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What is Running Time?
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Asymptotic worst-case running time
= 

Number of elementary operations
on worst-case input

as a function of input size n
when n tends to infinity

In CS “running time” usually means asymptotic worst-case running 
time…but not always!

we will learn about other kinds of running times

From Lecture 02



Abstract Data Types
‣ Abstraction of a data structure
‣ Specifies “functionality”
‣ type of data stored 
‣ operations it can perform

‣ Like a Java interface
‣ Specifies name & purpose of methods
‣ But not implementations
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Stacks
‣ Stores arbitrary objects

‣ Operations

‣ Push: adds object

‣ Pop: returns last object

‣ LIFO: last-in first-out

‣ Can be implemented with

‣ Linked lists, arrays, …



Stack ADT
‣ push(object) 
‣ inserts object

‣ object pop( )

‣ returns and removes last inserted object

‣ int size( )

‣ returns number objects in stack

‣ boolean isEmpty( )

‣ returns TRUE if empty; FALSE otherwise
6



Capped-Capacity Stack
‣ Array-based Stack
‣ Stores objects in array
‣ keeps pointer to last inserted object

‣ Problem?
‣ Size of the stack is bounded by size of array :-(
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Capped-Capacity Stack
Stack( ):
data = array of size 20
count = 0

function size( ):
?????

function isEmpty( ):
return count == 0

function push(object):
?????

function pop( ):
?????

Activity #1



Capped-capacity Stack
Stack( ):
data = array of size 20
count = 0

function size( ):
?????

function isEmpty( ):
return count == 0

function push(object):
?????

function pop( ):
?????

2 minActivity #1



Capped-capacity Stack
Stack( ):
data = array of size 20
count = 0

function size( ):
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function isEmpty( ):
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Capped-capacity Stack
Stack( ):
data = array of size 20
count = 0

function size( ):
?????

function isEmpty( ):
return count == 0

function push(object):
?????

function pop( ):
?????

0 minActivity #1



Capped-Capacity Stack
Stack( ):
data = array of size 20
count = 0

function size( ):
return count

function isEmpty( ):
return count == 0

function push(object):
if count < 20:
data[count] = object
count++

else:
error(“overfull”)

function pop( ):
if count == 0:
error(“empty stack”)

else:
count--
return data[count]

O(1)

O(1)

O(1)
O(1)



Expandable Stack
‣ Capped-capacity stack is fast
‣ but not useful in practice

‣ How can we design an uncapped Stack?
‣ Strategy #1: Incremental
‣ increase size of array by constant c when full

‣ Strategy #2: Doubling
‣ double size of array when full
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Arrays can’t be resized!
Can only be copied



Expandable Stack
Stack( ):

data = array of size 20
count = 0
capacity = 20

function push(object):
data[count] = object
count++
if count == capacity

new_capacity = capacity + c /* incremental */
             = capacity * 2 /* doubling */
new_data = array of size new_capacity
for i = 0 to capacity - 1

new_data[i] = data[i]
capacity = new_capacity
data = new_data

What is the runtime?



Expandable Stack

‣ Runtime when not expanding is O(1) & runtime when expanding is O(n)
‣ When does it expand?

‣ after n pushes, where n is capacity of array
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function push(object):
data[count] = object
count++
if count == capacity

new_capacity = capacity + c /* incremental */
             = capacity * 2 /* doubling */
new_data = array of size new_capacity
for i = 0 to capacity - 1

new_data[i] = data[i]
capacity = new_capacity
data = new_data



Incremental & Doubling
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Incremental (5)
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O(1)
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O(1)

O(n)
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O(n)



Incremental & Doubling
‣ What are the worst-case runtimes?
‣ incremental: O(n)

‣ doubling: O(n)

‣ But are they really the same?
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What’s going on?



Expandable Stack
Stack( ):

data = array of size 20
count = 0
capacity = 20

function push(object):
data[count] = object
count++
if count == capacity

new_capacity = capacity + c /* incremental */
             = capacity * 2 /* doubling */
new_data = array of size new_capacity
for i = 0 to capacity - 1

new_data[i] = data[i]
capacity = new_capacity
data = new_data

Run time depends on 
count which depends on 

# of previous pushes



Incremental & Doubling
‣ Worst-case analysis overestimates runtime
‣ for algorithms that are fast most of time…
‣ …and slow some of the time 

‣ For these algorithms we need an alternative
‣ Amortized analysis!

20

Measure cost on sequence of calls not a single call!



Towards Amortized Analysis
‣ For certain algorithms it’s better to measure

‣ total running time on sequence of calls

‣ instead of measuring on a single call

‣ S(n): total #calls on sequence of n calls

‣ Not runtime on a single input of size n

‣ For a stack

‣ S(n): cost push #1 + cost push #2 + … + cost push #n

21



Amortized Analysis
‣ Instead of reporting total cost of sequence
‣ report cost of sequence per call

22

S(n)

n
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Amortized Analysis of Incremental



Amortized Analysis of Incremental

‣ 5th push brings to capacity
‣ Objects copied to new array of size c+e = 5+5 = 10 

‣ Cost per push over 5 pushes?
24

‣ Stack with start capacity c = 5
‣ Expands by e = 5 



Amortized Analysis of Incremental

25

‣ Stack with start capacity c = 5
‣ Expands by e = 5 

pushes expansion

Is each push 
O(1)?

S(n)
n

=
c + c

c
=

5 + 5
5

= 2



Amortized Analysis of Incremental
‣ What if we push 10 objects?
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1st batch of pushes

1st expansion

2nd expansion

S(n)
n

=
c + c + e + (c + e)

10

2nd batch of pushes
pushes

expansions c=5
e=5



Amortized Analysis of Incremental
‣ What if we push 10 objects?
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S(n)
n

=
c + c + e + (c + e)

10

=
c + e + c + (c + e)

10

pushes

expansions

=
10 + 5 + (5 + 5)

10= 2.5 c=5
e=5



Amortized Analysis of Incremental
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Activity #2

S(10)
10

=
c + e + c + (c + e)

10
=

10 + 5 + 10
10

=
25
10

= 2.5

S(15)
15

=
c + e + e + c + (c + e) + (c + e + e)

15
=

15 + 5 + 10 + 15
15

=
45
15

= 3

S(20)
20

= ?
pushes

expansions

c=5
e=5



Amortized Analysis of Incremental
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Activity #21 min
S(10)

10
=

c + e + c + (c + e)
10

=
10 + 5 + 10

10
=

25
10

= 2.5

S(15)
15

=
c + e + e + c + (c + e) + (c + e + e)

15
=

15 + 5 + 10 + 15
15

=
45
15

= 3

S(20)
20

= ?
pushes

expansions

c=5
e=5



Amortized Analysis of Incremental
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Activity #20 min
S(10)

10
=

c + e + c + (c + e)
10

=
10 + 5 + 10

10
=

25
10

= 2.5

S(15)
15

=
c + e + e + c + (c + e) + (c + e + e)

15
=

15 + 5 + 10 + 15
15

=
45
15

= 3

S(20)
20

= ?
pushes

expansions

c=5
e=5



Amortized Analysis of Incremental

31

S(10)
10

=
c + e + c + (c + e)

10
=

10 + 5 + 10
10

=
25
10

= 2.5

S(15)
15

=
c + e + e + c + (c + e) + (c + e + e)

15
=

15 + 5 + 10 + 15
15

=
45
15

= 3

=
70
20

= 3.5

S(20)
20

=
c + e + e + e + c + (c + e) + (c + e + e) + (c + e + e + e)

20

=
20 + 5 + 10 + 15 + 20

20

pushes

expansions
c=5
e=5



Amortized Analysis of Incremental
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S(n) = c + e + . . . + e + c + (c + e) + (c + 2e) + (c + 3e) + . . .

= n + c + 2c + 3c + 4c + . . . +
n
c

⋅ c

= n + c + (c + e) + (c + 2e) + (c + 3e) + . . .

To make things simpler, let’s assume
e = c

# of expansions
(1 expansion per c (or e) pushes)



Amortized Analysis of Incremental
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T (n) = n+ c+ 2c+ 3c+ · · ·+ n

c
· c

= n+ c ·
⇣
1 + 2 + · · ·+ n

c

⌘

= n+ c · 1
2
·
⇣
n

c

⇣
n

c
+ 1

⌘⌘

= n+
n
2
/c+ n

2
= O(n2)

n pushes
cost of exp. # n/c

factoring out c

using: 

(1 + 2 + · · ·+ k) =
k · (k + 1)

2

distributing 
& simplifying: 

S(n)

n
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T (n)

n
= O(n)

S(n)

n
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Amortized Analysis of Incremental
‣ Summary
‣ Total cost of n pushes:  S(n) = O(n2)

‣ Amortized cost of n pushes:  S(n)/n = O(n)

34



Amortized Analysis of Double



Amortized Analysis of Doubling
‣ Doubling stack with initial capacity c=5?

36

T (n)

n
:
T (5)

5
=

5 + 5

5
= 2

T (n)

n
:
T (10)

10
=

10 + 5 + 10

10
= 2.5

T (n)

n
:
T (20)

20
=

20 + 5 + 10 + 20

20
= 2.75

cost of pushes 

cost of exp

cost of exp 
#2

cost of exp 
#3

S(n)

n
=

S(5)

5
<latexit sha1_base64="iWr5fshUGDEOFu/mLbQmdj1bXoo=">AAACBnicbVDLSgMxFL3js9ZX1aUgwSLUTZkRi7oQim5cVnRsoR1KJs20oZnMkGSEMszOjb/ixoWKW7/BnX9j+hC09UDg3HPu5eYeP+ZMadv+submFxaXlnMr+dW19Y3Nwtb2nYoSSahLIh7Jho8V5UxQVzPNaSOWFIc+p3W/fzn06/dUKhaJWz2IqRfirmABI1gbqV3YawUSk/SmJA6zVGTo/KeumLqStQtFu2yPgGaJMyFFmKDWLny2OhFJQio04VippmPH2kux1IxwmuVbiaIxJn3cpU1DBQ6p8tLRHRk6MEoHBZE0T2g0Un9PpDhUahD6pjPEuqemvaH4n9dMdHDqpUzEiaaCjBcFCUc6QsNQUIdJSjQfGIKJZOaviPSwCUKb6PImBGf65FniHpXPys71cbF6MUkjB7uwDyVw4ASqcAU1cIHAAzzBC7xaj9az9Wa9j1vnrMnMDvyB9fENIm+YZg==</latexit><latexit sha1_base64="iWr5fshUGDEOFu/mLbQmdj1bXoo=">AAACBnicbVDLSgMxFL3js9ZX1aUgwSLUTZkRi7oQim5cVnRsoR1KJs20oZnMkGSEMszOjb/ixoWKW7/BnX9j+hC09UDg3HPu5eYeP+ZMadv+submFxaXlnMr+dW19Y3Nwtb2nYoSSahLIh7Jho8V5UxQVzPNaSOWFIc+p3W/fzn06/dUKhaJWz2IqRfirmABI1gbqV3YawUSk/SmJA6zVGTo/KeumLqStQtFu2yPgGaJMyFFmKDWLny2OhFJQio04VippmPH2kux1IxwmuVbiaIxJn3cpU1DBQ6p8tLRHRk6MEoHBZE0T2g0Un9PpDhUahD6pjPEuqemvaH4n9dMdHDqpUzEiaaCjBcFCUc6QsNQUIdJSjQfGIKJZOaviPSwCUKb6PImBGf65FniHpXPys71cbF6MUkjB7uwDyVw4ASqcAU1cIHAAzzBC7xaj9az9Wa9j1vnrMnMDvyB9fENIm+YZg==</latexit><latexit sha1_base64="iWr5fshUGDEOFu/mLbQmdj1bXoo=">AAACBnicbVDLSgMxFL3js9ZX1aUgwSLUTZkRi7oQim5cVnRsoR1KJs20oZnMkGSEMszOjb/ixoWKW7/BnX9j+hC09UDg3HPu5eYeP+ZMadv+submFxaXlnMr+dW19Y3Nwtb2nYoSSahLIh7Jho8V5UxQVzPNaSOWFIc+p3W/fzn06/dUKhaJWz2IqRfirmABI1gbqV3YawUSk/SmJA6zVGTo/KeumLqStQtFu2yPgGaJMyFFmKDWLny2OhFJQio04VippmPH2kux1IxwmuVbiaIxJn3cpU1DBQ6p8tLRHRk6MEoHBZE0T2g0Un9PpDhUahD6pjPEuqemvaH4n9dMdHDqpUzEiaaCjBcFCUc6QsNQUIdJSjQfGIKJZOaviPSwCUKb6PImBGf65FniHpXPys71cbF6MUkjB7uwDyVw4ASqcAU1cIHAAzzBC7xaj9az9Wa9j1vnrMnMDvyB9fENIm+YZg==</latexit><latexit sha1_base64="iWr5fshUGDEOFu/mLbQmdj1bXoo=">AAACBnicbVDLSgMxFL3js9ZX1aUgwSLUTZkRi7oQim5cVnRsoR1KJs20oZnMkGSEMszOjb/ixoWKW7/BnX9j+hC09UDg3HPu5eYeP+ZMadv+submFxaXlnMr+dW19Y3Nwtb2nYoSSahLIh7Jho8V5UxQVzPNaSOWFIc+p3W/fzn06/dUKhaJWz2IqRfirmABI1gbqV3YawUSk/SmJA6zVGTo/KeumLqStQtFu2yPgGaJMyFFmKDWLny2OhFJQio04VippmPH2kux1IxwmuVbiaIxJn3cpU1DBQ6p8tLRHRk6MEoHBZE0T2g0Un9PpDhUahD6pjPEuqemvaH4n9dMdHDqpUzEiaaCjBcFCUc6QsNQUIdJSjQfGIKJZOaviPSwCUKb6PImBGf65FniHpXPys71cbF6MUkjB7uwDyVw4ASqcAU1cIHAAzzBC7xaj9az9Wa9j1vnrMnMDvyB9fENIm+YZg==</latexit>

S(n)

n
=

S(10)

10
<latexit sha1_base64="0pR/6YQxfA5CVRcrgR7ibSlXljU=">AAACCHicbVBNS8NAEJ3Ur1q/oh69LBahXkoignoQil48VjS20Jay2W7apZtN2N0IJeTqxb/ixYOKV3+CN/+N2zaCtj4YePveDDvz/JgzpR3nyyosLC4trxRXS2vrG5tb9vbOnYoSSahHIh7Jpo8V5UxQTzPNaTOWFIc+pw1/eDn2G/dUKhaJWz2KaSfEfcECRrA2UtdG7UBikt5UxGGWigyd/7xdxwiuk3XtslN1JkDzxM1JGXLUu/ZnuxeRJKRCE46VarlOrDsplpoRTrNSO1E0xmSI+7RlqMAhVZ10ckmGDozSQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//NaiQ5OOykTcaKpINOPgoQjHaFxLKjHJCWajwzBRDKzKyIDbKLQJrySCcGdPXmeeEfVs6p7fVyuXeRpFGEP9qECLpxADa6gDh4QeIAneIFX69F6tt6s92lrwcpnduEPrI9vBlKY0g==</latexit><latexit sha1_base64="0pR/6YQxfA5CVRcrgR7ibSlXljU=">AAACCHicbVBNS8NAEJ3Ur1q/oh69LBahXkoignoQil48VjS20Jay2W7apZtN2N0IJeTqxb/ixYOKV3+CN/+N2zaCtj4YePveDDvz/JgzpR3nyyosLC4trxRXS2vrG5tb9vbOnYoSSahHIh7Jpo8V5UxQTzPNaTOWFIc+pw1/eDn2G/dUKhaJWz2KaSfEfcECRrA2UtdG7UBikt5UxGGWigyd/7xdxwiuk3XtslN1JkDzxM1JGXLUu/ZnuxeRJKRCE46VarlOrDsplpoRTrNSO1E0xmSI+7RlqMAhVZ10ckmGDozSQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//NaiQ5OOykTcaKpINOPgoQjHaFxLKjHJCWajwzBRDKzKyIDbKLQJrySCcGdPXmeeEfVs6p7fVyuXeRpFGEP9qECLpxADa6gDh4QeIAneIFX69F6tt6s92lrwcpnduEPrI9vBlKY0g==</latexit><latexit sha1_base64="0pR/6YQxfA5CVRcrgR7ibSlXljU=">AAACCHicbVBNS8NAEJ3Ur1q/oh69LBahXkoignoQil48VjS20Jay2W7apZtN2N0IJeTqxb/ixYOKV3+CN/+N2zaCtj4YePveDDvz/JgzpR3nyyosLC4trxRXS2vrG5tb9vbOnYoSSahHIh7Jpo8V5UxQTzPNaTOWFIc+pw1/eDn2G/dUKhaJWz2KaSfEfcECRrA2UtdG7UBikt5UxGGWigyd/7xdxwiuk3XtslN1JkDzxM1JGXLUu/ZnuxeRJKRCE46VarlOrDsplpoRTrNSO1E0xmSI+7RlqMAhVZ10ckmGDozSQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//NaiQ5OOykTcaKpINOPgoQjHaFxLKjHJCWajwzBRDKzKyIDbKLQJrySCcGdPXmeeEfVs6p7fVyuXeRpFGEP9qECLpxADa6gDh4QeIAneIFX69F6tt6s92lrwcpnduEPrI9vBlKY0g==</latexit><latexit sha1_base64="0pR/6YQxfA5CVRcrgR7ibSlXljU=">AAACCHicbVBNS8NAEJ3Ur1q/oh69LBahXkoignoQil48VjS20Jay2W7apZtN2N0IJeTqxb/ixYOKV3+CN/+N2zaCtj4YePveDDvz/JgzpR3nyyosLC4trxRXS2vrG5tb9vbOnYoSSahHIh7Jpo8V5UxQTzPNaTOWFIc+pw1/eDn2G/dUKhaJWz2KaSfEfcECRrA2UtdG7UBikt5UxGGWigyd/7xdxwiuk3XtslN1JkDzxM1JGXLUu/ZnuxeRJKRCE46VarlOrDsplpoRTrNSO1E0xmSI+7RlqMAhVZ10ckmGDozSQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//NaiQ5OOykTcaKpINOPgoQjHaFxLKjHJCWajwzBRDKzKyIDbKLQJrySCcGdPXmeeEfVs6p7fVyuXeRpFGEP9qECLpxADa6gDh4QeIAneIFX69F6tt6s92lrwcpnduEPrI9vBlKY0g==</latexit>

S(n)

n
=

S(20)

20
<latexit sha1_base64="7kP025i+Pz4dvXLLPpf8tR/KBRc=">AAACCHicbVBNS8NAEJ34WetX1KOXxSLUS0mKoB6EohePFa0ttKFstpt26WYTdjdCCbl68a948aDi1Z/gzX/jto2grQ8G3r43w848P+ZMacf5shYWl5ZXVgtrxfWNza1te2f3TkWJJLRBIh7Jlo8V5UzQhmaa01YsKQ59Tpv+8HLsN++pVCwSt3oUUy/EfcECRrA2UtdGnUBikt6UxVGWigyd/7yrjhGqTta1S07FmQDNEzcnJchR79qfnV5EkpAKTThWqu06sfZSLDUjnGbFTqJojMkQ92nbUIFDqrx0ckmGDo3SQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//PaiQ5OvZSJONFUkOlHQcKRjtA4FtRjkhLNR4ZgIpnZFZEBNlFoE17RhODOnjxPGtXKWcW9Pi7VLvI0CrAPB1AGF06gBldQhwYQeIAneIFX69F6tt6s92nrgpXP7MEfWB/fCWGY1A==</latexit><latexit sha1_base64="7kP025i+Pz4dvXLLPpf8tR/KBRc=">AAACCHicbVBNS8NAEJ34WetX1KOXxSLUS0mKoB6EohePFa0ttKFstpt26WYTdjdCCbl68a948aDi1Z/gzX/jto2grQ8G3r43w848P+ZMacf5shYWl5ZXVgtrxfWNza1te2f3TkWJJLRBIh7Jlo8V5UzQhmaa01YsKQ59Tpv+8HLsN++pVCwSt3oUUy/EfcECRrA2UtdGnUBikt6UxVGWigyd/7yrjhGqTta1S07FmQDNEzcnJchR79qfnV5EkpAKTThWqu06sfZSLDUjnGbFTqJojMkQ92nbUIFDqrx0ckmGDo3SQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//PaiQ5OvZSJONFUkOlHQcKRjtA4FtRjkhLNR4ZgIpnZFZEBNlFoE17RhODOnjxPGtXKWcW9Pi7VLvI0CrAPB1AGF06gBldQhwYQeIAneIFX69F6tt6s92nrgpXP7MEfWB/fCWGY1A==</latexit><latexit sha1_base64="7kP025i+Pz4dvXLLPpf8tR/KBRc=">AAACCHicbVBNS8NAEJ34WetX1KOXxSLUS0mKoB6EohePFa0ttKFstpt26WYTdjdCCbl68a948aDi1Z/gzX/jto2grQ8G3r43w848P+ZMacf5shYWl5ZXVgtrxfWNza1te2f3TkWJJLRBIh7Jlo8V5UzQhmaa01YsKQ59Tpv+8HLsN++pVCwSt3oUUy/EfcECRrA2UtdGnUBikt6UxVGWigyd/7yrjhGqTta1S07FmQDNEzcnJchR79qfnV5EkpAKTThWqu06sfZSLDUjnGbFTqJojMkQ92nbUIFDqrx0ckmGDo3SQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//PaiQ5OvZSJONFUkOlHQcKRjtA4FtRjkhLNR4ZgIpnZFZEBNlFoE17RhODOnjxPGtXKWcW9Pi7VLvI0CrAPB1AGF06gBldQhwYQeIAneIFX69F6tt6s92nrgpXP7MEfWB/fCWGY1A==</latexit><latexit sha1_base64="7kP025i+Pz4dvXLLPpf8tR/KBRc=">AAACCHicbVBNS8NAEJ34WetX1KOXxSLUS0mKoB6EohePFa0ttKFstpt26WYTdjdCCbl68a948aDi1Z/gzX/jto2grQ8G3r43w848P+ZMacf5shYWl5ZXVgtrxfWNza1te2f3TkWJJLRBIh7Jlo8V5UzQhmaa01YsKQ59Tpv+8HLsN++pVCwSt3oUUy/EfcECRrA2UtdGnUBikt6UxVGWigyd/7yrjhGqTta1S07FmQDNEzcnJchR79qfnV5EkpAKTThWqu06sfZSLDUjnGbFTqJojMkQ92nbUIFDqrx0ckmGDo3SQ0EkTQmNJurviRSHSo1C33SGWA/UrDcW//PaiQ5OvZSJONFUkOlHQcKRjtA4FtRjkhLNR4ZgIpnZFZEBNlFoE17RhODOnjxPGtXKWcW9Pi7VLvI0CrAPB1AGF06gBldQhwYQeIAneIFX69F6tt6s92nrgpXP7MEfWB/fCWGY1A==</latexit>



Amortized Analysis of Doubling
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cost of n pushes

cost of exp #1

cost of last exp

lim
k!1

kX
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2i
= 2using: 
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+
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+ · · ·+ n

2k�1

= n+ n ·
✓
1 +

1

2
+

1

4
+ · · ·+ 1

2k�1

◆

< n+ n · 2
= 3n

cost of second 
to last exp

S(n)

n
<latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit>

T (n)

n
= O(1)

S(n)

n
<latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit><latexit sha1_base64="ffizTbVUNR9Do6t871yGrdwVywI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8tmu2mXbjZhd6OUkP/hxYOKV3+MN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bZWWlldW18rrlY3Nre2d6u7evYoSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/fJX77UcqFYvEnZ7E1AvxULCAEayN9NALJCbpbV0cZ6nI+tWa3bCnQIvEKUgNCrT61a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjq9OkNHRhmgIJKmhEZT9fdEikOlJqFvOkOsR2rey8X/vG6ig3MvZSJONBVktihIONIRyiNAAyYp0XxiCCaSmVsRGWEThDZBVUwIzvzLi8Q9aVw0nJvTWvOySKMMB3AIdXDgDJpwDS1wgYCEZ3iFN+vJerHerY9Za8kqZvbhD6zPH85qkkI=</latexit>

Assume:
c=2
n=2k



Amortized Analysis
‣ Summary for Incremental
‣ Total cost of n pushes:  S(n) = O(n2)
‣ Amortized cost of n pushes:  S(n)/n = O(n)

‣ Summary for Doubling

‣ Total cost of n pushes:  S(n) = O(n)

‣ Amortized cost of n pushes:  S(n)/n = O(1)
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Expandable Queue



Queue ADT
‣ enqueue(object):
‣ inserts object

‣ object dequeue( )

‣ returns and removes first inserted object

‣ int size( )

‣ returns number objects in queue

‣ boolean isEmpty( )

‣ returns TRUE if empty; FALSE otherwise
40



Expandable Queue

‣ Can be implemented with expandable array
‣ need to keep track of head and tail

‣ What happens when tail reaches end?
‣ Is the queue full?

‣ So when should we expand array?
41

head tail



Expandable Queue

‣ Wrap around until array is completely full
‣ When expanding re-order objects properly

42

headtail



Expandable Queue

43

function enqueue(object):
if size == capacity

double array and copy contents
reset head and tail pointers

data[tail] = object
tail = (tail + 1) % capacity
size++

function dequeue( ):
if size == 0

error(“queue empty”)
element = data[head]
head = (head + 1) % capacity
size--
return element

T (n)

n
= O(1)

S(n)

n
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