fqYti5Y+cwe/IH1+QNWvZQC</latexit>

f(n) =
n · (n+ 1)

2<latexit sha1_base64="RyMLzuYBu0nwVRlT8HNXTa+6jE0=">AAACB3icbVBNS8NAEN3Ur1q/oh49uFiEFqEkRVAPQtGLxwrGFppQNptNu3SzCbsboYQcvfhXvHhQ8epf8Oa/cdvmoK0PBh7vzTAzz08Ylcqyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxR9cTv/NAhKQxv1PjhHgRGnAaUoyUlvrmYVjjdXgJ3VAgnHEXB7GCNQ5PoF3Ps2beN6tWw5oCLhK7IFVQoN03v9wgxmlEuMIMSdmzrUR5GRKKYkbyiptKkiA8QgPS05SjiEgvmz6Sw2OtBDCMhS6u4FT9PZGhSMpx5OvOCKmhnPcm4n9eL1XhuZdRnqSKcDxbFKYMqhhOUoEBFQQrNtYEYUH1rRAPkY5E6ewqOgR7/uVF4jQbFw379rTauirSKIMDcARqwAZnoAVuQBs4AINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx+dtZdg</latexit><latexit sha1_base64="RyMLzuYBu0nwVRlT8HNXTa+6jE0=">AAACB3icbVBNS8NAEN3Ur1q/oh49uFiEFqEkRVAPQtGLxwrGFppQNptNu3SzCbsboYQcvfhXvHhQ8epf8Oa/cdvmoK0PBh7vzTAzz08Ylcqyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxR9cTv/NAhKQxv1PjhHgRGnAaUoyUlvrmYVjjdXgJ3VAgnHEXB7GCNQ5PoF3Ps2beN6tWw5oCLhK7IFVQoN03v9wgxmlEuMIMSdmzrUR5GRKKYkbyiptKkiA8QgPS05SjiEgvmz6Sw2OtBDCMhS6u4FT9PZGhSMpx5OvOCKmhnPcm4n9eL1XhuZdRnqSKcDxbFKYMqhhOUoEBFQQrNtYEYUH1rRAPkY5E6ewqOgR7/uVF4jQbFw379rTauirSKIMDcARqwAZnoAVuQBs4AINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx+dtZdg</latexit><latexit sha1_base64="RyMLzuYBu0nwVRlT8HNXTa+6jE0=">AAACB3icbVBNS8NAEN3Ur1q/oh49uFiEFqEkRVAPQtGLxwrGFppQNptNu3SzCbsboYQcvfhXvHhQ8epf8Oa/cdvmoK0PBh7vzTAzz08Ylcqyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxR9cTv/NAhKQxv1PjhHgRGnAaUoyUlvrmYVjjdXgJ3VAgnHEXB7GCNQ5PoF3Ps2beN6tWw5oCLhK7IFVQoN03v9wgxmlEuMIMSdmzrUR5GRKKYkbyiptKkiA8QgPS05SjiEgvmz6Sw2OtBDCMhS6u4FT9PZGhSMpx5OvOCKmhnPcm4n9eL1XhuZdRnqSKcDxbFKYMqhhOUoEBFQQrNtYEYUH1rRAPkY5E6ewqOgR7/uVF4jQbFw379rTauirSKIMDcARqwAZnoAVuQBs4AINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx+dtZdg</latexit><latexit sha1_base64="RyMLzuYBu0nwVRlT8HNXTa+6jE0=">AAACB3icbVBNS8NAEN3Ur1q/oh49uFiEFqEkRVAPQtGLxwrGFppQNptNu3SzCbsboYQcvfhXvHhQ8epf8Oa/cdvmoK0PBh7vzTAzz08Ylcqyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxR9cTv/NAhKQxv1PjhHgRGnAaUoyUlvrmYVjjdXgJ3VAgnHEXB7GCNQ5PoF3Ps2beN6tWw5oCLhK7IFVQoN03v9wgxmlEuMIMSdmzrUR5GRKKYkbyiptKkiA8QgPS05SjiEgvmz6Sw2OtBDCMhS6u4FT9PZGhSMpx5OvOCKmhnPcm4n9eL1XhuZdRnqSKcDxbFKYMqhhOUoEBFQQrNtYEYUH1rRAPkY5E6ewqOgR7/uVF4jQbFw379rTauirSKIMDcARqwAZnoAVuQBs4AINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx+dtZdg</latexit>

P(n):                       is equal to  

A(1) = 1
<latexit sha1_base64="1OPqCtT/xk8E4cC91gp7LB/v5Gc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquCOpBqHrxWMG1hXYp2TTbhibZNckKZemf8OJBxau/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl370HHqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHN5M/OYTVZrF8t6MEhoI3JcsYgQbK7Wuqt4xukRet1xxa+4UaJF4OalAjka3/NXpxSQVVBrCsdZtz01MkGFlGOF0XOqkmiaYDHGfti2VWFAdZNN7x+jIKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTnQcZk0lqqCSzRVHKkYnR5HnUY4oSw0eWYKKYvRWRAVaYGBtRyYbgzb+8SPyT2kXNuzut1K/zNIpwAIdQBQ/OoA630AAfCHB4hld4cx6dF+fd+Zi1Fpx8Zh/+wPn8AdTRjg8=</latexit><latexit sha1_base64="1OPqCtT/xk8E4cC91gp7LB/v5Gc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquCOpBqHrxWMG1hXYp2TTbhibZNckKZemf8OJBxau/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl370HHqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHN5M/OYTVZrF8t6MEhoI3JcsYgQbK7Wuqt4xukRet1xxa+4UaJF4OalAjka3/NXpxSQVVBrCsdZtz01MkGFlGOF0XOqkmiaYDHGfti2VWFAdZNN7x+jIKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTnQcZk0lqqCSzRVHKkYnR5HnUY4oSw0eWYKKYvRWRAVaYGBtRyYbgzb+8SPyT2kXNuzut1K/zNIpwAIdQBQ/OoA630AAfCHB4hld4cx6dF+fd+Zi1Fpx8Zh/+wPn8AdTRjg8=</latexit><latexit sha1_base64="1OPqCtT/xk8E4cC91gp7LB/v5Gc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquCOpBqHrxWMG1hXYp2TTbhibZNckKZemf8OJBxau/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl370HHqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHN5M/OYTVZrF8t6MEhoI3JcsYgQbK7Wuqt4xukRet1xxa+4UaJF4OalAjka3/NXpxSQVVBrCsdZtz01MkGFlGOF0XOqkmiaYDHGfti2VWFAdZNN7x+jIKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTnQcZk0lqqCSzRVHKkYnR5HnUY4oSw0eWYKKYvRWRAVaYGBtRyYbgzb+8SPyT2kXNuzut1K/zNIpwAIdQBQ/OoA630AAfCHB4hld4cx6dF+fd+Zi1Fpx8Zh/+wPn8AdTRjg8=</latexit><latexit sha1_base64="1OPqCtT/xk8E4cC91gp7LB/v5Gc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquCOpBqHrxWMG1hXYp2TTbhibZNckKZemf8OJBxau/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl370HHqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHN5M/OYTVZrF8t6MEhoI3JcsYgQbK7Wuqt4xukRet1xxa+4UaJF4OalAjka3/NXpxSQVVBrCsdZtz01MkGFlGOF0XOqkmiaYDHGfti2VWFAdZNN7x+jIKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTnQcZk0lqqCSzRVHKkYnR5HnUY4oSw0eWYKKYvRWRAVaYGBtRyYbgzb+8SPyT2kXNuzut1K/zNIpwAIdQBQ/OoA630AAfCHB4hld4cx6dF+fd+Zi1Fpx8Zh/+wPn8AdTRjg8=</latexit>

f(1) =
1 · (1 + 1)

2
= 1

<latexit sha1_base64="xK48CwXQ1aQ86U7kpSVx+UB+5QY=">AAACCnicbVDLSsNAFJ3UV62vqEs3Q4vQIpRMEdSFUHTjsoKxhSaUyWTSDp08mJkIJWTvxl9x40LFrV/gzr9x2mahrQcuHM65l3vv8RLOpLKsb6O0srq2vlHerGxt7+zumfsH9zJOBaE2iXkseh6WlLOI2oopTnuJoDj0OO164+up332gQrI4ulOThLohHkYsYAQrLQ3MalBHDXgJnUBgkiGH+LGqI3gCUSPPWrl20MCsWU1rBrhMUEFqoEBnYH45fkzSkEaKcCxlH1mJcjMsFCOc5hUnlTTBZIyHtK9phEMq3Wz2Sw6PteLDIBa6IgVn6u+JDIdSTkJPd4ZYjeSiNxX/8/qpCs7djEVJqmhE5ouClEMVw2kw0GeCEsUnmmAimL4VkhHWqSgdX0WHgBZfXiZ2q3nRRLentfZVkUYZHIEqqAMEzkAb3IAOsAEBj+AZvII348l4Md6Nj3lryShmDsEfGJ8/33eXVQ==</latexit><latexit sha1_base64="xK48CwXQ1aQ86U7kpSVx+UB+5QY=">AAACCnicbVDLSsNAFJ3UV62vqEs3Q4vQIpRMEdSFUHTjsoKxhSaUyWTSDp08mJkIJWTvxl9x40LFrV/gzr9x2mahrQcuHM65l3vv8RLOpLKsb6O0srq2vlHerGxt7+zumfsH9zJOBaE2iXkseh6WlLOI2oopTnuJoDj0OO164+up332gQrI4ulOThLohHkYsYAQrLQ3MalBHDXgJnUBgkiGH+LGqI3gCUSPPWrl20MCsWU1rBrhMUEFqoEBnYH45fkzSkEaKcCxlH1mJcjMsFCOc5hUnlTTBZIyHtK9phEMq3Wz2Sw6PteLDIBa6IgVn6u+JDIdSTkJPd4ZYjeSiNxX/8/qpCs7djEVJqmhE5ouClEMVw2kw0GeCEsUnmmAimL4VkhHWqSgdX0WHgBZfXiZ2q3nRRLentfZVkUYZHIEqqAMEzkAb3IAOsAEBj+AZvII348l4Md6Nj3lryShmDsEfGJ8/33eXVQ==</latexit><latexit sha1_base64="xK48CwXQ1aQ86U7kpSVx+UB+5QY=">AAACCnicbVDLSsNAFJ3UV62vqEs3Q4vQIpRMEdSFUHTjsoKxhSaUyWTSDp08mJkIJWTvxl9x40LFrV/gzr9x2mahrQcuHM65l3vv8RLOpLKsb6O0srq2vlHerGxt7+zumfsH9zJOBaE2iXkseh6WlLOI2oopTnuJoDj0OO164+up332gQrI4ulOThLohHkYsYAQrLQ3MalBHDXgJnUBgkiGH+LGqI3gCUSPPWrl20MCsWU1rBrhMUEFqoEBnYH45fkzSkEaKcCxlH1mJcjMsFCOc5hUnlTTBZIyHtK9phEMq3Wz2Sw6PteLDIBa6IgVn6u+JDIdSTkJPd4ZYjeSiNxX/8/qpCs7djEVJqmhE5ouClEMVw2kw0GeCEsUnmmAimL4VkhHWqSgdX0WHgBZfXiZ2q3nRRLentfZVkUYZHIEqqAMEzkAb3IAOsAEBj+AZvII348l4Md6Nj3lryShmDsEfGJ8/33eXVQ==</latexit><latexit sha1_base64="xK48CwXQ1aQ86U7kpSVx+UB+5QY=">AAACCnicbVDLSsNAFJ3UV62vqEs3Q4vQIpRMEdSFUHTjsoKxhSaUyWTSDp08mJkIJWTvxl9x40LFrV/gzr9x2mahrQcuHM65l3vv8RLOpLKsb6O0srq2vlHerGxt7+zumfsH9zJOBaE2iXkseh6WlLOI2oopTnuJoDj0OO164+up332gQrI4ulOThLohHkYsYAQrLQ3MalBHDXgJnUBgkiGH+LGqI3gCUSPPWrl20MCsWU1rBrhMUEFqoEBnYH45fkzSkEaKcCxlH1mJcjMsFCOc5hUnlTTBZIyHtK9phEMq3Wz2Sw6PteLDIBa6IgVn6u+JDIdSTkJPd4ZYjeSiNxX/8/qpCs7djEVJqmhE5ouClEMVw2kw0GeCEsUnmmAimL4VkhHWqSgdX0WHgBZfXiZ2q3nRRLentfZVkUYZHIEqqAMEzkAb3IAOsAEBj+AZvII348l4Md6Nj3lryShmDsEfGJ8/33eXVQ==</latexit>

A(k) = f(k)
<latexit sha1_base64="kPoWgdGK8DWtPNIVP4wg3FYqjos=">AAAB8XicbVBNSwMxEM36WetX1aOXYBHqpeyKoB6EqhePFVxb2C4lm2bb0GyyJLNCWfozvHhQ8eq/8ea/MW33oK0PQh7vzTAzL0oFN+C6387S8srq2nppo7y5tb2zW9nbfzQq05T5VAml2xExTHDJfOAgWDvVjCSRYK1oeDvxW09MG67kA4xSFiakL3nMKQErBde14Qm+wrH9upWqW3enwIvEK0gVFWh2K1+dnqJZwiRQQYwJPDeFMCcaOBVsXO5khqWEDkmfBZZKkjAT5tOVx/jYKj0cK22fBDxVf3fkJDFmlES2MiEwMPPeRPzPCzKIL8KcyzQDJulsUJwJDApP7sc9rhkFMbKEUM3trpgOiCYUbEplG4I3f/Ii8U/rl3Xv/qzauCnSKKFDdIRqyEPnqIHuUBP5iCKFntErenPAeXHenY9Z6ZJT9BygP3A+fwAPVY9Y</latexit><latexit sha1_base64="kPoWgdGK8DWtPNIVP4wg3FYqjos=">AAAB8XicbVBNSwMxEM36WetX1aOXYBHqpeyKoB6EqhePFVxb2C4lm2bb0GyyJLNCWfozvHhQ8eq/8ea/MW33oK0PQh7vzTAzL0oFN+C6387S8srq2nppo7y5tb2zW9nbfzQq05T5VAml2xExTHDJfOAgWDvVjCSRYK1oeDvxW09MG67kA4xSFiakL3nMKQErBde14Qm+wrH9upWqW3enwIvEK0gVFWh2K1+dnqJZwiRQQYwJPDeFMCcaOBVsXO5khqWEDkmfBZZKkjAT5tOVx/jYKj0cK22fBDxVf3fkJDFmlES2MiEwMPPeRPzPCzKIL8KcyzQDJulsUJwJDApP7sc9rhkFMbKEUM3trpgOiCYUbEplG4I3f/Ii8U/rl3Xv/qzauCnSKKFDdIRqyEPnqIHuUBP5iCKFntErenPAeXHenY9Z6ZJT9BygP3A+fwAPVY9Y</latexit><latexit sha1_base64="kPoWgdGK8DWtPNIVP4wg3FYqjos=">AAAB8XicbVBNSwMxEM36WetX1aOXYBHqpeyKoB6EqhePFVxb2C4lm2bb0GyyJLNCWfozvHhQ8eq/8ea/MW33oK0PQh7vzTAzL0oFN+C6387S8srq2nppo7y5tb2zW9nbfzQq05T5VAml2xExTHDJfOAgWDvVjCSRYK1oeDvxW09MG67kA4xSFiakL3nMKQErBde14Qm+wrH9upWqW3enwIvEK0gVFWh2K1+dnqJZwiRQQYwJPDeFMCcaOBVsXO5khqWEDkmfBZZKkjAT5tOVx/jYKj0cK22fBDxVf3fkJDFmlES2MiEwMPPeRPzPCzKIL8KcyzQDJulsUJwJDApP7sc9rhkFMbKEUM3trpgOiCYUbEplG4I3f/Ii8U/rl3Xv/qzauCnSKKFDdIRqyEPnqIHuUBP5iCKFntErenPAeXHenY9Z6ZJT9BygP3A+fwAPVY9Y</latexit><latexit sha1_base64="kPoWgdGK8DWtPNIVP4wg3FYqjos=">AAAB8XicbVBNSwMxEM36WetX1aOXYBHqpeyKoB6EqhePFVxb2C4lm2bb0GyyJLNCWfozvHhQ8eq/8ea/MW33oK0PQh7vzTAzL0oFN+C6387S8srq2nppo7y5tb2zW9nbfzQq05T5VAml2xExTHDJfOAgWDvVjCSRYK1oeDvxW09MG67kA4xSFiakL3nMKQErBde14Qm+wrH9upWqW3enwIvEK0gVFWh2K1+dnqJZwiRQQYwJPDeFMCcaOBVsXO5khqWEDkmfBZZKkjAT5tOVx/jYKj0cK22fBDxVf3fkJDFmlES2MiEwMPPeRPzPCzKIL8KcyzQDJulsUJwJDApP7sc9rhkFMbKEUM3trpgOiCYUbEplG4I3f/Ii8U/rl3Xv/qzauCnSKKFDdIRqyEPnqIHuUBP5iCKFntErenPAeXHenY9Z6ZJT9BygP3A+fwAPVY9Y</latexit>



Another Induction Example
‣ Prove induction step
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i=1

i = 1 + 2 + · · ·+ k + (k + 1)

=
kX

i=1

i+ (k + 1)

=
k · (k + 1)

2
+ (k + 1)

=
k · (k + 1)

2
+

2 · (k + 1)

2

=
(k + 1) · (k + 2)

2

kX

i=1

i =
k · (k + 1)

2

Induction assumption

⇥2

2
factor out (k + 1)

= f(k + 1)
<latexit sha1_base64="bCpLYAAyl/RquzGB5yCb1cAswB4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpRdEdSDUPTisYJrC+1Ssmm2Dc0ma5IVytI/4cWDild/jzf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOWqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDm8mfvOJKs2kuDejhAYx7gsWMYKNlVpXKKoOT7zjbrni1twp0CLxclKBHI1u+avTkySNqTCEY63bnpuYIMPKMMLpuNRJNU0wGeI+bVsqcEx1kE3vHaMjq/RQJJUtYdBU/T2R4VjrURzazhibgZ73JuJ/Xjs10UWQMZGkhgoyWxSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKf1i5r3t1ZpX6dp1GEAziEKnhwDnW4hQb4QIDDM7zCm/PovDjvzsesteDkM/vwB87nD3aljnk=</latexit><latexit sha1_base64="bCpLYAAyl/RquzGB5yCb1cAswB4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpRdEdSDUPTisYJrC+1Ssmm2Dc0ma5IVytI/4cWDild/jzf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOWqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDm8mfvOJKs2kuDejhAYx7gsWMYKNlVpXKKoOT7zjbrni1twp0CLxclKBHI1u+avTkySNqTCEY63bnpuYIMPKMMLpuNRJNU0wGeI+bVsqcEx1kE3vHaMjq/RQJJUtYdBU/T2R4VjrURzazhibgZ73JuJ/Xjs10UWQMZGkhgoyWxSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKf1i5r3t1ZpX6dp1GEAziEKnhwDnW4hQb4QIDDM7zCm/PovDjvzsesteDkM/vwB87nD3aljnk=</latexit><latexit sha1_base64="bCpLYAAyl/RquzGB5yCb1cAswB4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpRdEdSDUPTisYJrC+1Ssmm2Dc0ma5IVytI/4cWDild/jzf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOWqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDm8mfvOJKs2kuDejhAYx7gsWMYKNlVpXKKoOT7zjbrni1twp0CLxclKBHI1u+avTkySNqTCEY63bnpuYIMPKMMLpuNRJNU0wGeI+bVsqcEx1kE3vHaMjq/RQJJUtYdBU/T2R4VjrURzazhibgZ73JuJ/Xjs10UWQMZGkhgoyWxSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKf1i5r3t1ZpX6dp1GEAziEKnhwDnW4hQb4QIDDM7zCm/PovDjvzsesteDkM/vwB87nD3aljnk=</latexit><latexit sha1_base64="bCpLYAAyl/RquzGB5yCb1cAswB4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpRdEdSDUPTisYJrC+1Ssmm2Dc0ma5IVytI/4cWDild/jzf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOWqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDm8mfvOJKs2kuDejhAYx7gsWMYKNlVpXKKoOT7zjbrni1twp0CLxclKBHI1u+avTkySNqTCEY63bnpuYIMPKMMLpuNRJNU0wGeI+bVsqcEx1kE3vHaMjq/RQJJUtYdBU/T2R4VjrURzazhibgZ73JuJ/Xjs10UWQMZGkhgoyWxSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKf1i5r3t1ZpX6dp1GEAziEKnhwDnW4hQb4QIDDM7zCm/PovDjvzsesteDkM/vwB87nD3aljnk=</latexit>

A(k + 1) =
<latexit sha1_base64="x2MtB8y7n9fgZ94WLdniZYI7FMU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUhLIrgnoQql48VnBtpV1KNs22oUl2SbJCWforvHhQ8erf8ea/MW33oK0PBh7vzTAzL0w408Z1v52FxaXlldXCWnF9Y3Nru7Sz+6DjVBHqk5jHqhliTTmT1DfMcNpMFMUi5LQRDm7GfuOJKs1ieW+GCQ0E7kkWMYKNlR6vKoNj7whdok6p7FbdCdA88XJShhz1Tumr3Y1JKqg0hGOtW56bmCDDyjDC6ajYTjVNMBngHm1ZKrGgOsgmB4/QoVW6KIqVLWnQRP09kWGh9VCEtlNg09ez3lj8z2ulJjoPMiaT1FBJpouilCMTo/H3qMsUJYYPLcFEMXsrIn2sMDE2o6INwZt9eZ74J9WLqnd3Wq5d52kUYB8OoAIenEENbqEOPhAQ8Ayv8OYo58V5dz6mrQtOPrMHf+B8/gCVa45+</latexit><latexit sha1_base64="x2MtB8y7n9fgZ94WLdniZYI7FMU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUhLIrgnoQql48VnBtpV1KNs22oUl2SbJCWforvHhQ8erf8ea/MW33oK0PBh7vzTAzL0w408Z1v52FxaXlldXCWnF9Y3Nru7Sz+6DjVBHqk5jHqhliTTmT1DfMcNpMFMUi5LQRDm7GfuOJKs1ieW+GCQ0E7kkWMYKNlR6vKoNj7whdok6p7FbdCdA88XJShhz1Tumr3Y1JKqg0hGOtW56bmCDDyjDC6ajYTjVNMBngHm1ZKrGgOsgmB4/QoVW6KIqVLWnQRP09kWGh9VCEtlNg09ez3lj8z2ulJjoPMiaT1FBJpouilCMTo/H3qMsUJYYPLcFEMXsrIn2sMDE2o6INwZt9eZ74J9WLqnd3Wq5d52kUYB8OoAIenEENbqEOPhAQ8Ayv8OYo58V5dz6mrQtOPrMHf+B8/gCVa45+</latexit><latexit sha1_base64="x2MtB8y7n9fgZ94WLdniZYI7FMU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUhLIrgnoQql48VnBtpV1KNs22oUl2SbJCWforvHhQ8erf8ea/MW33oK0PBh7vzTAzL0w408Z1v52FxaXlldXCWnF9Y3Nru7Sz+6DjVBHqk5jHqhliTTmT1DfMcNpMFMUi5LQRDm7GfuOJKs1ieW+GCQ0E7kkWMYKNlR6vKoNj7whdok6p7FbdCdA88XJShhz1Tumr3Y1JKqg0hGOtW56bmCDDyjDC6ajYTjVNMBngHm1ZKrGgOsgmB4/QoVW6KIqVLWnQRP09kWGh9VCEtlNg09ez3lj8z2ulJjoPMiaT1FBJpouilCMTo/H3qMsUJYYPLcFEMXsrIn2sMDE2o6INwZt9eZ74J9WLqnd3Wq5d52kUYB8OoAIenEENbqEOPhAQ8Ayv8OYo58V5dz6mrQtOPrMHf+B8/gCVa45+</latexit><latexit sha1_base64="x2MtB8y7n9fgZ94WLdniZYI7FMU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUhLIrgnoQql48VnBtpV1KNs22oUl2SbJCWforvHhQ8erf8ea/MW33oK0PBh7vzTAzL0w408Z1v52FxaXlldXCWnF9Y3Nru7Sz+6DjVBHqk5jHqhliTTmT1DfMcNpMFMUi5LQRDm7GfuOJKs1ieW+GCQ0E7kkWMYKNlR6vKoNj7whdok6p7FbdCdA88XJShhz1Tumr3Y1JKqg0hGOtW56bmCDDyjDC6ajYTjVNMBngHm1ZKrGgOsgmB4/QoVW6KIqVLWnQRP09kWGh9VCEtlNg09ez3lj8z2ulJjoPMiaT1FBJpouilCMTo/H3qMsUJYYPLcFEMXsrIn2sMDE2o6INwZt9eZ74J9WLqnd3Wq5d52kUYB8OoAIenEENbqEOPhAQ8Ayv8OYo58V5dz6mrQtOPrMHf+B8/gCVa45+</latexit>
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Strong vs. Weak Induction
‣ Weak induction

‣ induction step assumes statement is true for n=k and


‣ proves statement is true for n=k+1

‣ Strong induction

‣ induction step assumes statement is true for n=1,2,…,k

‣ and proves true for n=k+1

‣ Strong vs. weak refers to assumption 

‣ not strength of proof
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Strong vs. Weak Induction

Weak: 

Strong: ?



Dynamic programming



Factorial, again

‣ T(1) = c0

‣ T(n) = c1 + T(n-1)

‣ What’s the big-O runtime?

39

def factorial(n):

if n == 1:


return 1

else:


return n * factorial(n-1)


O(n)



Fibonacci
‣ Defined recursively


‣ F0 = 0, F1 = 1


‣ Fn = Fn-1+Fn-2

40

0,1,1,2,3,5,8,13,21,34,…



Fibonacci (Recursive)

‣ T(0) = c0

‣ T(1) = c1

‣ T(n) = c2 + T(n-1) + T(n-2)

‣ What’s the big-O runtime?
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function fib(n):

   if n = 0:

      return 0

   if n = 1:

      return 1

   return fib(n-1) + fib(n-2)



Fibonacci (Recursive)

‣ How many times does fib get called for fib(4)?

‣ 8 times


‣ At each level it makes twice as many recursive calls as last

‣ For fib(n) it makes approximately 2n recursive calls

‣ Algorithm is O(2n)
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function fib(n):

   if n = 0:

      return 0

   if n = 1:

      return 1

   return fib(n-1) + fib(n-2)

On my computer, computing the 

60th Fibonacci number takes ~2 days


Computing 60! is ~instantaneous



Dynamic programming

to the rescue!



What is Dynamic Programming?
‣ Algorithm design paradigm/framework

‣ Design efficient algorithms for optimization problems


‣ Optimization problems

‣ “find the best solution to problem X”


‣ “what is the shortest path between u and v in G”


‣ “what is the minimum spanning tree in G”


‣ Can also be used for non-optimization problems
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When is Dynamic Programming Applicable?

‣ Condition #1: sub-problems


‣ The problem can be solved recursively


‣ Can be solved by solving sub-problems


‣ Condition #2: overlapping sub-problems


‣ Same sub-problems need to be solved many times


‣ Core idea


‣ solve each sub-problem once and store the solution


‣ use stored solution when you need to solve sub-problem again
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Steps to Solving a Problem w/ DP
‣ What are the sub-problems?


‣ What is the “magic” step?


‣ Given solutions to sub-problems…


‣ …how do I combine them to get solution to the problem?


‣ In which order should I solve sub-problems?


‣ so that solutions to sub-problems are available when I need them


‣ Design iterative algorithm 


‣ that solves sub-problems in right order and stores their solution
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Fibonacci (Dynamic Programming)
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Fibonacci (Dynamic Programming)
‣ Given n compute 


‣ Fib(n) = Fib(n-1)+Fib(n-2)

‣ with base cases Fib(0) = 0 and Fib(1) = 1

‣ What are the sub-problems?

‣ Fib(n-1), Fib(n-2), …, Fib(1), Fib(0)


‣ What is the magic step?

‣ Fib(n) = Fib(n-1)+Fib(n-2)
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Magic step is 

usually not

provided!!



Fibonacci (Dynamic Programming)
‣ In which order should I solve sub-problems?


‣ Fib(0), Fib(1), …,Fib(n-1), Fib(n)
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3 4

0

2

1



Fibonacci (Dynamic Programming)
‣ Design iterative algorithm
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function Fib(n):

   fibs = []

   fibs[0] = 0

   fibs[1] = 1

   

   for i from 2 to n:

       fibs[i] = fibs[i-1] + fibs[i-2]


   return fibs[n]



Fibonacci (Dynamic Programming)
‣ What’s the runtime of dynamicFib( )?

‣ Calculates Fibonacci numbers from 0 to n

‣ Performs O(1) ops for each one 


‣ Runtime is O(n)

‣ We reduced runtime of algorithm

‣ From exponential to linear 

‣ with dynamic programming!
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Seams



Finding Low Importance Seams

‣ Idea: remove seams not columns

‣ (vertical) seam is a path from top to bottom 

‣ that moves left or right by at most one pixel per row
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Finding Low Importance Seams
‣ How many seams in a c×r image?

‣ At each row the seam can go Left, Right or Down


‣ It chooses 1 out of 3 dirs at all but last row r 


‣ So about 3r-1 seams from some starting pixel


‣ There are c starting pixels so total number of seams is

‣ about c×3r-1

‣ For square nxn image

‣ there are about n3n-1 possible seams
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Finding Low Importance Seams
‣ Brute force algorithm

‣ Try every possible seam & find least important one


‣ What is running time of brute force algorithm?

‣ If image is nxn brute force takes about n3n-1 


‣ So brute force is Ω(2n) (i.e., exponential)
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Seamcarve
‣ What is the runtime of Seamcarve?

‣ The algorithm


‣ Iterate over all pixels from bottom to top 

‣ Populate costs and dirs arrays

‣ Create seam by choosing minimum value in top row and tracing 

downward


‣ How many operations per pixel?

‣ A constant number of operations per pixel (4)


‣ Constant number of operations per pixel means algorithm is linear 

‣ O(n) where n is number of pixels
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Seamcarve
‣ How can we possibly go from

‣ exponential running time with brute force

‣ to linear running time with Seamcarve?

‣ What is the secret to this magic trick?

57

Dynamic 
Programming!



Designing Seamcarve
‣ What are the subproblems?

‣ lowest cost seam (LCS) starting at       is 


‣ Are they overlapping?

‣ Yes!


‣ ex: LCS(      ) is subproblem of LCS(      ) and LCS(      )
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min( LCS(      ), LCS(      ), LCS(      ))



Designing Seamcarve
‣ What is the magic step?


‣ Which order should I use?

‣ to solve LCS problem at cell (i,j) 

‣ we need to have solved problem at cells below
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min( LCS(      ), LCS(      ), LCS(      ))



Designing Seamcarve
‣ Algorithm

‣ compute cost of LCS for each cell going bottom up

‣ store cost of LCS in an auxiliary 2D array…

‣ …so we can reuse them
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Cost(     )=Val(     )+min( Cost(     ), Cost(     ), Cost(     ))



Designing Seamcarve
‣ Problem

‣ Costs array only gives us cost of LCS at cell

‣ We need the seam. What happened?

‣ We used 


‣ But recall that at “seam level” we had
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Cost(     )=Val(     )+min( Cost(     ), Cost(     ), Cost(     ))

LCS(     )=         min( LCS(     ), LCS(     ), LCS(     ))



Designing Seamcarve
‣ It’s OK!

‣ We can keep track of minimum LCS 

‣ at each step in auxiliary structure Dirs
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Readings
‣ Induction handout on course page


‣ http://cs.brown.edu/courses/cs016/static/files/docs/
induction.pdf
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http://cs.brown.edu/courses/cs016/static/files/docs/induction.pdf
http://cs.brown.edu/courses/cs016/static/files/docs/induction.pdf

